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ABSTRACT 

The Shako Kumaraswamy distribution is a novel and adaptable extension of the Kumaraswamy 

distribution that is presented in this paper. By adding a shape parameter, the suggested model 

expands on the traditional Kumaraswamy distribution and improves its ability to present a variety 

of distributional shapes and tail behaviours. The probability density function, quantile function, 

cumulative distribution function, moments, and other reliability metrics are all derived as part of 

a thorough mathematical analysis. Additionally, limiting behaviours and special situations are 

analysed to demonstrate the generality of the suggested distribution. The behaviour of the 

estimators under various sample sizes and parameter settings is evaluated in a thorough Monte 

Carlo simulation study to evaluate the effectiveness of the parameter estimation techniques. 

Additionally, the Shako Kumaraswamy distribution's practicality is illustrated using two real-

world data sets from different domains.  

Keywords: NEK Distribution; Maximum Likelihood Method 

 

1.    Introduction 

          This article proposes a new distribution, the Shako Kumaraswamy distribution, which 

represents a new extension in the Kumaraswamy class (NEK). We do this by using the LAII 

technique, similar to that utilised by [1]. In order to improve the classical Kumaraswamy 

distribution's capacity to capture a variety of distributional shapes and tail behaviours, this model 
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adds a new shape parameter. The Shako Kumaraswamy distribution shows improved adaptability 

and multi-field applicability with the use of the LAII technique. 

          The Kumaraswamy distribution is useful in many fields and applications. There is a need for 

a new form of distribution that will be more adaptable and expressive. To establish the discussed 

distribution, we propose a new version known as the NEK distribution. This newly proposed 

distribution is defined by four parameters a, b,  and  decide the shape and behaviours of the 

distribution. The expanded model becomes more flexible with the introduction of  and  

parameters since probability density functions can be much more varied; thus, the model becomes 

capable of encompassing a wide array of real-world representations that reflect real-life 

probabilities. Typically, the most prevalent problem in statistics is analysing the actual datasets 

with the right kind of models. Therefore, issues to do with model selection present a very significant 

challenge, especially when the goal is to achieve high accuracy of included parameters. In the year 

1980, Kumaraswamy came up with a distribution model, which is a two-parametric distribution. 

The Kumaraswamy distribution is a continuous probability distribution. It is often used to describe 

random variables with bounded support, which makes it helpful in a wide range of applications. It 

has been identified as an alternative to the Beta distribution because they both have the same basic 

shape properties (unimodal, uniantimodal, increasing, decreasing, monotone or constant). The 

shape is controlled by two parameters (a and b). As we put a=1 or b=1 if both are equal, then it is 

called the beta distribution. So Kumaraswamy's distribution is similar to the beta distribution. 

However, it may be easier to use because its probability density function and cumulative 

distribution function have simpler analytical expressions. 

          The probability density function of the Kumaraswamy distribution is 

   
1

1 1
b

a af x abx x


    (1) 

          Where a 0 and b0 are shape parameters 

         The cumulative distribution function is 

   1 1
b

aF x x         (2) 

          For 0 x  1 

          The study of Exponentiated distributions in statistics has garnered significant attention since 

1996, with a multitude of writers contributing to the development of diverse classes of such 
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distributions. The Exponentiated Weibull Distribution was proposed by [2]. The Exponentiated 

Exponential distribution was developed by [3]. [4] Presented an extension of the standard gamma, 

standard Weibull, standard Gumbel, and standard Frechet distributions by introducing four 

additional exponentiated type distributions, building upon the same conceptual framework. The 

Exponentiated Exponential-Poisson distribution was introduced by [5]. While the Exponentiated 

Exponential-geometric distribution was proposed by [6]. The Exponentiated generalised inverse 

Gaussian distribution was recently presented by [7]. In this particular instance, we extend the 

Kumaraswamy distribution similarly. [8], [9], [10] employed the LA2 methodology to introduce 

exponentiated Fréchet, exponentiated Gumbel, and exponentiated log-logistic distributions. [11] 

Present other examples of the LA2 methodology's practical implementation. 

2.    Development for the new Exponentiated Kumaraswamy Distribution 

          In this paper, we develop a new probability distribution called the NEK distribution. It is the 

generalised form of the normal Kumaraswamy distribution. Using the mathematical approach, we 

determine the moments of the proposed probability distribution, probability density, and 

cumulative distribution. A few examples are applied to illustrate service quality improvement 

concerning the NEK distribution, while simulated experiments are conducted to explain its 

functioning. We show that in its current form, it lends itself well to a variety of data sets by 

simulating data for different data sets. In this case, the NEK distribution is useful in supplementing 

the statistical arsenal due to its ability to accommodate the variation in an extra set of parameters 

for a given dataset.  

          As compared to the standard Kumaraswamy distribution, the NEKD with four parameters (a, 

b, βand θ) offer more flexibility. It is important to comprehend how these elements engage with 

one another to best optimise the distribution according to one’s modelling needs. 

          The four parameters are described as; 

 Parameters a and b are shape parameters as well as the Kumaraswamy distribution. 

  increases the distribution's ability to capture asymmetric properties in real-world data. 

  is called the location parameter, enabling the distribution to shift along the horizontal axis 
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          And 

                    
 log 1 1
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                            (4) 

          The survival function, hazard rate function, reversed hazard rate function and cumulative 

hazard rate function are given as respectively,  
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2.1.     Shape of the pdf and hrfs 

          From the plots in Figure 1 and Figure 2, it can be seen that the family is very flexible and 

can offer many different types of density shapes. In Figure 1 the shapes are a bell shape, u-shape, 

J-shape, increasing, decreasing, symmetry, left skewed and right skewed. In Figure 2 an upside-

down bath tub, decreasing-increasing, increasing-decreasing of the hazard rate function. Figure 3 

shows the shapes of the CDF and the Survival function. 

3.    Development of the new Exponentiated Kumaraswamy Distribution 

          In this article, we derive the survival properties of the NEK models of the failure time data 

effectively. The NEK distribution, by extending the basic Kumaraswamy distribution, gains 

importance in the studies in reliability, engineering, and economics. Thus, the properties may 

include: survival functions, hazard rate functions, cumulative hazard rate functions, reversed hazard 
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rate functions, as well as other features of the distribution. The most common mathematical 

properties, such as the Quantile function, rth moments, moment generating function (mgf) and 

many others are discussed below. 

3.1.    Expansions and approximations 

          Using a PDF's series representation makes it simpler to calculate some distributional 

properties. The result below examines this factor for the exponentiated Pdf of the NEBIII 

distribution. (𝑥) can be expressed as 

   
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          Proof. Using exponential series expansion, we have 
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3.2.    Expansions and approximations 

          The quantile function of the new extended Kumaraswamy distribution is given as; 
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Figure 1: The pdf plot of the NEK distribution. 

 
Figure 2: The hrf plot of the NEK distribution. 
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Figure 3: The cdf & SF  plot of the NEK distribution. 

3.3.    The rth moment of NEK distribution 

          The expression of the rth moment is given as; 
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          Finally, we have, using a weight function 𝑤i and the Gamma function (⋅), we can 

further simplify the expression r  as follows: 
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          Where the series 𝑤𝑖 is defined as: 
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3.4.    Moment-generating function 

          The moment-generating function of the new extended Kumaraswamy distribution is 

given by 
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          Using a weight function vi and the Gamma function (⋅), we can further simplify the 

expression of  txE e  as follows: 
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Where the series v𝑖 is defined as: 
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4.    Entropies 

          Entropy is a measurement of randomness or unpredictability in a system. Numerous 

definitions and uses for entropy may be found in various fields, such as physics, information theory, 

and statistics. Each entropy measure captures a different aspect of uncertainty or unpredictability 

in a system. 

4.1.    Renyi entropy 

          The Renyi entropy quantifies the degree of uncertainty or randomness in a probability 

distribution. [12] first introduced it as a generalisation of the Shannon entropy. 
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                               (9) 

4.2.    Shannon Entropy 

          Shannon Entropy was defined by [13] as a way to quantify uncertainty, disorder, or 

unpredictability in a physical system. 
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4.3.    Maximum Likelihood Function 

Maximum Likelihood Estimation (MLE) is a technique for estimating statistical model parameters. 

It works on the assumption of maximising the likelihood function, which assesses how well the 

model describes the observed data. MLE is a technique for estimating the parameters of a 

distribution using observed data. It is a statistical approach for estimating the parameters of a 

probability distribution that best fit a given dataset.  
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4.4.    Order Statistics 

          Order statistics is a statistical discipline that examines the properties and applications of data 

elements that are organised in a predetermined sequence. The 𝑘𝑡ℎThe statistic of a statistical sample 

is synonymous with its 𝑘𝑡ℎsmallest value. Order statistics, in addition to rank statistics, are essential 

tools in non-parametric statistics and inference.  
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Table 1:  

Moments, Skewness and Kurtosis of X for selected parameter values for NEK,(𝒂,𝒃,, ). 

𝝁𝒌
/
 NEK (1,4,3,2) NEK (2,3,4,5) NEK (3,2,5,6) 

𝝁
𝟏
/  0.3112 0.6429 0.8387 

𝝁
𝟐
/  0.1051 0.4144 0.7038 
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𝝁
𝟑
/  0.0384 0.2678 0.5909 

𝝁
𝟒
/  0.0151 0.1736 0.4963 

Variance 0.0082 0.0010 0.0003 

S. D  0.0908 0.0330 0.0177 

Skewness 0.7919 0.7313 0.6592 

Kurtosis 831.2596 864161.1 29681113 

CV 0.2918 0.05133 0.0212 

 

          Table 1 shows that the mean of the NEK distribution exhibits a steady increasing 

trend as the parameter values increase, yet the variance and standard deviation decline, 

suggesting a decrease in the spread overall. As the skewness values decrease, the 

distribution becomes more symmetrical, and the fast-growing kurtosis shows that the peaks 

are sharper and the tails are heavier. A more concentrated distribution around the mean is 

also suggested by the considerable drop in the coefficient of variation. These results 

demonstrate how well the NEK distribution captures a variety of data characteristics in 

terms of shape, dispersion, and central tendency. 

 

5.    Simulation Study 

          Simulation analysis is a vital tool in statistics that is used to evaluate the performance of 

estimates over partial replication at various sample sizes. Thus, the primary focus of this section is 

the simulation-based performance parameter estimations of the proposed NEK distribution model. 

A simulation process is replicated 1000 times, with varying sample sizes (n = 100,200,300,500). 

          The parameter estimates and associated MSE’s for the NEK distribution that were 

derived using the maximum likelihood (ML) and least squares (LS) estimation techniques 

are shown in Table 2. Two parameter settings are used for the evaluation: Set 1 with (a, b, 

β, θ) = (0.4,1.2,1.6,0.3) and Set 2 with (a, b, β, θ) = (0.1,0.8,1.0,0.6). 

 

Table 2:  

MSEs, MLEs, LSE, Estimates for many scenarios. 
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5.    Applications of the NEK distribution 

          The NEKD's improved parameterisation offers a way to more kinds of applications than the 

previous model. We look at several scenarios where the NEKD can be used, including 

dependability modelling, financial data analysis, and environmental investigations. The 

distribution's improved flexibility makes it possible to represent varied datasets more accurately. 

         In this section, two applications of actual data sets are given in this subsection to highlight 

the significance of the NEK distribution. Each data set undergoes the Kolmogorov-Smirnov 

goodness of fit test to determine the validity of the fitted model, and in each case, the p values show 

that the model fits the data extremely well. We provide some applications of the NEK distribution 

on two real-life phenomena.   

Data Set 1: The first data set is extracted from [14] and refers to 20 observations of the 

Susquehanna River’s maximum flood level located at Harrisburg, Pennsylvania. The unit is a 

million cubic feet per second. The precise values are: 0.26, 0.27, 0.30, 0.32, 0.32, 0.34, 0.38, 0.38, 

0.39, 0.40, 0.41, 0.42, 0.42, 0.42, 0.45, 0.48, 0.49, 0.61, 0.65 and 0. 74. We compute to evaluate 

the Maximum likelihood estimation (MLEs) and the standard error. Lower values of all these 

statistics, except greater p-values for the Kolmogorov-Smirnov measures (K-S), imply good fits, 

including the Akaike Information Criterion (AIC), Anderson-Darling (A*), Cramer-von Mises 

(W*) and P-value (p). The R programming language is used to do the necessary computations. 

SAAN(S) is a simulated annealing method, a global optimisation algorithm. It is a starting value, 

also called the initial kick. Whereas (B) is the optimal value. 
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Table 3:  
Estimated Parameters by MLE with their S.E. and Goodness of Fit. 

Distribution A B   

NEK(MLE) 1.15896203 0.06918685 0.27259758 10.70685211 

SE 4.5978663 0.2266792 0.5912665 11.7982520 

EK(MLE) 0.4794043 4.7252347 - 100.5368155 

SE 0.4018444 1.3755054  220.3525677 

K(MLE) 3.377843 12.007601 - - 

SE 0.6043048 5.4751547 - - 

 

             Comparing the NEK distribution to the EK and K distributions for datasets 1 & 2, 

Table 3 & 6 demonstrates that the standard errors are relatively lower and more consistent 

across all parameters. The NEK distribution provides the best-balanced estimates and 

standard errors for all parameters. 

Table 4:  

Statistical measures related to the distributions for data set 1. 
Distribution ℓ AIC BIC CAIC HQIC 

NEK -16.47043 -24.94086 -20.95793 -22.27419 -24.16335 

EK -15.82544 -25.65088 -22.66368 -24.15088 -25.06775 

K -12.97327 -21.94654 -19.95508 -21.24066 -21.55779 

 

          This graph shows that the NEK distribution, which is applied in the data set 1, the data is a 

good fit compared to other distributions, which are EK & K. The high level of accuracy in the 

general quality of the fit of the NEK distribution is shown here. 

Table 5:  

The value of W* A* and P value of data set 1. 
Distribution P-value A* W* Distribution 

NEK 0.9105 0.1523 0.0203 NEK 

EK 0.5210 0.2261 0.0489 EK 

K 0.230 1.3271 .0921 K 
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Figure 4: Shows the TTT and Box Plot of NEK from Data set 1. 

 

          Figures 4 & 6 show that the dashed diagonal line represents the theoretical expectation 

assuming perfect model fit, whereas the red curve shows the empirical cumulative 

distribution of the transformed data under the fitted model. Overall, the red curve's 

alignment with the line indicates that the model fits the data rather well, with no significant 

systematic discrepancies, although it is slightly above the diagonal, showing modest 

deviations. For the majority of the distribution, the empirical probabilities are marginally 

higher than the theoretical ones, as seen by the upward trend in the TTT plot and also show 

the box plot for data set I&II. 

 

 
Figure 5: Shows the pdf and cdf graphs of the competitor’s distributions for data set 1. 
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Data set 2: The second data set is on shape measurements of 48 rock samples from a petroleum 

reservoir. This data was extracted from BP research, image analysis by Ronit Katz, Oxford. This 

data is given as follows: 0.0903296, 0.189651, 0.228595, 0.200071, 0.280887, 0.311646, 0.176969, 

0.464125, 0.148622, 0.164127, 0.231623, 0.144810, 0.179455, 0.276016, 0.438712, 0.420477, 

0.183312, 0.203654, 0.172567, 0.113852, 0.191802, 0.197530, 0.163586, 0.200744,0.117063, 

0.162394, 0.153481, 0.291029, 0.133083, 0.326635,0.253832, 0.262651, 0.122417, 0.150944, 

0.204314, 0.240077, 0.225214, 0.154192, 0.328641, 0.182453, 0.167045, 0.148141, 0.262727, 

0.161865, 0.341273,0.276016, 0.230081, 0.200447. 

Table 6:  

Estimated Parameters by MLE with their S.E. and Goodness of Fit. 

Distributions A B   

NEK(MLE) 0.2217281 1.0908688 2.9631321 4.8297660 

SE 2.424452 5.011362 18.036655 15.829481 

EK(MLE) 0.4621476 7.6199210 - 99.2219316 

SE 0.2899777 2.2736480 - 191.0576193 

K(MLE) 2.715723 44.464601 - - 

SE 17.4588118 17.4588118 - - 

 

Table 7:  

Statistical measures related to the distributions for data set 2. 
Distribution ℓ AIC BIC CAIC HQIC 

NEK -58.40772 -108.8154 -101.3306 -107.8852 -105.9869 

EK -58.21548 -110.431 -104.8173 -109.8855 -108.3096 

K -52.49147 -100.9829 -97.24054 -100.7163 -99.56868 

         
 

Table 8:   

The value of W* A* and P value of   Data set 2. 
Distribution P-value A* W* 

NEK 0.8906 0.1957879 0.02944783 

EK 0.7379 0.265887 0.02944783 

K 0.2101 1.278951 0.2081727 
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Figure 6: Shows the TTT and Box Plot of NEK from Data set 2. 

 

 

Figure 7: Pdf and Cdf graphs for dataset 2. 

          The BIC, CAIC, HQIC, KS statistics, its p-value (KS p-value), A∗, and W∗ statistics 

are some of the metrics used to compare how well these distributions fit. Tables 4, 5, 7, 

and 8 present the results of these measures for both data sets. The NEKD has a higher P-

value and the lowest values for all goodness-of-fit measures. Compared to its rival models, 

the EK, TEK, and K distributions, the NEKD provides a better fit. The graphical analyses 

presented in Figures 5 and 7 further support this conclusion. The NEK distribution's 

excellent precision and general goodness of fit are demonstrated by the tight 

correspondence between it and the empirical data. 
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6. Conclusion 

           The Shako Kumaraswamy distribution, a versatile and all-encompassing extension 

of the traditional Kumaraswamy distribution, was presented in this work. A simulation is 

used to thoroughly examine parameter estimation, demonstrating the method's 

effectiveness and resilience in a range of parameter configurations and sample sizes. 

Additionally, the Shako Kumaraswamy distribution's improved data fitting capability over 

other models was demonstrated by its effective application on two empirical data sets from 

various sectors, demonstrating its real-world applicability. A useful addition to the family 

of flexible distributions, the Shako Kumaraswamy distribution has both theoretical depth 

and real-world applications. Future research could examine its regression frameworks, 

multivariate extensions, or applications in fields including engineering reliability, finance, 

and environmental studies. 
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