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ABSTRACT 

At present, bipolar fuzzy sets indeed have robust area of on many fields. Also bipolar fuzzy matrices are admired 

subject in various wisdoms for example, multi criteria decision making, psychology, qualitative reasoning, etc. Both 

negative and positive issues to deal with problems live in a society. In this paper, we introduce Godel implication 

operator on bipolar fuzzy set and also we extend the same to bipolar fuzzy matrices. Some basic algebraic properties 

like reflexive, transitive, idempotent are obtained and also we give some example. Further, we introduce a new 

composition using the existing operator min(⋀) along with Go ̈del implication on bipolar fuzzy matrices. Various 
results of this new composition are discussed. 

Keywords:Bipolar fuzzy sets; Bipolar fuzzy matrices; Reflexive; Transitive; Idempotent 

 

1. Introduction 
Zadeh [1] has introduced the idea of fuzzy sets in 1965, fuzzy concepts developed in about all fields. Thomason [2] has 
first, introduced the concept of fuzzy matrices in 1977. The elements of fuzzy matrices getting values in the closed 

interval [0,1]. Zhang [3] first, introduced by concept of bipolar fuzzy set. After, has bipolar fuzzy logic interval based is 

defined and presented in fuzzy number based on bipolar fuzzy logic. Madhumangal Pal and Sanjib Mondal [4] has 

introduced bipolar fuzzy matrices in 2019. An order (≤) is defined on bipolar fuzzy algebra and bipolar fuzzy relations. 

Some results on bipolar fuzzy matrices are discussed. Gupta and Kiszka [5] are discussed G𝑜̈del implication operators for 

fuzzy logic control in 1989. The upper bounds for a multivariable fuzzy logic including this operator are examined. 

Hashimoto [6] has defined reflexive and transitive on square matrix over decomposition of fuzzy matrices. Murugadas 

and Lalitha [7] has discussed bi implication operator (↔) into intuitionistic fuzzy set and some properties are verified. 

Emam and Fndh [8] has defined the bifuzzy matrices of min-max and max-min compositions. Sanjib Mondal and M.Pal 

[9] has defined an idempotent, diagonally dominant of bipolar fuzzy matrices. Moreover, eigen vector and eigen values 

for bipolar fuzzy matrices are investigated. Li, pinke and Jin Qingwel [10] has investigated bipolar max-min composition 
over fuzzy relational equations.  Xiao-peng yang [11] has introduced max-lukasiewicz composition on bipolar fuzzy 

relation equations system. In [12], Ghous Ali et al. studied bipolar fuzzy relation decision systems and bipolar fuzzy 

relation systems. In [13], Muthuraji et al. studied the bounded sum and bounded product on bipolar fuzzy matrices by 
deriving algebraic results. Finally, they constructed a commutative monoid on bounded sum and bounded product over 

bipolar fuzzy matrices. In [14], Muthuraji and Punitha discussed the algebraic sum and algebraic product over bipolar 

fuzzy sets and bipolar fuzzy matrices. Naime Demirtas and Orhan Dalkilic [15] presented the application of this algorithm 
in the medical field was illustrated through practical examples, demonstrating its potential to improve diagnostic 

processes and decision-making in medical practice. 

Hashimoto [16] has investigated definition of G𝑜̈del implication operator in the ordinary fuzzy matrices in 1984. Basic 

properties are obtained by this operator. Emam [17] has defined G 𝑜̈del implication operator on intuitionistic fuzzy 
matrices in 2020. Using this operator, some results on intuitionistic fuzzy matrices are obtained. In this paper, we 
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introduce G𝑜̈del implication operator on bipolar fuzzy set and also we extend the same to bipolar fuzzy matrices. Some 
basic algebraic properties are discussed in reflexive, transitive etc. Further, we introduce a new composition operator 

using the existing operator min(⋀) along with G𝑜̈del implication operator. Several results of this new composition are 

discussed. 

2. Preliminaries 
We remember some relevant basic definitions and results will be used later. 

Definition 2.1 [16] The definition of fuzzy set is given by the membership function         𝜇𝐹: 𝑈 → [0,1] elements of the 

universe of discourse 𝑈 can belong to the fuzzy set with any value between 0 and 1. The degree of membership of an 

element 𝑢, 0 ≤ 𝜇𝐹(𝑢) ≤ 1. 

Definition 2.2 [14] let 𝑋 be a matrix, 𝑋 = [(𝑥𝑖𝑗)]𝑝×𝑞, where 𝑥𝑖𝑗 ∈ [0,1], 1 ≤ 𝑖 ≤ 𝑝 and 1 ≤ 𝑗 ≤ 𝑞 then 𝑋 is called fuzzy 

matrix. 

Definition 2.3 [8,17] A bipolar fuzzy set is a pair of (−𝑥𝑛, 𝑥𝑝)  where −𝑥𝑛: 𝑥 → [−1,0]  and 𝑥𝑝: 𝑥 → [0,1]  are the 

respectively negative and positive membership degree of 𝑥 ∈ 𝑋. The set of all bipolar fuzzy set on 𝑋 is denoted by 𝐵𝐹(𝑋). 
Bipolar fuzzy set is an extension of fuzzy set.  

Definition 2.4 [8,10] A bipolar fuzzy matrix 𝑋 = [(𝑥𝑖𝑗)]where (𝑥𝑖𝑗)  is defined as 〈−𝑥𝑖𝑗𝑛, 𝑥𝑖𝑗𝑝〉  whose 𝑥𝑖𝑗𝑛 , 𝑥𝑖𝑗𝑝 ∈

[0,1]   ∀ 𝑖, 𝑗. 
Definition 2.5 (Some special bipolar fuzzy matrices) [10] 

(i) A zero bipolar fuzzy matrix is the arrangement of zero elements into rows and columns. It is a matrix with all its 

entries equal to zero.  A matrix whose entries are all zero𝑂𝑛 of order 𝑛 × 𝑛 is the matrix of elements  𝑂𝑏 = (0,0). 
(ii) A Identity bipolar fuzzy matrix 𝐼𝑛  is an 𝑛 × 𝑛 matrix with the main diagonal elements are 𝑖𝑏 = 〈−1, 1〉 and all order 

elements are 𝑂𝑏 = (0,0). 
(iii) Let  𝐽𝑛 be a unit bipolar fuzzy matrix whose all the entries of 𝐽𝑛 of order 𝑛 × 𝑛 is the matrix of elements 〈−1, 1〉. 
Definition 2.6 (Operations on bipolar fuzzy matrix) [1,10] Let  𝑋 = [𝑥𝑖𝑗 = 〈−𝑥𝑖𝑗𝑛, 𝑥𝑖𝑗𝑝〉]𝑝×𝑞  , 𝑌 = [𝑦𝑖𝑗 =
〈−𝑦𝑖𝑗𝑛, 𝑦𝑖𝑗𝑝〉]𝑝×𝑞  and 𝑍 = [𝑧𝑖𝑗 = 〈−𝑧𝑖𝑗𝑛, 𝑧𝑖𝑗𝑝〉]𝑞×𝑟 be three bipolar fuzzy matrices. 

(i) 𝑋 ∨ 𝑌 = 𝑋 + 𝑌 = (𝑥𝑖𝑗 + 𝑦𝑖𝑗)𝑝×𝑞 = (−max{𝑥𝑖𝑗𝑛,𝑦𝑖𝑗𝑛} ,𝑚𝑎𝑥{𝑥𝑖𝑗𝑝,𝑦𝑖𝑗𝑝})𝑝×𝑞  ∀ 𝑖, 𝑗 

(ii) 𝑋 ∧ 𝑌 = 𝑋 ∙ 𝑌 = (𝑥𝑖𝑗 ∙ 𝑦𝑖𝑗)𝑝×𝑞 = (−min{𝑥𝑖𝑗𝑛,𝑦𝑖𝑗𝑛} ,𝑚𝑖𝑛{𝑥𝑖𝑗𝑝,𝑦𝑖𝑗𝑝})𝑝×𝑞   ∀ 𝑖, 𝑗 

(iii) 𝑋𝑡 = [(𝑥𝑗𝑖)] (transpose of  𝑋), 

(iv) 𝑅 = 𝑋𝑍 = ,
11
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(v)   𝑋 ≤ 𝑌 iff  𝑥𝑖𝑗𝑛 ≤ 𝑦𝑖𝑗𝑛  and 𝑥𝑖𝑗𝑝 ≤ 𝑦𝑖𝑗𝑝to each 𝑖 = 1,2, … , 𝑝, 𝑗 = 1,2, … , 𝑞. 

Definition 2.7 [2,6] An 𝑞 × 𝑞 bipolar fuzzy matrix X is called reflexive iff  𝑥𝑖𝑖 = (−1,1) to each 𝑖 ≤ 𝑞. 
Definition 2.8 [2,6] An 𝑞 × 𝑞 bipolar fuzzy matrix X is called transitive iff 𝑋2 ≤ 𝑋 and said to be impotent iff 𝑋2 = 𝑋. 
Definition 2.9 [5] The definition of the G𝑜̈del implication operator in the ordinary fuzzy case defined as follows: 

𝑥 →𝑦 = {
1    𝑖𝑓   𝑥 ≤ 𝑦,
𝑦    𝑖𝑓   𝑥 > 𝑦.

         to each 𝑥, 𝑦 ∈ [0,1]. 

The operator → is the G𝑜̈del implication operator which is well known in many chapters of fuzzy mathematics. 

3. Methodology 
Reflexive and transitive on bipolar fuzzy matrices 

In this part, we introduce the G𝑜̈del implication operator on bipolar fuzzy set and bipolar fuzzy matrices. Further, some 

results are discussed on bipolar fuzzy set and bipolar fuzzy matrices. We are investigated reflexive and transitive bipolar 

fuzzy matrices on G𝑜̈del implication operator.  

Definition 3.1 For  𝑥 = 〈−𝑥𝑛, 𝑥𝑝〉 ,  𝑦 = 〈−𝑦𝑛, 𝑦𝑝〉  ∈  𝐵𝐹(𝑆), we define 𝑥
𝐵𝐹
→ 𝑦 as, 

𝑥
𝐵𝐹
→ 𝑦 =


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This operator 
𝐵𝐹
→  is called the G𝑜̈del implication operator on the bipolar fuzzy set. 

Moreover, 𝑥
𝐵𝐹
→ 𝑦 = 𝑦

𝐵𝐹
← 𝑥 . 

Definition 3.2 For  𝑋 = 〈−𝑥𝑖𝑗𝑛, 𝑥𝑖𝑗𝑝〉𝑝×𝑞𝑌 = 〈−𝑦𝑖𝑗𝑛, 𝑦𝑖𝑗𝑝〉𝑝×𝑞  ∈  𝐵𝐹(𝑀), we define 𝑋
𝐵𝐹
→ 𝑌 as, 
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𝑋
𝐵𝐹
→ 𝑌 =
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
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 When 1≤ 𝑖 ≤ 𝑝, 1 ≤ 𝑗 ≤ 𝑞. 

This operator 
𝐵𝐹
→  is called the G𝑜̈del implication operator on the bipolar fuzzy matrices. 

Lemma 3.1 For 𝑥 = 〈−𝑥𝑛, 𝑥𝑝〉, 𝑦 = 〈−𝑦𝑛, 𝑦𝑝〉 , 𝑧 = 〈−𝑧𝑛, 𝑧𝑝〉 ∈ 𝐵𝐹(𝑆), we have 

 (𝑥
𝐵𝐹
→ 𝑦)

𝐵𝐹
← 𝑧 = 𝑥 

𝐵𝐹
→  (𝑦

𝐵𝐹
← 𝑧) = 𝑦

𝐵𝐹
← (𝑥 ∧ 𝑧). 

Proof: Given the definition of the operator 
𝐵𝐹
→   on the set 𝐵𝐹 , we have following three cases everyone has also three 

subcases. The cases are given by: 

 Case (a)𝑥𝑛 ≤ 𝑦𝑛, 
             Case (b)𝑥𝑛 > 𝑦𝑛, 𝑥𝑝 > 𝑦𝑝, 

Case (c)𝑥𝑛 > 𝑦𝑛, 𝑥𝑝 ≤ 𝑦𝑝. 

Now let us prove that lemma for Case (c) andother two cases are similar to Case (c)𝑥𝑛 > 𝑦𝑛, 𝑥𝑝 ≤ 𝑦𝑝. 

Subcase (i): If 𝑧𝑛 ≤ 𝑦𝑛, then 

(〈−𝑥𝑛, 𝑥𝑝〉
𝐵𝐹
→ 〈–𝑦𝑛, 𝑦𝑝〉)

𝐵𝐹
← 〈– 𝑧𝑛, 𝑧𝑝〉 = 〈–𝑦𝑛, 0〉

𝐵𝐹
← 〈– 𝑧𝑛, 𝑧𝑝〉 = 〈−1, 1〉 

〈−𝑥𝑛, 𝑥𝑝〉
𝐵𝐹
→ (〈–𝑦𝑛, 𝑦𝑝〉)

𝐵𝐹
← 〈– 𝑧𝑛, 𝑧𝑝〉) = 〈−𝑥𝑛, 𝑥𝑝〉

𝐵𝐹
→ 〈−1, 1〉 = 〈−1, 1〉 

Since, 𝑥𝑝 ∧ 𝑧𝑝 ≤ 𝑦𝑝, we obtain  

〈−𝑦𝑛, 𝑦𝑝〉
𝐵𝐹
← (〈– 𝑥𝑛, 𝑥𝑝〉  ∧ 〈– 𝑧𝑛, 𝑧𝑝〉) = 〈−1, 1〉. 

Subcase (ii): If 𝑧𝑛 > 𝑦𝑛, 𝑧𝑝 > 𝑦𝑝, then 

(〈−𝑥𝑛, 𝑥𝑝〉
𝐵𝐹
→ 〈–𝑦𝑛, 𝑦𝑝〉)

𝐵𝐹
← 〈– 𝑧𝑛, 𝑧𝑝〉 = 〈–𝑦𝑛, 0〉

𝐵𝐹
← 〈– 𝑧𝑛, 𝑧𝑝〉 = 〈–𝑦𝑛, 0〉 

〈−𝑥𝑛, 𝑥𝑝〉
𝐵𝐹
→ (〈–𝑦𝑛, 𝑦𝑝〉)

𝐵𝐹
← 〈– 𝑧𝑛, 𝑧𝑝〉) = 〈−𝑥𝑛, 𝑥𝑝〉

𝐵𝐹
→ 〈–𝑦𝑛, 𝑦𝑝〉 = 〈–𝑦𝑛, 0〉 

Since,𝑥𝑛 ∧ 𝑧𝑛 > 𝑦𝑛 and 𝑥𝑝 ∨ 𝑧𝑝 ≤ 𝑦𝑝 we obtain 

〈−𝑦𝑛, 𝑦𝑝〉
𝐵𝐹
← (〈– 𝑥𝑛, 𝑥𝑝〉  ∧ 〈– 𝑧𝑛, 𝑧𝑝〉) = 〈–𝑦𝑛, 0〉. 

Subcase (iii): If, 𝑧𝑛 > 𝑦𝑛, 𝑧𝑝 ≤ 𝑦𝑝, then 

(〈−𝑥𝑛, 𝑥𝑝〉
𝐵𝐹
→ 〈–𝑦𝑛, 𝑦𝑝〉)

𝐵𝐹
← 〈– 𝑧𝑛, 𝑧𝑝〉 = 〈–𝑦𝑛, 0〉

𝐵𝐹
← 〈– 𝑧𝑛, 𝑧𝑝〉 = 〈–𝑦𝑛, 0〉 

〈−𝑥𝑛, 𝑥𝑝〉
𝐵𝐹
→ (〈–𝑦𝑛, 𝑦𝑝〉)

𝐵𝐹
← 〈– 𝑧𝑛, 𝑧𝑝〉) = 〈−𝑥𝑛, 𝑥𝑝〉

𝐵𝐹
→ 〈–𝑦𝑛, 0〉 = 〈– 𝑦𝑛, 0〉 

Since, 𝑥𝑛 ∧ 𝑧𝑛 > 𝑦𝑛 and 𝑥𝑝 ∨ 𝑧𝑝 ≤ 𝑦𝑝 we obtain 

〈−𝑦𝑛, 𝑦𝑝〉
𝐵𝐹
← (〈– 𝑥𝑛, 𝑥𝑝〉  ∧ 〈– 𝑧𝑛, 𝑧𝑝〉) = 〈–𝑦𝑛, 0〉. 

Hence, through all cases we conclude 

(𝑥
𝐵𝐹
→ 𝑦)

𝐵𝐹
← 𝑧 = 𝑥 

𝐵𝐹
→  (𝑦

𝐵𝐹
← 𝑧) = 𝑦

𝐵𝐹
← (𝑥 ∧ 𝑧) for each 𝑥, 𝑦, 𝑧 ∈ 𝐵𝐹(𝑆). 

Through this lemma, we can correspond 𝑥
𝐵𝐹
→ 𝑦

𝐵𝐹
← 𝑧 in place of (𝑥

𝐵𝐹
→ 𝑦)

𝐵𝐹
← 𝑧 or 𝑥 

𝐵𝐹
→  (𝑦

𝐵𝐹
← 𝑧).  we may takeout enclosure. 

Also, we consider that this lemma is similar to the connection 

(𝑥 ∧ 𝑧)
𝐵𝐹
→ 𝑦 =  𝑥

𝐵𝐹
→ (z

𝐵𝐹
→ y) = 𝑧

𝐵𝐹
→ (𝑥

𝐵𝐹
→ y). 

Lemma 3.2 For 𝑥, 𝑦, 𝑧, 𝑠 ∈ 𝐵𝐹(𝑆), we get 𝑦
𝐵𝐹
→ 𝑥

𝐵𝐹
← 𝑧 < 𝑠 implies 𝑥 < 𝑠, 𝑥 < 𝑦 and 𝑥 < 𝑧. 

Proof.  Let 𝑦
𝐵𝐹
→ 𝑥

𝐵𝐹
← 𝑧 < 𝑠. Then we get 𝑥 ≤ 𝑦

𝐵𝐹
→ 𝑥 ≤ (𝑦

𝐵𝐹
→ 𝑥)

𝐵𝐹
← 𝑧 = 𝑦

𝐵𝐹
→ 𝑥

𝐵𝐹
← 𝑧 < 𝑠. Thus, 𝑥 < 𝑠 and 𝑦

𝐵𝐹
→ 𝑥 < 𝑠 which 

means 𝑥 < 𝑦 and so 

(𝑦
𝐵𝐹
→ 𝑥)

𝐵𝐹
← 𝑧 = 𝑥

𝐵𝐹
← 𝑧 < 𝑠 which means 𝑥 < 𝑧. 

Lemma 3.3 For 𝑥, 𝑦, 𝑧 ∈ 𝐵𝐹(𝑆), if we have 𝑥𝑝 ∧ 𝑧𝑝 ≤ 𝑦𝑝, then 𝑥
𝐵𝐹
→ 𝑦

𝐵𝐹
← 𝑧 = 1. 

Proof. It is clear from 3.1. 

From lemma 3.1, 3.2, 3.3 we have the following theorems. 

Theorem 3.1 For 𝑋 = 〈−𝑥𝑖𝑗𝑛, 𝑥𝑖𝑗𝑝〉, 𝑌 = 〈−𝑦𝑖𝑗𝑛, 𝑦𝑖𝑗𝑝〉, 𝑍 = 〈−𝑧𝑖𝑗𝑛, 𝑧𝑖𝑗𝑝〉  ∈  𝐵𝐹(𝑀), we have  (𝑋
𝐵𝐹
→ 𝑌)

𝐵𝐹
← 𝑍 = 𝑋

𝐵𝐹
→ (𝑌

𝐵𝐹
← 𝑍) = 𝑌

𝐵𝐹
← (𝑋 ∧ 𝑍). 

Theorem 3.2 For𝑋, 𝑌, 𝑍, 𝑆 ∈ 𝐵𝐹(𝑀), we get 𝑌
𝐵𝐹
→ 𝑋

𝐵𝐹
← 𝑍 < 𝑆 implies 𝑋 < 𝑆, 𝑋 < 𝑌 and 𝑋 < 𝑍. 
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Theorem 3.3 For 𝑋, 𝑌, 𝑍 ∈ 𝐵𝐹(𝑀), if we have 𝑥𝑖𝑗𝑝 ∧ 𝑧𝑖𝑗𝑝 ≤ 𝑦𝑖𝑗𝑝, then 𝑋
𝐵𝐹
→ 𝑌

𝐵𝐹
← 𝑍 = 1. 

Proposition 3.1 If 𝑋 ∈ 𝐵𝐹𝑀 is reflexive and transitive, then 𝑋 is idempotent. 

Proof: Given  𝑋 is transitive, it is sufficient to show that, 𝑋2 ≥ 𝑋. Let 𝑋 be kind of 𝑞 × 𝑞 and let 𝑅 = 𝑋2. Then  

𝑟𝑖𝑗 = 〈−𝑟𝑖𝑗𝑛, 𝑟𝑖𝑗𝑝〉 = )(),(
11
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≥ 〈𝑥𝑖𝑗𝑛 ∧ 𝑥𝑗𝑗𝑛 , 𝑥𝑖𝑗𝑝 ∧ 𝑥𝑗𝑗𝑝〉 

= 〈𝑥𝑖𝑗𝑛 ∧ 1, 𝑥𝑖𝑗𝑝 ∧ 1〉 

= 〈−𝑥𝑖𝑗𝑛 , 𝑥𝑖𝑗𝑝〉 

= (𝑥𝑖𝑗). (since 𝑋 is reflexive) 

Therefore, 𝑋2 ≥ 𝑋 and 𝑋 is an idempotent. 

Theorem 3.4 Let 𝑋 and 𝑌 be two 𝑝 × 𝑞 bipolar fuzzy matrices thus 𝑋 ≤ 𝑌. Then 𝑋
𝐵𝐹
← 𝑌𝑡 and 𝑌𝑡

𝐵𝐹
→ 𝑋 are reflexive and 

transitive. 

Proof: Let 𝑆 = 𝑋
𝐵𝐹
← 𝑌𝑡 . We prove 𝑆 is transitive, we will must show that 𝑠𝑖𝑗 ≥ 𝑠𝑖𝑙 ∧ 𝑠𝑙𝑗  for each 𝑙 ≤ 𝑞. Suppose that 𝑠𝑖𝑙 ∧

𝑠𝑙𝑗 = 𝑧 > 0. Then 
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If, 𝑠𝑖𝑗 = 〈−𝑠𝑖𝑗𝑛, 𝑠𝑖𝑗𝑝〉 such that 𝑠𝑖𝑗𝑛 < 𝑧𝑛and 𝑠𝑖𝑗𝑝 > 𝑧𝑝 where 𝑧 = 〈−𝑧𝑛,𝑧𝑝〉, that is, if    〈−𝑥𝑖ℎ𝑛,𝑥𝑖ℎ𝑝〉
𝐵𝐹
← 〈−𝑦𝑗ℎ𝑛,𝑦𝑗ℎ𝑝〉 <

〈−𝑧𝑛,𝑧𝑝〉 . Then 𝑥𝑖ℎ𝑛 < 𝑧𝑛, 𝑥𝑖ℎ𝑝 > 𝑧𝑝 and also 𝑥𝑖ℎ𝑛 < 𝑦𝑗ℎ𝑛and𝑥𝑖ℎ𝑝 > 𝑦𝑗ℎ𝑝 

 Since 𝑠𝑖𝑙 ≥ 𝑧,  we have 〈−𝑥𝑖ℎ𝑛,𝑥𝑖ℎ𝑝〉
𝐵𝐹
← 〈−𝑦𝑙ℎ𝑛,𝑦𝑙ℎ𝑝〉 ≥ 〈−𝑧𝑛,𝑧𝑝〉 . But 𝑥𝑖ℎ𝑛 < 𝑧𝑛 , 𝑥𝑖ℎ𝑝 > 𝑧𝑝 . Then 𝑥𝑖ℎ𝑛 ≥ 𝑦𝑙ℎ𝑛  and 

𝑥𝑖ℎ𝑝 ≤ 𝑦𝑙ℎ𝑝. 

Moreover, since we have 𝑠𝑙𝑗 ≥ 𝑧, 〈−𝑥𝑙ℎ𝑛,𝑥𝑙ℎ𝑝〉
𝐵𝐹
← 〈−𝑦𝑗ℎ𝑛,𝑦𝑗ℎ𝑝〉 ≥ 〈−𝑧𝑛,𝑧𝑝〉 therefore that 𝑥𝑙ℎ𝑛 ≥ 𝑦𝑗ℎ𝑛  and 𝑥𝑙ℎ𝑝 ≤ 𝑦𝑗ℎ𝑝 . 

Since, 𝑋 ≤ 𝑌, we have 𝑧𝑛 > 𝑥𝑖ℎ𝑛 ≥ 𝑦𝑙ℎ𝑛 ≥ 𝑥𝑙ℎ𝑛 ≥ 𝑦𝑗ℎ𝑛. However, it is a contradiction. So that 𝑠𝑖𝑗𝑛 ≥ 𝑧𝑛 . Also, 𝑧𝑝 <

𝑥𝑖ℎ𝑝 ≤ 𝑦𝑙ℎ𝑝 ≤ 𝑥𝑙ℎ𝑝 ≤ 𝑦𝑗ℎ𝑝 it is a contradiction. So,  𝑠𝑖𝑗𝑝 ≤ 𝑧𝑝. 

Hence, 𝑠𝑖𝑗 = 〈−𝑠𝑖𝑗𝑛, 𝑠𝑖𝑗𝑝〉 ≥ 〈−𝑧𝑛,𝑧𝑝〉 = 𝑧 and 𝑆 is transitive. The reflexive of 𝑆  is obviously by the definition of the 

operator  
𝐵𝐹
←  . By a similarly we can prove that 𝑌𝑡

𝐵𝐹
→ 𝑋 is reflexive and transitive. 

Corollary 3.1 For any 𝑝 × 𝑞 bipolar fuzzy matrix 𝑋, 𝑋
𝐵𝐹
← 𝑋𝑡 and  𝑋𝑡

𝐵𝐹
→ 𝑋 are idempotent. 

Proof: By theorem 3.4 and proposition 3.1.  

Theorem 3.5 Let 𝑋 be any 𝑞 × 𝑞 bipolar fuzzy matrix. Then 𝑋 is reflexive and transitive iff  𝑋
𝐵𝐹
← 𝑋𝑡 = 𝑋 (moreover iff  

𝑋𝑡
𝐵𝐹
→ 𝑋 = 𝑋 ). 

Proof:  Assume that 𝑋 is reflexive and transitive and take in 𝑆 =  𝑋
𝐵𝐹
← 𝑋𝑡 . Then,   

).,,( lnln
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Part (a) Assume 𝑠𝑖𝑗 = 〈−𝑠𝑖𝑗𝑛, 𝑠𝑖𝑗𝑝〉 = 〈−𝑧𝑛,𝑧𝑝〉 > 〈0, 0〉 .Then 〈−𝑥𝑖𝑗𝑛,𝑥𝑖𝑗𝑝〉
𝐵𝐹
← 〈−𝑥𝑗𝑗𝑛 ,𝑥𝑗𝑗𝑝〉 ≥ 〈−𝑧𝑛,𝑧𝑝〉 . ie) 

〈−𝑥𝑖𝑗𝑛,𝑥𝑖𝑗𝑝〉
𝐵𝐹
← 〈−1,1〉 ≥ 〈−𝑧𝑛,𝑧𝑝〉 which means 𝑥𝑖𝑗 = 〈−𝑥𝑖𝑗𝑛,𝑥𝑖𝑗𝑝〉 ≥ 〈−𝑧𝑛,𝑧𝑝〉 

= 𝑠𝑖𝑗 and so 𝑋 ≥  𝑋
𝐵𝐹
← 𝑋𝑡. 

Part (b) Assume that 𝑥𝑖𝑗 = 〈−𝑥𝑖𝑗𝑛, 𝑥𝑖𝑗𝑝〉 = 〈−𝑧𝑛,𝑧𝑝〉 > 〈0, 0〉 and  𝑠𝑖𝑗 = 〈−𝑠𝑖𝑗𝑛, 𝑠𝑖𝑗𝑝〉 = 〈−𝑥𝑖𝑘𝑛,𝑥𝑖𝑘𝑝〉
𝐵𝐹
← 〈−𝑥𝑗𝑘𝑛,𝑥𝑗𝑘𝑝〉 for 

some 𝑘 ≤ 𝑞. 

Definition on G𝑜̈del implication operator (
𝐵𝐹
← ), accept the following cases: 

Case (1) If, 〈−𝑥𝑖𝑘𝑛,𝑥𝑖𝑘𝑝〉
𝐵𝐹
← 〈−𝑥𝑗𝑘𝑛,𝑥𝑗𝑘𝑝〉 = 〈−1,1〉, then 𝑠𝑖𝑗 = 〈−𝑠𝑖𝑗𝑛, 𝑠𝑖𝑗𝑝〉 ≥ 〈−𝑧𝑛,𝑧𝑝〉 = 𝑧 

Case (2) If, 〈−𝑥𝑖𝑘𝑛,𝑥𝑖𝑘𝑝〉
𝐵𝐹
← 〈−𝑥𝑗𝑘𝑛,𝑥𝑗𝑘𝑝〉 = 〈−𝑥𝑖𝑘𝑛,𝑥𝑖𝑘𝑝〉 < 〈−𝑧𝑛,𝑧𝑝〉  then 𝑥𝑖𝑘𝑛 < 𝑥𝑗𝑘𝑛  , 𝑥𝑖𝑘𝑝 > 𝑥𝑗𝑘𝑝  , 𝑥𝑖𝑘𝑛 < 𝑧𝑛  and  

𝑥𝑖𝑘𝑝 > 𝑧𝑝 .So that, 〈−𝑥𝑖𝑗𝑛, 𝑥𝑖𝑗𝑝〉 ∧ 〈−𝑥𝑗𝑘𝑛,𝑥𝑗𝑘𝑝〉 ≤ 〈−𝑥𝑖𝑘𝑛,𝑥𝑖𝑘𝑝〉  (using transitive of 𝑋 ) thus, 〈−𝑧𝑛,𝑧𝑝〉 ∧ 〈−𝑥𝑗𝑘𝑛,𝑥𝑗𝑘𝑝〉 ≤
〈−𝑥𝑖𝑘𝑛,𝑥𝑖𝑘𝑝〉 . Therefore,𝑥𝑖𝑘𝑛 < 𝑧𝑛 ∧ 𝑥𝑗𝑘𝑛 ≤ 𝑥𝑖𝑘𝑛  and 𝑥𝑖𝑘𝑝 > 𝑧𝑝 ∨ 𝑥𝑗𝑘𝑝 ≥ 𝑥𝑖𝑘𝑝 . However, there are contradictions and 

𝑠𝑖𝑗𝑛 ≥ 𝑧𝑛 and 𝑠𝑖𝑗𝑝 ≤ 𝑧𝑝. Then 𝑠𝑖𝑗𝑛 ≥ 𝑧. 
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Case (3) If 𝑠𝑖𝑗 = 〈−𝑥𝑖𝑘𝑛, 0〉then 𝑥𝑖𝑘𝑛 < 𝑥𝑗𝑘𝑛  as we have 0 < 𝑧𝑝 , it is sufficient to show that 𝑥𝑖𝑘𝑛 ≥ 𝑧𝑛  Suppose that 

𝑥𝑖𝑘𝑛 < 𝑧𝑛. We have case (2) say as contradiction and 𝑥𝑖𝑘𝑛 ≥ 𝑧𝑛 and 𝑠𝑖𝑗 ≥ 𝑧. From all cases we obtain  𝑋
𝐵𝐹
← 𝑋𝑡 ≥ 𝑋 , from 

(a) and (b) we have  𝑋
𝐵𝐹
← 𝑋𝑡 = 𝑋. 

Converse, If  𝑋
𝐵𝐹
← 𝑋𝑡 = 𝑋 ,then by corollary 3.1 𝑋 is reflexive and transitive and so idempotent. Similar, we can prove 

that 𝑋𝑡
𝐵𝐹
→ 𝑋 = 𝑋. However , there are contradictions and 𝑠𝑖𝑗𝑛 ≥ 𝑧𝑛 and  𝑠𝑖𝑗𝑝 ≤ 𝑧𝑝 . thus 𝑠𝑖𝑗 ≥ 𝑧. 

Corollary 3.2 If 𝑋 is reflexive and transitive on bipolar fuzzy matrix, then (𝑋
𝐵𝐹
← 𝑋𝑡)𝑋 = (𝑋𝑡

𝐵𝐹
→ 𝑋)𝑋 = 𝑋. 

Proof: At theorem 3.5 and corollary 3.1 . 

Corollary 3.3 If  𝑋 is a reflexive and transitive bipolar fuzzy matrix, then (𝑋𝑡
𝐵𝐹
→ 𝑋)

𝐵𝐹
← 𝑋𝑡 = 𝑋. 

Theorem 3.5 shows absorbing properties of pre-orders. Thus 𝑋 is a matrix constitute a pre-orders iff 𝑋
𝐵𝐹
← 𝑋𝑡 = 𝑋 (or) 

𝑋𝑡
𝐵𝐹
→ 𝑋 = 𝑋. However, since 𝑋

𝐵𝐹
← 𝑋𝑡  is get in by using 𝑋 if we multiple 𝑋

𝐵𝐹
← 𝑋𝑡 by 𝑋. That is product (𝑋

𝐵𝐹
← 𝑋𝑡)𝑋 is equal 

to 𝑋. 
Example 3.1 Let 

𝑋 = [

〈−0.7, 0.3〉 〈−0.8, 0.2〉
〈−0.6, 0.4〉 〈−0.9, 0〉
〈−0.9, 0.1〉 〈−0.4, 0.6〉

] 

Then,       𝑋
𝐵𝐹
← 𝑋𝑡 = [

〈−0.7, 0.3〉 〈−0.8, 0.2〉
〈−0.6, 0.4〉 〈−0.9, 0〉
〈−0.9, 0.1〉 〈−0.4, 0.6〉

]
𝐵𝐹
← [

〈−0.7, 0.3〉 〈−0.6, 0.4〉 〈−0.9, 0.1〉
〈−0.8, 0.2〉 〈−0.9, 0〉 〈−0.4, 0.6〉

] 

= [

〈−1, 1〉 〈−0.8, 0〉 〈−0.7, 0〉
〈−0.6, 0〉 〈−1, 1〉 〈−0.6, 0〉
〈−0.4, 0〉 〈−0.4, 0〉 〈−1, 1〉

] 

It is clear that 𝑋
𝐵𝐹
← 𝑋𝑡 is reflexive and 

(𝑋
𝐵𝐹
← 𝑋𝑡)

2

= [

〈−1, 1〉 〈−0.8, 0〉 〈−0.7, 0〉
〈−0.6, 0〉 〈−1, 1〉 〈−0.6, 0〉
〈−0.4, 0〉 〈−0.4, 0〉 〈−1, 1〉

] [

〈−1, 1〉 〈−0.8, 0〉 〈−0.7, 0〉
〈−0.6, 0〉 〈−1, 1〉 〈−0.6, 0〉
〈−0.4, 0〉 〈−0.4, 0〉 〈−1, 1〉

] 

= 𝑋
𝐵𝐹
← 𝑋𝑡. 

That is 𝑋
𝐵𝐹
← 𝑋𝑡 is reflexive and transitive and so idempotent. Further, we let 𝑌 = 𝑋

𝐵𝐹
← 𝑋𝑡 

  𝑌
𝐵𝐹
← 𝑌𝑡 = [

〈−1, 1〉 〈−0.8, 0〉 〈−0.7, 0〉
〈−0.6, 0〉 〈−1, 1〉 〈−0.6, 0〉
〈−0.4, 0〉 〈−0.4, 0〉 〈−1, 1〉

]
𝐵𝐹
← [

〈−1, 1〉 〈−0.6, 0〉 〈−0.4, 0〉
〈−0.8, 0〉 〈−1, 1〉 〈−0.4, 0〉
〈−0.7, 0〉 〈−0.6, 0〉 〈−1, 1〉

] = 𝑌 

(𝑌
𝐵𝐹
← 𝑌𝑡)𝑌 = [

〈−1, 1〉 〈−0.8, 0〉 〈−0.7, 0〉
〈−0.6, 0〉 〈−1, 1〉 〈−0.6, 0〉
〈−0.4, 0〉 〈−0.4, 0〉 〈−1, 1〉

] [

〈−1, 1〉 〈−0.8, 0〉 〈−0.7, 0〉
〈−0.6, 0〉 〈−1, 1〉 〈−0.6, 0〉
〈−0.4, 0〉 〈−0.4, 0〉 〈−1, 1〉

] = 𝑌 

 

4. Results on a new composition operator 
In this section, we define a new composition using the existing operator min(∧) along with G𝑜̈del implication operator. 

Various results of this composition are discussed. 

Definition 4.1 The new composition operator of two bipolar fuzzy matrices 𝑋 = [𝑥𝑖𝑗 = 〈−𝑥𝑖𝑗𝑛, 𝑥𝑖𝑗𝑝〉]𝑝×𝑞  and 𝑌 =

[𝑦𝑖𝑗 = 〈−𝑦𝑖𝑗𝑛, 𝑦𝑖𝑗𝑝〉]𝑞×𝑟  defined as 𝑍 = 𝑋
𝐵𝐹
→ 𝑌 such that  ).(
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Proposition 4.1 Let 𝑋 = [𝑥𝑖𝑗]𝑚×𝑡  , 𝑌 = [𝑦𝑖𝑗]𝑡×𝑠 and 𝑍 = [𝑧𝑖𝑗]𝑠×𝑛 are three bipolar fuzzy matrices. Then (𝑋
𝐵𝐹
→ 𝑌)

𝐵𝐹
← 𝑍 =

𝑋
𝐵𝐹
→ (𝑌

𝐵𝐹
← 𝑍). 

Proof: Let 𝐴 = (𝑋
𝐵𝐹
→ 𝑌)

𝐵𝐹
← 𝑍 and 𝐵 = 𝑋

𝐵𝐹
→ (𝑌

𝐵𝐹
← 𝑍) then using by lemma 3.1   

𝑎𝑖𝑗 =⋀[⋀(𝑥𝑖𝑞
𝐵𝐹
→ 𝑦𝑞𝑝)

𝑡

𝑞=1

𝐵𝐹
← 𝑧𝑝𝑗]

𝑠

𝑝=1
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                            =⋀⋀(𝑥𝑖𝑞
𝐵𝐹
→ 𝑦𝑞𝑝

𝐵𝐹
← 𝑧𝑝𝑗)

𝑡

𝑞=1

𝑠

𝑝=1

               𝑎𝑛𝑑 

𝑏𝑖𝑗 =⋀[𝑥𝑖𝑞
𝐵𝐹
→ ⋀(𝑦𝑞𝑝

𝑠

𝑝=1

𝐵𝐹
← 𝑧𝑝𝑗)]

𝑡

𝑞=1

 

=⋀⋀(𝑥𝑖𝑞
𝐵𝐹
→ 𝑦𝑞𝑝

𝐵𝐹
← 𝑧𝑝𝑗)

𝑡

𝑞=1

𝑠

𝑝=1

. 

 Hence, 𝑎𝑖𝑗 = 𝑏𝑖𝑗 

For, this is proposition we represent (𝑋
𝐵𝐹
→ 𝑌)

𝐵𝐹
← 𝑍 (or) 𝑋

𝐵𝐹
→ (𝑌

𝐵𝐹
← 𝑍) by 𝑋

𝐵𝐹
→ 𝑌

𝐵𝐹
← 𝑍. 

Proposition 4.2 For any 𝑝 × 𝑞 bipolar fuzzy matrix X, 

(i) 𝑋
𝐵𝐹
← 𝐽𝑞 = 𝑋, 

(ii) 𝐽𝑝
𝐵𝐹
→ 𝑋 = 𝑋. 

Proof. (i) Let 𝑌 = 𝑋
𝐵𝐹
← 𝐽𝑞. Then )(
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= 𝑥𝑖𝑗
𝐵𝐹
← 𝛿𝑗𝑗 = 𝑥𝑖𝑗

𝐵𝐹
← 1 = 𝑥𝑖𝑗. Therefore 𝑌 = 𝑋. 

(ii) Similarl to (i). 

5. Conclusion 
Bipolar is an interesting topic in some domains. In this topic, we defined G𝑜̈del implication operator on bipolar fuzzy set 

and bipolar fuzzy matrices. Some results are proved for reflexive, transitive and idempotent on BFMs. Also, defined a 

new composition operator on BFMs. Few properties like unity and distributive are illustrated on BFMs. Thus, G𝑜̈del 

implication operator on bipolar fuzzy matrices are very helpful for moreover studies. 
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