scorua
Advances in Neutrosophic

Advances in Neutrosophic Mathematics £ s
and Informatics (ANMI) o

Vol.1, Issue 1, April 2026
DOI:https://doi.org/10.64060/ANMI1V1i3 » —

ScoPUA

Einstein Operators of Bipolar Neutrosophic Soft Matrix and its Application
P. Punitha Elizabeth 2"

!Department of Mathematics, St.Thomas College of Arts and Science, Koyambedu, India
* Corresponding Email: dnspunitha@gmail.com

Received: 15 March 2026 / Revised: 04 April 2026 / Accepted: 08 April 2026 / Published online: 14 April 2026

This is an Open Access article published under the Creative Commons Attribution 4.0 International (CC BY 4.0) (https://creativecommons.org/licenses/by/4.0/). Advances
in Neutrosophic Mathematics and Informatics, published by SCOPUA (Scientific Collaborative Online Publishing Universal Academy). SCOPUA stands neutral with
regard to jurisdictional claims in the published maps and institutional affiliations.

ABSTRACT

Bipolar neutrosophic soft matrices (BNSMs) are currently a robust area in several industries. Moreover, bipolar
neutrosophic soft matrices are a highly regarded topic in many fields of psychology, qualitative reasoning, multiple
criteria decision-making, etc.; issues to be solved in a society can be both negative for membership and non-membership
and positive for membership and non-membership. In this manuscript, we define Einstein operators on bipolar
neutrosophic soft matrices (BNSMs). Certain properties are investigated, like commutative, associative, identities, etc.
Finally, we construct commutative monoid designs on BNSM. Moreover, investigate one example that provides us a
new way to propose MCDM issues using the Einstein sum operator over BNSM.

Keywords:Bipolar neutrosophic soft matrix (BNSM); Einstein sum; Einstein product; VValue matrix; Score matrix; Total
score

1. Introduction
Zadeh [1] first introduced fuzzy sets in 1965; fuzzy ideas have spread to almost every field. The idea of fuzzy matrices was
initially suggested by Thomason [2] in 1977. Fuzzy matrix elements get values in the restricted range [0, 1]. Einstein
operations on fuzzy matrices were investigated by Selvarajan et al. [3]. Additionally, they created certain properties.
Selvarajan et al. [4,5] defined Einstein operators on IFMs and extended several algebraic properties.
Zhang [6] was the first to introduce the idea of bipolar fuzzy sets. Bipolar fuzzy matrices were first proposed by Pal and
Sanjib Mondal [7] in 2019, and several results on BFMs are discussed. Muhammad Naveed Jafarr et al. [8] presented new
technology in agriculture using neutrosophic soft matrices with the help of a score function. Einstein operators over picture
fuzzy matrices are proposed by Ramakrishnan and Sriram [9]. Also, a few relations are elucidated.
Ramakrishnan and Sriram [10] discussed algebraic properties that are used to solve some equalities in Einstein operators of
Pythagorean fuzzy matrices and their basic operations. Using Eistein operators, some significant properties on Pythagorean
fuzzy matrices are discussed by Selvarajan and Ramya [11].
Anitha [12] defined the Einstein operators on BFMs and BIFMs. Several algebraic properties, like commutative, associative,
identity, etc., are investigated. Muthuraji and Anitha [13] show that the application of various soils and a more score function
have been applied to solve a feasible application of decision-making in agriculture.
Boobalan and Afrine N.S. Shiny [14] constructed two new operators, the Einstein sum and the Einstein product of fuzzy
neutrosophic soft matrices. Muthuraji and Anitha [15] defined the weighted similarity measure (WSM) and expanded the
Technique for Order Preference by Similarity to Ideal Solution (TOPSIS) procedure with totally uncertain criterion weights,
which are presented by a new MCDM procedure using BIFMs. In this manuscript, we define Einstein operators on bipolar
neutrosophic soft matrices. Several algebraic properties, like commutative, associative, identity, etc., are investigated. Here
we are investigating one example that provides us a new way to propose MCDM issues using the Einstein sum operator
over BNSMs.
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In this manuscript, we define Einstein operators on bipolar neutrosophic soft matrices. Several algebraic properties, like
commutative, associative, identity, etc., are investigated. Here, we investigate one example that provides a new way to
propose MCDM issues using the Einstein sum operator over BNSMs.

2. Preliminaries
Several fundamental definitions are presented in this section.
Definition 2.1 [6] A bipolar fuzzy set X is a pair of (—=xn,xp) Where —x,: X — [-1,0] and x,: X — [0,1] are the respective
negative and positive membership degrees of x € X. It is denoted by Bg (X).
Definition 2.2 [7] A Bipolar fuzzy matrix R = [rij] . where rijrepresents the expression ( —7;p,7;j,) Where rij,rijp € [0,1] V¥
i,j are the negative and positive membership values of the element ri; respectively.
Definition 2.3 . [14] Let X be a neutrosophic set on the set A. It is defined to be as X = < x;;, x{; i x > such that
xijxij', %t A —>[0,1] where 0 < x;; + xi; + xi; < 3 denotes the degree of truth, indeterminacy, and falsity, respectively.

Defimt10n2 4 [14] A Bipolar neutrosophic fuzzy matrix R of the form 0 < (—7y;,) + ( ]n) + (Txun) + 1y + 1+

ijp
rij, < 6 satisfying the condition, 0 < (~7im) + (—1{im) + (rxijn) +1ijp +1ijp +1ij, < 6foralliyj.
Where —7yjn, =73, Tz;n " €[-1,0] and Tijp Tijp' ,rUp " €[1,0] is called the Bipolar neutrosophic soft matrix (BNSM).
The set of all bipolar neutrosophic soft matrices denote by Bmxn .

Definition 2.5 (Operators in BNSMs) [14]

Let R =(< —7yjn, —1{jn, —Tijn > < Tijpi Tijps Tifp >) aNd T =(< —tijn, —tijn, —tim > < tijp, ti >) € BNSMm

i tijp
Then

() RVT = (< —min (1jn, tijn), —min(r Tiins un) max( Tijn Un) >,

< min (ijp, tijp), min(rij, up) max(rjp, tij,) >) V i.J.
(ii) RAT = (< —max (Tijn, tijn), max( Tiins Un) mm(rm, Un) >,
< max(tijp, tijp), max(vp, tijp ), min(rijp, tijy) >) V i,].
(iii) R¢stands for the complement of R and is defined as
RC =(< =1{}n, =Tjms —Tijn > <1{jpTipTijp >) VY 1, ].
3. Einstein Operators on BNSMs

In this section,we define Einstein sum(&@¢) and Einstein product (Q¢) on Bipolar neutrosophic soft matrices. Also, discuss
certain properties over BNSMs.
Definition 3.1.
Let R =(< —7yjn, —1{jns —Tijn > < Tijpi Tijps Tifp >) aNd T =(< —tijn, —tijn, —tim > < tijp, ti
Then

{ipr thp >) € BNSMun .

H yn yn l‘l’l lTl l”nt{’n
() R @eT=(<-(GLi, <1+’T iy Lty

n
1+rl]nt]n iin Un 1+(-r{}, )A=t{}y)

+t! UP +t1]p >) Vi J
)]

Tijpttijp  Tijp tijp

! ) rn
Trijp tijp” 147 tp " 1+ )(A-t{j)

.. _ Tijn tijn Tl,]n l,]n l]n L’]’n
@0 R®eT=(< _(1+(1—n,~n)(1— tijn)) (1+(1 i) (1= tijm >) —G +ijp t l,n>) >
Tijp tijp Tijp tijp Tijp +tijp .
1+(1-7ijp ) A=tijp) 1+(-7], )A=t[,) " 1+r{],t]1) >V L]
The following example illustrates Einstein sum (@¢) and Einstein product(®¢) on BNSMs
Example 3.2. For R, T € BNSMun,
Let R = [(70-5,—-04-03060402) (-08,-05, —0.3,0.1,0.2,0.3)] g
& R=1(-07,-01,-0.2,06,02,05) (—0.7,—0.4,—0.1,0.5,0.4,0.3)
= [(—0.3, —0.2,-0.1,0.4,0.5,0.6) (=0.5,—0.3, —0.1,0.5,0.7,0.1)]

~1(-0.2,-0.3,-0.5,0.2,0.3,05) (—0.6,—0.3,—0.2,0.6,0.4,0.3)

Then
R®.T= (-0.69,—0.51,—0.01,0.81,0.75,0.09) (—0.93,-0.70, —0.41,0.57,0.79,0.38)]
€ (-0.79,-0.39,-0.07,0.71,0.47,0.20) (—0.91,-0.63,—0.01,0.84,0.69,0.06)
RQ.T= (-0.11,-0.05,—-0.39,0.19,0.15,0.71) (—0.36,—-0.11, —0.39,0.03,0.11,0.39)]
€ (-0.11,-0.02,-0.5,0.09,0.04,0.8) (—0.38,—-0.08,—0.29,0.24,0.18,0.40)

These characteristics are evident. Both commutative and associative properties apply to the operations @cand Q. The
following theorems prove the existence of the identity elements with relation to @ and .
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Theorem 3.3. For R,T € BNSMun,
(i) RBT=TDBR.
(i) RQeT=T ®R.
Theorem 3.4. For R € BNSMmn,
(i) R®cO0=0@cR=
(i)  R®eJI=J®cR R
(iii) R®:.0=0.
(iv) R®cJ=1J
Theorem 3.5. For R,S € BNSMnp,
(i) RPS)'=R' DS
(i) (R®cS)'=R'®cS', Where RTis the transpose of R.
Theorem 3.6. For R, T ,S € BNSMmn,
(i) RDeT)DecS=RDc(T DeS)
(i) ROeT) ®cS =R Qe (T Qe S)
Thus (BNSMm@P¢) and (BNSMmn, ®¢) form a commutative monoid.
Theorem 3.7. For R,T € BNSMun ,
(M) RAR®eT)=R
(i) RVIR®T)=R
Remark 3.8. For R,T € BNSMnn,
(i) ROeT) 4R QT

(i) R T) “#REPT
Example 3.9. For R,T € BNSMm,, (R@cT) ‘4R @ TC
Proof:
Let R :[(—0.5,—0.4,—0.3,0.6,0.4,0.2) (—0.8,—0.5,—0.3,0.1,0.2, 0.3)] d
(-0.7,-0.1,—-0.2,0.6,0.2,0.5) (—0.7,—0.4,—0.1,0.5,0.4,0.3)
- (—0.3,-0.2,—0.1,0.4,0.5,0.6) (—0.5,—0.3,—0.1,0.5, 0.7,0.1)]
[(-0.2,—0.3,-0.5,0.2,0.3,0.5) (—0.6,—0.3,—0.2,0.6,0.4,0.3)
Then
RC= (—0.3,—0.4,—0.5, 0.2,0.4,0.6) (—0.3,—0.5,—0.8,0.3,0.2, 0.1)]
[ (—0.2,—-0.1,—0.7,0.5,0.2,0.6) (—0.1,—0.4,—0.7,0.3,0.4,0.5)
0= (—0.1,—0.2,—0.4, 0.6,0.5,0.4) (-—0.1,—0.3,-0.5,0.1, 0.7,0.5)]
[ (—0.5,-0.3,-0.2,0.5,0.3,0.2) (—0.2,—0.3,—0.6,0.3,0.4,0.6)
Also
RD.T= (-0.69,—0.51,—0.01,0.81,0.75,0.09) (—0.93,—0.70,—0.41,0.57,0.79,0.38)]
€ (-0.79,—-0.39,—-0.07,0.71,0.47,0.20) (—0.91,—0.63,—0.01,0.84,0.69,0.06)
®RD. T)C= (—0.01,-0.51,—0.69, 0.09,0.75,0.81) (—0.41,—0.70,—0.93,0.38,0.79,0.57)
€ (—0.07,-0.39,—0.79,0.20,0.47,0.71)  (—0.01,—0.63,—0.91,0.06, 0.69, 0.84)
R @ T [(—0.02,—0.05,—0.70, 0.09,0.15,0.81) (—0.03,—0.11,-0.93,0.02,0.11, 0.41)]
€ (-0.07,-0.02,-0.79,0.20,0.03,0.61)  (—0.01,—0.08,—-0.92,0.06,0.12,0.8)

Therefore (R@cT) # RE®cTC
Theorem 3.10. For R,T € BNSMn,
(1 RAT)Bc(RVT)=R DT

(ii) RAT)Q®c(RVT)=R®T
Proof:

(NRAT) B (RVT)=(< —min (Tjjp, tijn), mm(rlm, lm) max(rlm, lm) >,
< min (Tjjp, tijp), mln(rllp, ,]p) max(rup, llp) >) D¢
(< —max (rl]n: 1]n) max(rl]n' 1]n) mm(rl]n' 1]n) >,
< max(Tijp, tijp), max(r,]p, ,]p) mln(rup, llp) >) .

|

. !/ 12 II 12 l/
= (< —( min(rijn , tijn)+ max(Tijn , tijn) — mm(run tlln)"'max(run tl]n) ), —( max (Tjjn, tjn ) Min (rijn tjn) ) >
1+min(rijn, tijn)max(Tijn, tijn) ’ 1+mm(r1]n 1]n)max(r”n 1]n) 1+(1- max(rl]n lm)(l mm(rl]n l]n)) '
< _(min(riip' tijp)+max(rijp, tijp) _ mm( Tijps t”p)+max( Tijp/ tllp) —( max(rijp, tijp ) min(rijp, tij,) ) >)
1+min(rijp, tijp) max(rijp, tijp)” 1+m1n(rllp llp)max(rll10 1]p) 1+(1- max(rl]lD l]p)(l mm(rl]p l]p))
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:(< _(rijn+tijn) _( 1]n 1]n) ( 1]nt1]n ” )>

1+rijn ti]n ! 1+r1]n fin 14+(1- r{]’n)(1 tifn)
n
Tijp + Lijp llp + tl]p llp + tl]p >)
1+ rijp tijp 1+ rl]p llp 1+ (1 - rl]p )(1 - tl]p)
=R @T

(i) It can be proved similarly.
Decision-making on BNSMs
In this section, define value matrix, score matrix and total score matrix. Using the definitions to extend MCDM problems.
Definition 3.11. Value Matrix
Suppose R = (< —Tjjn, —Tijn, —Tijn >, < Tijp, Tijps ,]p >) € BNSMmn , then R is called the value of BNSM if
V(X) = (< =(rjjn + Tijn, —Tijn) >, < Tijp + Ifjp — Tij, >) foralliandj respectively, 1 <i<m, 1<j<n.
It is denoted by V (R).
Definition 3.12. Score Matrix
Suppose  R= (< —Tjjn, —Tjjn, —Tijn >, < Tijps Tijp» Tijp >)  and
T = (< —tjjn, —t{jn, _tl]n >, < tijp, >) € BNSMmn , then score matrix of R and T is denoted by Sr) and it is
defined as Sgm=V (R) — V (T).
Definition 3.13. Total Score
Suppose R= (< —Tjjp, —rl’]n,— im > < rllp, iips Tiip >) and
T = (< —tijn, —tijn, —tijn > < tijp, tijp, tijp >) € BNSMm
then their corresponding value matrix be V(R), V(T) and their score matrix be Sr1). Then the total score,

p

ijpr l]p

S = ) (V(R) = V(T)

j=
4. Methodology
Let A = {(c1,c2,C3)} be a set of cars. And D is a set of parameters for fuel efficiency (ei1), speed (e2), engine capacity (es).
All three cars are going from chennai to bangalore. | will find out which automobile arrives first. Consider how the matrices
R and T relate to the bipolar neutrosophic soft sets (Sg,D) and (St,D). Furthermore, compute the complement matrices R®
and T¢ using the complements of bipolar neutrosophic soft sets (Sr,D)°and (St,D)° respectively. After that, determine the
matrices R @c T, R® @ T, the value matrices V(R @c T) and V(R® @ T€) as well as the score matrix
S(R@.T)(RE@.TCyy and the overall score Sifor each cars in A. Finally, Sx= Max(Si) computes the cars Sxto determine which

car will arrive first.
Algorithm
Step 1: Determine the bipolar neutrosophic soft set (Sg, D),(St, D), and then identify the BNSMs R and T corresponding to

the (Sg, D) and (St, D) respectively.
Step 2: Determine the bipolar neutrosophic soft sets (Sg, D) ,(St, D)*and identify the BNSMs R°and T° corresponding to

the (Sg, D)°and (S, D) respectively.
Step 3: Calculatt R @ T, R° @ TS, V(R e T), V (R D T°) and Sz, 1w, ¢
Step 4: Determine the total score S;for each siin A.
Step 5: Sk= Max(S;) and then select the first arriving car S has the maximum value.

5. Results on Einstein Operators
In this section, construct the value matrix, score matrix and total score matrix. along with Einstein operator and compute
which car will arrive first.
Application in decision-making
Due to the limits of standard mathematical methods, researchers use a variety of approaches to solve problems involving
decision-making. One of the methods utilized in this article is BNSM, a device that many researchers employ to solve
MCDM difficulties. Suppose (Sg, D) and (St,D) are two bipolar neutrosophic soft sets showing the set of three soils that
are selected, the set A = {c1,c2,¢c3}. Suppose D = {e1,e;,e3} is the set of assignments representing the various aspects of fuel
efficiency (e1), speed (e2), and engine capacity (es). All three cars are going from Chennai to Bangalore. In this section, I
will determine which car will arrive first.
Step 1:
Construction of bipolar neutrosophic soft sets
(Sr,D) = {SR(el),SR(ez),SR(eg)} where,
Sr(e1) = {(51,—0.8,-0.5,-0.4,0.5,0.6,0.1),
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(52,-0.2,-0.7,-0.6,0.7,0.8,0.2),(s3,—0.3,-0.4,—0.7,0.2,0.4,0.5) }

Sr(e2) = {(s1,-0.5,-0.4,-0.3,0.6,0.4,0.2),

(s2,-0.7,-0.1,-0.2,0.6,0.2,0.5),(55,~0.2,-0.4,-0.6,0.7,0.1,0.2)}
Sr(es) = {(51,-0.8,-0.5,-0.3,0.1,0.2,0.3),

(52,-0.7,-0.4,-0.1,0.5,0.4,0.3),(55,-0.3,-0.2,-0.1,0.7,0.4,0.1)}
(St,D) ={St(e1),S7(e2),St(e3)} where,
St(e1) = {(t1,—0.2,-0.5,-0.7,0.4,0.3,0.9),

(t,,-0.3,-0.4,-0.1,0.5,0.6,0.7), (t;,~0.7,~0.4,-0.3,0.6,0.5,0.3)}
St(e2) = {(t,—0.3,-0.2,-0.1,0.4,0.5,0.6),

(t2,—0.2,-0.3,-0.5,0.2,0.3,0.5), (t3,-0.6,—-0.5,-0.4,0.2,0.3,0.5)}
St (es) = {(t,—0.5,-0.3,-0.1,0.5,0.7,0.1),

(s2,-0.6,—0.3,-0.2,0.6,0.4,0.3), (s3,—0.5,-0.7,-0.6,0.6,0.3,0.2)}
These are bipolar neutrosophic soft matrices of above soft sets:

(-0.8,-0.5,—0.4,0.5,0.6,0.1) (—0.5,—0.4,—0.3,0.6,0.4,0.2) (—0.8,—0.5,—0.3,0.1,0.2,0.3) |
R=((-0.2,-0.7,-0.6,0.7,0.8,0.2) (-0.7,—-0.1,-0.2,0.6,0.2,0.5) (-0.7,—0.4,—0.1,0.5,0.4,0.3)
(=0.3,—0.4,—0.7,0.2,0.4,0.5) (—0.2,—0.4,—0.6,0.7,0.1,0.2)  (—0.3,—0.2,—0.1,0.7,0.4,0.1) |
[(-0.2,-0.5,-0.7,0.4,0.3,09) (-0.3,-0.2,—0.1,0.4,0.5,0.6) (—0.5,—0.3,—0.1,0.5,0.7,0.1) |
T=/(-0.3,-04,-0.1,0.5,0.6,0.7) (-0.2,-0.3,-0.5,0.2,0.3,0.5) (—0.6,—0.3,—0.2,0.6,0.4,0.3)
| (=0.7,-0.4,-0.3,0.6,0.5,0.3) (—0.6,—0.5,—-0.4,0.2,0.3,0.5)  (—0.5,-0.7,-0.6,0.6,0.3,0.2) |
Step 2: The bipolar neutrosophic soft complement matrices are
[(-0.4,-0.5,-0.8,0.1,0.6,0.5)  (—0.3,—0.4,—0.5,0.2,0.4,0.6)  (—0.3,—0.5,—0.8,0.3,0.2,0.1) |
R¢=1(-0.6,—0.7,-0.2,0.2,0.8,0.7) (-0.2,—0.1,—0.7,0.5,0.2,0.6)  (—0.1,—0.4,—0.7,0.3,0.4,0.5)
| (—0.7,-0.4,-0.3,0.5,0.4,0.2) (—0.6,—0.4,—0.2,0.2,0.1,0.7) (—0.1,-0.2,-0.3,0.1,0.4,0.7) |
[(-0.7,-0.5,-0.2,0.9,0.3,0.4)  (-0.1,-0.2,-0.3,0.6,0.5,0.4) (—0.1,—0.3,—0.5,0.1,0.7,0.5) |
T¢=| (-0.1,-0.4,-0.3,0.7,0.6,0.5) (—0.5,—0.3,—0.2,0.5,0.3,0.2) (-0.2,—0.3,—0.6,0.3,0.4,0.6)
| (=0.3,-0.4,-0.7,0.3,0.5,0.6)  (—0.4,-0.5,-0.6,0.5,0.3,0.2) (—0.6,—0.7,—0.5,0.2,0.3,0.6) |
Step 3: Construction of value matrix
[(—0.86,—0.80,—0.24,0.75,0.70,0.92) (-0.69,—0.51,-0.01,0.81,0.75,0.09)  (—0.93,—0.70,—0.41,0.57,0.79,0.38) \
R®.T = | (-0.47,-0.86,—0.51,0.89,095,0.11) (—0.79,—0.39,—-0.07,0.71,047,0.20)  (—0.91,—0.63,—0.01,0.84,0.69,0.06)
(—0.83,-0.65,—-0.17,0.61,0.69,0.11) (—0.71,—0.75,-0.19,0.79,0.39,0.07)  (—0.70,—0.79,—0.04,0.91,0.63,0.01)

R @ T = [(—0.66,—-0.86,—-0.32,0.79,0.95,0.30)  (—0.64,—0.39,—0.79,0.80,047,0.71)  (—0.29,—0.63,—0.92,0.55,0.69,0.85)
(—0.83,-0.65,-0.17,0.59,0.69,0.09) (—0.81,—0.75,—-0.71,0.64,0.39,0.79)  (—0.66,—0.79,—0.70,0.29,0.63,0.92)

(-1.42,053) (—1.19,147) (-1.22,098) ]
V(R ®T) =|(-0.82,1.73) (—1.11,098) (—1.53,1.47)
(-1.31,1.19) (—0.65,1.11)  (—1.45,1.53) |
(-1.52,1.53) (—0.25,0.65) (—0.16,0.52)]
V(RC @ TC) =| (-0.16,0.52) (—0.24,0.56)  (0,0.39)
(-1.31,1.19) (—0.85,0.24) (—0.75,0) |

(—0.86,—-0.80,—0.14,0.92,0.76,0.15) (—0.39,-0.56,—0.70,0.71,0.75,0.81)  (—0.39,—0.70,—0.93,0.39,0.79,0.66) \

Step 4: Construction of score matrix

(—2.00,1.28)
S((ROTY(REDLTC)) = (—2.40,1.50) |
(—0.51,2.40)
Step 5: Using the foregoing results, Figure 1 shows a ranking of fast-moving cars. The best option is to use the highest

score, Sx= 2.4. As a result, the car (C3) scored greater than the engine capacity (e3). The car(Cz) was chosen as the first to
arrive.
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Figure 1: Ranking of moving fast cars
6. Conclusion
This manuscript defines Einstein operators for bipolar neutrosophic soft matrices. Bipolar neutrosophic soft matrices are
being investigated for special properties. Finally, the car (cs) received additional points for engine capacity (es). This ensures
that the car (c3) arrives first. In many real-world circumstances, when the goal is to make decisions quickly, this procedure
looks to be quite feasible. This method not only simplifies decision-making but also improves the accuracy of results.

Researchers can use bipolar neutrosophic soft matrices to effectively analyze complex data and gain relevant insights for a
variety of applications.
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