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ABSTRACT

At present, bipolar fuzzy sets indeed have robust area of on many fields. Also bipolar fuzzy matrices are admired
subject in various wisdoms for example, multi criteria decision making, psychology, qualitative reasoning, etc. Both
negative and positive issues to deal with problems live in a society. In this paper, we introduce Godel implication
operator on bipolar fuzzy set and also we extend the same to bipolar fuzzy matrices. Some basic algebraic properties
like reflexive, transitive, idempotent are obtained and also we give some example. Further, we introduce a new
composition using the existing operator min(A) along with Go'del implication on bipolar fuzzy matrices. Various
results of this new composition are discussed.
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1. Introduction

Zadeh [1] has introduced the idea of fuzzy sets in 1965, fuzzy concepts developed in about all fields. Thomason [2] has
first, introduced the concept of fuzzy matrices in 1977. The elements of fuzzy matrices getting values in the closed
interval [0,1]. Zhang [3] first, introduced by concept of bipolar fuzzy set. After, has bipolar fuzzy logic interval based is
defined and presented in fuzzy number based on bipolar fuzzy logic. Madhumangal Pal and Sanjib Mondal [4] has
introduced bipolar fuzzy matrices in 2019. An order (<) is defined on bipolar fuzzy algebra and bipolar fuzzy relations.
Some results on bipolar fuzzy matrices are discussed. Gupta and Kiszka [5] are discussed Gaodel implication operators for
fuzzy logic control in 1989. The upper bounds for a multivariable fuzzy logic including this operator are examined.
Hashimoto [6] has defined reflexive and transitive on square matrix over decomposition of fuzzy matrices. Murugadas
and Lalitha [7] has discussed bi implication operator (<) into intuitionistic fuzzy set and some properties are verified.
Emam and Fndh [8] has defined the bifuzzy matrices of min-max and max-min compositions. Sanjib Mondal and M.Pal
[9] has defined an idempotent, diagonally dominant of bipolar fuzzy matrices. Moreover, eigen vector and eigen values
for bipolar fuzzy matrices are investigated. Li, pinke and Jin Qingwel [10] has investigated bipolar max-min composition
over fuzzy relational equations. Xiao-peng yang [11] has introduced max-lukasiewicz composition on bipolar fuzzy
relation equations system. In [12], Ghous Ali et al. studied bipolar fuzzy relation decision systems and bipolar fuzzy
relation systems. In [13], Muthuraji et al. studied the bounded sum and bounded product on bipolar fuzzy matrices by
deriving algebraic results. Finally, they constructed a commutative monoid on bounded sum and bounded product over
bipolar fuzzy matrices. In [14], Muthuraji and Punitha discussed the algebraic sum and algebraic product over bipolar
fuzzy sets and bipolar fuzzy matrices. Naime Demirtas and Orhan Dalkilic [15] presented the application of this algorithm
in the medical field was illustrated through practical examples, demonstrating its potential to improve diagnostic
processes and decision-making in medical practice.

Hashimoto [16] has investigated definition of Gadel implication operator in the ordinary fuzzy matrices in 1984. Basic
properties are obtained by this operator. Emam [17] has defined Gddel implication operator on intuitionistic fuzzy
matrices in 2020. Using this operator, some results on intuitionistic fuzzy matrices are obtained. In this paper, we
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introduce Gadel implication operator on bipolar fuzzy set and also we extend the same to bipolar fuzzy matrices. Some
basic algebraic properties are discussed in reflexive, transitive etc. Further, we introduce a new composition operator
using the existing operator min(A) along with Gadel implication operator. Several results of this new composition are
discussed.

2. Preliminaries
We remember some relevant basic definitions and results will be used later.
Definition 2.1 [16] The definition of fuzzy set is given by the membership function ur: U — [0,1] elements of the
universe of discourse U can belong to the fuzzy set with any value between 0 and 1. The degree of membership of an
elementu, 0 < pup(u) < 1.
DﬁMMm22EMHaXbeammMX=[&kafWMWxUEmJLlSiSpmdlSqumthcwwfmw

matrix.
Definition 2.3 [8,17] A bipolar fuzzy set is a pair of (—xn,xp) where —x,:x — [—1,0] and x,:x — [0,1] are the
respectively negative and positive membership degree of x € X. The set of all bipolar fuzzy set on X is denoted by By (X).
Bipolar fuzzy set is an extension of fuzzy set.
Definition 2.4 [8,10] A bipolar fuzzy matrix X = [(x;;)] where (x;;) is defined as (—x;jn, x;j,) WhOSe X;jn, Xijp €
[0,1] Vi,j.
Definition 2.5 (Some special bipolar fuzzy matrices) [10]
(i) A zero bipolar fuzzy matrix is the arrangement of zero elements into rows and columns. It is a matrix with all its
entries equal to zero. A matrix whose entries are all zero0,, of order n X n is the matrix of elements 0, = (0,0).
(i) A Identity bipolar fuzzy matrix I, is an n X n matrix with the main diagonal elements are i;,, = (—1, 1) and all order
elements are 0, = (0,0).
(iii) Let J, be a unit bipolar fuzzy matrix whose all the entries of J,, of order n x n is the matrix of elements (—1, 1).
Definition 2.6 (Operations on bipolar fuzzy matrix) [1,10] Let X = [x;; = (~Xjjn, Xijp)lpxq » ¥ = [Vij =
(=Yijns Yijpllpxq and Z = [z;; = (—2;jn, Z;jp)] gxr be three bipolar fuzzy matrices.

(i) XVY =X+Y = (xij + Yij)pxqg = (= max{xijn i}, max{xijp, yijpDpxq V i.J

(i)  XAY =X-Y = (x;Yijpxq = (—min{x;jn Vijn}, min{x;jp yijpDoxq Vi

(iii) X' = [(x;;)] (transpose of X),

(IV) R=XZ= [rlj = <_ rijn' r-ijp> = <_tv=l(xitn A ytjn)ft\:l(xitp A ytjp)>] pxr,

(V) X<Yiff x5, <y;jp and x5, < y;jptoeachi =1.2,...,p,j = 1,2,...,q.
Definition 2.7 [2,6] An g X q bipolar fuzzy matrix X is called reflexive iff x;; = (—1,1) toeachi < q.
Definition 2.8 [2,6] An g X q bipolar fuzzy matrix X is called transitive iff X? < X and said to be impotent iff X2 = X.
Definition 2.9 [5] The definition of the Gadel implication operator in the ordinary fuzzy case defined as follows:
1 if x<y,
x—>y={y if x>uy.
The operator — is the Gadel implication operator which is well known in many chapters of fuzzy mathematics.
3. Methodology

to each x,y € [0,1].

Reflexive and transitive on bipolar fuzzy matrices
In this part, we introduce the Gddel implication operator on bipolar fuzzy set and bipolar fuzzy matrices. Further, some
results are discussed on bipolar fuzzy set and bipolar fuzzy matrices. We are investigated reflexive and transitive bipolar
fuzzy matrices on Gadel implication operator.
B

Definition 3.1 For x = (—xp,x,), ¥ = (=Yn,¥p) € Br(S), we define x —>Fy as,

(-1,1) whenx <y,
Bp
ﬁ

x =y =1(=YoY,)  Whenx, >y, x, >y,

(- ¥,.0) when x, > y,, X, < y,.

B
This operator = is called the Gédel implication operator on the bipolar fuzzy set.
B B
Moreover, x —F>y =y <x.

B
Definition 3.2 For X = (~Xijn, Xijp)pxq¥ = {~Yijn: Vijp)pxq € Br(M), we define X = as,
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(-1,1) when X, < Y.,

XSV =3(= Vi Vip)  WHEN Xy > Yo, Xy > Yy Whenl<i<p1<j<gq.
<_ yijn'0> when Xiin > Yijnr Xijp < Yijp-
B
This operator = is called the Gédel implication operator on the bipolar fuzzy matrices.
Lemma 3.1 For x = (—xp, %), ¥ = {~¥n, ¥p) , Z = (~2p, 2,) € Br(S), we have
Br _Bp Br  Bp Bp
x—=y)—z=x > (y—z)=y< (xA2z).
B
Proof: Given the definition of the operator = on the set Br, we have following three cases everyone has also three
subcases. The cases are given by:
Case (a)x, < ¥,
Case (b)xn > yn, xp > ¥,
Case (C)xn > Yn, Xp < Yp.
Now let us prove that lemma for Case (c) andother two cases are similar to Case (C)x, > Y, Xp < ¥p-
Subcase (i): If z, < y,, then
BF BF BF
(<_xn' xp) - (“ Y yp»(— <_ Zn, Zp) = <_yn: 0) A (“ Zn, Zp) = <_1: 1)
B B B
(=%xn, xp> - (S }Inryp»(_F (-2n, Zp)) = <_xn:xp) = (-1,1) =(-1,1)
Since, x, A z, < y,, We obtain

B
(=¥ ¥p) & (=X Xp) A =23, 7)) = (=1, 1),
Subcase (ii): If z, > yp, z, > yp, then
BF BF BF
(<_xnr xp) - (“ Yn, yp))(_ <_ Zn, Zp) = <_ Yn» 0) — <_ Zn, Zp) = (“:Vn; 0)
B B B
(=X, Xp) = (= Vs Vo)) (= 20, 2p)) = (=X, Xp) = (= Vi, Vp) = (=¥, 0)
Since,x, Az, >y, and x, V z, <y, we obtain
B
(=¥ ¥p) < (=X Xp) A (=2, 2p)) = (=, O).
Subcase (iii): If, z, > yp, z, < y,, then
Bp Bp Bp
(<_xn: xp) - (“ Y yp))(_ <_ Zn, Zp) = <_ Y 0) — <_ Zn, Zp) = <_:Vn; 0)
B B B
<_xn: xp) _F) ((“ Yn» yp))(_F <_ Zn, Zp)) = <_xn'xp) _F) (‘Yn' 0) = <_ Yn 0)
Since, x, Az, > y, and x,, V z,, < y,, we obtain
B
<_yn: yp) (_F (<_ Xn, xp) A <_ Zn, Zp)) = <_Yn; 0)
Hence, through all cases we conclude
Br _Bp Br , Bp Bp
(x—>y)—z=x > (y—2z)=y <« (xAz)foreachx,y,z € Bp(S).

. BrF Bp . Br _ Br Br  Br
Through this lemma, we can correspond x =y « z in place of (x = y) <z or x — (y < z). we may takeout enclosure.
Also, we consider that this lemma is similar to the connection

B B B B B
(xAz) Sy = x=(z>y) =2 (x >y).
B B
Lemma 3.2 For x,y,z,s € Bg(S), we gety—>Fx Lz<s implies x < s,x <yand x < z.

Br Br Br Br _ Br Br Br Br .
Proof. Lety—>x«—z<s.Thenwegetx <y—->x<(y—=x)—z=y—->xz<s.Thus, x <sandy— x < s which

means x < y and so
Br _ Br Br .
(y 2 x) <z =x < z < s which means x < z.

B B
Lemma 3.3 For x,y, z € Br(S), if we have x, A z, < y,, then x —F>y <z=1.
Proof. It is clear from 3.1.
From lemma 3.1, 3.2, 3.3 we have the following theorems.

B B B
Theorem 3.1 For X = (—xijn,xijp), Y = <_yijniyijp)JZ = (_Zijn'Zijp) € BF(M), we have (X—F)Y) (—FZ = X—)F(Y
B B
<Z)=Y < (XAZ).

B B
Theorem 3.2 ForX,Y,Z,S € Br(M), we get YSX—Z<S impliessX <S,X<Yand X < Z.
‘ ! Advances in Neutrosophic Mathematics and Informatics



B B
Theorem 3.3 For X,Y,Z € Br(M), if we have x;j, A z;j, < yijp, then XSY<z=1.
Proposition 3.1 If X € BFM is reflexive and transitive, then X is idempotent.
Proof: Given X is transitive, it is sufficient to show that, X? > X. Let X be kind of ¢ X g and let R = X2. Then

q q
1ij = {=Tijn Tijp) = <— V(i A Xign)s V. (X A Xk,-p)>
= (Xijn A Xjjn, Xijp A Xjjp)
= (xijn A 1,xi}-p A1)
= (—Xijn, Xijp)
= (x;;). (since X is reflexive)
Therefore, X2 > X and X is an idempotent.

B B
Theorem 3.4 Let X and Y be two p X g bipolar fuzzy matrices thus X < Y. Then X< Ytand Yt X are reflexive and
transitive.

B
Proof: Let S = X < Yt. We prove S is transitive, we will must show that s;; = s;; A 5;; for each [ < q. Suppose that s;; A
s;j =2z >0.Then

g g
B, B,
Si =t/:\l(xit‘ =— Vi) 2 Z,; :t/:\l(xn‘ Y1) 22
.. Bp
|f, Sij = <_Sijnl Sijp> such that Sijn < Znand Sijp > Zy where z = <—Zn,Zp), that IS, if (—xl-hn,xihp) «— (_yjhn'yjhp> <
(-Zn,Zp> . Then Xinn < Zpn, Xihp > Zp and also Xinn < yjhnandxihp > Yinp
. Bp
Since Si1 = z, We have (—xihn,xihp)<—(—yum,ylhp) > <—Zn,Zp). But Xinn < Zp , Xihp > Zy . Then Xinn = Yihn and
Xinp = Yinp-
. Bp
Moreover, since we have s;; = z, (—X;unXinp) < (~YjnnYjnp) = (—Zn,zp) therefore that x;p, = yjn, and xpp < Yjnp-
Since, X <Y, we have z, > Xjnn = Yinn = Xinn = Yjrn. HOwever, it is a contradiction. So that s;j, = z,. Also, z, <
Xinp < Yinp < Xinp < Yjnp it is a contradiction. So, s;jp < z,.
Hence, s;; = (=5ijn, Sijp) = (—2n,2,) = zand S is transitive. The reflexive of S is obviously by the definition of the
Br . Br _ . . ..
operator « . By a similarly we can prove that Y¢ — X is reflexive and transitive.

B B
Corollary 3.1 For any p x g bipolar fuzzy matrix X, X < Xtand Xt X are idempotent.
Proof: By theorem 3.4 and proposition 3.1.

B
Theorem 3.5 Let X be any g x g bipolar fuzzy matrix. Then X is reflexive and transitive iff X < Xt = X (moreover iff
Br
XtS5Xx=X).
B
Proof: Assume that X is reflexive and transitive and take in § = X < X°. Then,

s..=/q\(<—x. X: ><L<—x. X >)
ij =1 iln? Nlp jint 2jlp /7"

Part (a) Assume s;; = {(=Sijn, Sijp) = (~2Zn,Zp) >(0,0) .Then {(—x;j.xijp) <B—F (=XjjnXjjp) = (~Zn.zp) . I€)
(—xl-jn,xl-jp)B<—F (=1,1) = (—2zy,2,) Which means x;; = (=x;jn.Xijp) = (—Zn.2p)

= s;;andso X > xExt
Part (b) Assume that x;; = (—x;jn, Xijp) = (—2Zn,Zp) > (0,0) and s;; = (=S;jn, Sijp) = (—xikn,xikp)?—F (—=Xjkn Xjip) Tor
some k < gq.
Definition on Gddel implication operator (<B—F), accept the following cases:
Case (1) If, (_xiknvxikp>B(_F (—XjknXjkp) = (=1,1),then s;; = (=s;jn, Sijp) = (—2Zp.2p) = 2

F
Case (2) If, (—XiknXikp) < (—XjknXjkp) = (—XiknXikp) < (—Zn.Zp) then Xien < Xjkn + Xikp > Xjkp » Xikn < Z, and
Xikp > Zp-SO that, (—=x;jn, Xijp) ANM—XjknXjkp) < (—Xixn.Xikp) (USING transitive of X) thus, (—z,,z,) A (—Xjkn Xjkp) <
(—XiknXixp)- Therefore,xin < zy A Xjkn < Xikn aNd Xipp > 2, V Xjip = X . However, there are contradictions and
Sijn = Zn and s;j, < z,. Then s;j, = z.
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Case (3) If s;; = (—xn, 0)then x;x, < xjxp as We have 0 < z,, it is sufficient to show that x;, > z, Suppose that
Xikn < Zn. We have case (2) say as contradiction and x;x, = z, and s;; = z. From all cases we obtain X <B—FX t>Xx, from
(8) and (b) we have X <& Xt = X.

Converse, If X<B—FXt = X ,then by corollary 3.1 X is reflexive and transitive and so idempotent. Similar, we can prove
that X* iX = X. However , there are contradictions and s;, = z, and s;j, < z, . thus s;; > z.

B B
Corollary 3.2 If X is reflexive and transitive on bipolar fuzzy matrix, then (X <—FXt)X = (X* —iX)X =X.
Proof: At theorem 3.5 and corollary 3.1 .

B B
Corollary 3.3 If X is a reflexive and transitive bipolar fuzzy matrix, then (Xt = X) « Xt = X.
Theorem 3.5 shows absorbing propertles of pre-orders. Thus X is a matrlx constitute a pre-orders |ffX <—X‘ X (or)

xt%x =x. However, since X Extis get in by using X if we multiple X & xt by X. That is product (X<—Xt)X is equal
to X.
Example 3.1 Let

= |(-0.6,04) (-0.9,0)
(—0.9,0.1) (-0.4,0.6)

(=0.7,0.3) (- 0802)] [< ~0.7,0.3) (—0.6,0.4) (—0.9,0.1)

(~0.6,04) (~09,0)
(—09.01) (—04,06) 70802 (=090} (-0.40.6)

\(—1,1) (—0.8,0) (—0.7,0)]

(—0.7,0.3) (0.8, 0.2)]

B
Then, XeXt=

=|(-0.6,0) (-1,1) (-0.6,0)
(—0.4,0) (-04,0) (-1,1)

It is clear that X & xt is reflexive and
5 2 (-1,1) (-0.8,0) (-0.7,0)11 (-1,1) (-0.8,0) (—0.7,0)
(xExt) = [(—0.6,0) (-1,1) (—0.6,0)] [(—0.6,0) (-1,1)  (=0.6, 0)]

(-0.4,0) (—0.4,0) (-1,1) 1(-04,0) (-0.4,0) (-1,1)

= X<B—FXt.
That is X <B—FXt is reflexive and transitive and so idempotent. Further, we let Y = X <E£Xt

5 (-1,1) (-0.8,0) (-0.7,0) (-1,1) (-0.6,0) (—0.4,0)
Yyt = [(—0.6,0) (-1,1) (-0.6, 0)] [( 0.8,0) (—1,1) (-0.4,0)

(—0.4,0) (—04,0) (-1,1) (=0.7,0) (—0.6,0) (—1,1)
) l (-1,1) (-0.8,0) (—0.7,0)] [ (-1,1) (-0.8,0) (—0.7,0)

Bp

(Y<—Yf

=(-0.6,0) (-1,1) (-0.6,0)|]|(-0.6,0) (-1,1) (-0.6,0)
(—0.4,0) (-0.4,0) (-1,1)1l(-0.4,0) (—0.4,0) (-1,1)

4. Results on a new composition operator
In this section, we define a new composition using the existing operator min(A) along with Godel implication operator.
Various results of this composition are discussed.
Definition 4.1 The new composition operator of two bipolar fuzzy matrices X = [x;; = (—X;jn, Xijp)lpxq and Y =

. B, q
[Vij = (~Yijm Yijp)lqxr defined as Z = X =Y such that z; = k/:\1(xiki>ykj).

B B
Proposition 4.1 Let X = [x;j]mxt Y = [Vijlexs @nd Z = [z;;]sxn are three bipolar fuzzy matrices. Then (X—F> Y) L7 =
B B
XS (Y <D,
Br Br Br Br .
Proof: Let A= (X—>Y)<ZandB=X—>(Y <—Z) then using by lemma 3.1

/\ [/\(xlq = Yap) < Zpj
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Br Bp
(xl-q = Vap < zpj) and

Il
—
=
S
I
N
=
T
N
S
~

Hence, a;j = bij

. . Bp  Br Brp _ Br Bp _Bfp
For, this is proposition we represent (X = Y)«—Z (on) X = (Y < Z) by X =Y « Z.
Proposition 4.2 For any p X q bipolar fuzzy matrix X,

. Bp
() X<Jg=X,
.. Br
(i) Jp—-X=X
. Bp q B Br Bp
Proof. (i) LetY = X<—']q. Then yij = I/\:I.(X” (;5“) = Xij <—'6” = Xijj e 1= Xij- Therefore Y = X.

(i1) Similarl to (i).

5. Conclusion
Bipolar is an interesting topic in some domains. In this topic, we defined Gadel implication operator on bipolar fuzzy set
and bipolar fuzzy matrices. Some results are proved for reflexive, transitive and idempotent on BFMs. Also, defined a
new composition operator on BFMs. Few properties like unity and distributive are illustrated on BFMs. Thus, Gadel
implication operator on bipolar fuzzy matrices are very helpful for moreover studies.
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