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ABSTRACT

Generalising existing probability distributions increases their appeal to researchers and expands
their applicability to real-life situations by adding flexibility to the existing models. In this study,
anew generalised class of the exponentiated exponential (EE) distribution is introduced, referred
to as the T-Exponential Exponential{Y} or T-EE{Y} class of distributions. By utilising the quan-
tile functions of several well-known continuous distributions in the T-EE{Y} framework, six

distinct subclasses have been developed. Various statistical properties such as quantiles, mode,
incomplete moments, entropy, and mean deviation have been derived for these subclasses. Ad-
ditionally, four specific member models within the proposed class have been explored. The study
demonstrates that the members from the T-EE{Y} class exhibit flexible shapes, including uni-
modal, bimodal, symmetrical, and skewed (both right and left) forms. Parameter estimation is
performed using the maximum likelihood estimation method, and the effectiveness of the esti-
mators is evaluated through a Monte Carlo simulation study. To evaluate the practical applica-
bility of the proposed class of distributions, three real-world datasets are analysed. The members
of the proposed class consistently outperform several existing distributions in modelling lifetime
data, showcasing its significance and versatility.

Keywords: exponentiated; T-EE{Y}, EED; generalization; quantiles; entropy

1. Introduction

The concept of exponentiated distributions was first introduced by [ 1|, who developed a new
family of distributions known as Exponentiated Exponential distribution, having two parameters

(shape and slope). It is noted that when dealing with real lifetime data sets then the generalised
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exponential (exponentiated exponential) distribution, having two parameters, shape and scale, per-
forms better than the Gamma and Weibull distribution. The hazard rate of the exponentiated expo-
nential distribution is very attractive and has different shapes upon the shape of the parameter.
Many researchers have started to apply the exponentiated method to different traditional distribu-
tions. [2] have studied some exponentiated distributions. [3] derived various statistical properties
of the exponentiated exponential distribution along with the sum, product, and ratio of the expo-
nentiated exponential random variables. [4] introduced some extension in the exponentiated expo-
nential distribution by using the Marshall Olkin technique, named as extended exponentiated ex-
ponential distribution. [5] proposed exponentiated moment exponential distribution with its various
properties, applications, and conditional based characterisations as well. [6] proposed exponenti-
ated exponential Weibull (EEWD) distribution. They used the Transformed-transformer T-X fam-
ily distribution with different weights and studied the statistical properties of the distribution.

Generalisation of existing distributions provides greater flexibility in modelling real data
sets. Different methodologies have been used to introduce more flexibility in distribution, mainly
the addition of some parameters. Generalised families of distributions have been obtained by using
different methodologies. A lot of distributions have been generalised to obtain generalised classes
of distribution in recent decades and utilised to explain different real-life situations. In this article,
we use the framework introduced by [7] as the T-R{Y }class of distribution to generalise two-pa-
rameter exponentiated exponential distributions and name it as T-EE{Y} framework. The idea be-
hind the T-R{Y} class of distribution is as:

Let W(F(x)) : (0,1) = (a,b) for — o0 < (a,b) < +o0, also a < b . Suppose W be a mon-

otonic and continuous function such th:alt(glirg+ W(§) = a and 5““11- W (&) = b, then the function

G(x) = R{W(F (x))}, — 0 < x < 400 will be a distribution function if it meets the conditions of

a distribution function.

i. G (x) is increasing function
ii. G (x) is a right continuous function
iii. G(x)=»0asx > —oo ,G(x) > 1lasx = +x

The T-R{Y} framework is described as follows: Let T, R, and Y denote three continuous
random variables with cumulative distribution functions. Fr(x) = P(T < x),Fr(x) = P(R <
x) and Fy(x) = P(Y < x), respectively. The probability density functions of the random varia-
ble are fr(x), fr(x) and fr(x) and their quantile functions are Qr(p), Qr(p) and Qy(p) respectively,
where the quantile function is defined a as Qy(p) = inf {y: Fy(Y)>p}, 0 <p <1. Let a random
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variable (RV) "X" follow the T-R{Y }class of probability distributions, then the probability density

function (pdf) and cumulative distribution function (cdf) are defined as,

Qy(Fr(x)
FeGo = [2 ) £ e = p(T < Qu(Fe(0) = Fr(Qy(Fe () (1)
_ fr(Qy(Fr(X)))
fxO) = R0 F G 2)
The corresponding hazard function is given by
_ hr(Qy (Fr(x)))
hi () = he GO 3o oy 3)

Where hgp(x), hy(x),hr(x) are the hazard functions of the random variables R, X, and T
respectively. [8] proposed a new generator based on the beta distribution. [9] developed trans-
formed-transformer, T-X family of distribution. [ 10] developed the exponentiated half logistic fam-
ily of distribution, [ 11] studied the gamma-Weibull-G family of distribution, logistic-X by [12], an
extension of Rayleigh distribution by [13] using T-X generator. [14] proposed a new generator
based on the concept of the T-R{Y} family of probability distributions. This generator gave the
researcher a broad spectrum and many new classes of distribution were introduced. [ 15] Introduced
a new generalisation of exponential distribution, which they called as T-exponential{Y} class of
distribution, [16] discussed new families of generalised Lomax distribution. [17] developed the
family of Kumaraswamy-G- G (GK-G) family of distributions. [ 18] used the same technique to
define the generalisation of the Pareto distribution. [19] used the T-R{Y} framework to obtain the
T-Lindley{Y} class of distribution.

In this paper, the exponentiated exponential distribution (EED) is generalised using the T-
R{Y} framework. It has been observed that the EED performs better than the gamma and Weibull
distributions when applied to real datasets. The EED’s hazard rate function is particularly appealing
due to its versatility in exhibiting different shapes. The primary motivation for adopting the “T-
R{Y} framework" is its ability to handle data with diverse shapes, including left/right skewed,
symmetrical, unimodal and bimodal, as well as, which can be observed by the graphical represen-
tations of the selected members derived from the proposed class. Additionally, this approach seeks
to offer models with fewer or more parameters, enabling better performance compared to prevailing

probability distributions when modelling real-world phenomena.

The edifice of the rest of the article is as follows: Section 2 introduces the formulation of the
“T-EE{Y}” family of probability models and proposes diverse sub-models. Section 3 derives sta-

tistical properties of the “T-EE{Y} family”, including the mode, moments, and entropies. Section
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4 examines four sub-models of the “T-EE{Y} family” in detail. Section 5 describes the estimation
of parameters for the proposed subclasses using the maximum likelihood method and includes a
simulation study. Section 6 applies the new class of distributions to three real-world datasets,
demonstrating its flexibility and effectiveness. Section 7 concludes with a summary and final re-

marks.

2. The T-exponentiated exponential {Y} class of probability models

Let an RV “R” be a continuous random variable which follows EED, then the cdf and pdf

of the EED, respectively, are given as
Fr(x) = (1 — exp(—lx))a ,a>0,a>0>0 ()]
fr(x) = alexp(—2Ax)(1 — exp(—lx))a_1 ,a>0,a>0,8>0 (5)

Where o is the shape parameter and A is the scale parameter.

Then, by using eq (1) with Fr(x) from eq (4), and by using eq (2) with fg(x) from eq (5),
the cdf of T-exponentiated exponentiated {Y} denoted as T-EE{Y }class of distributions are ob-

tained as follows

Fy () = faQy((l—e-Ax)a) fr(t)dt = Fr (Qy((l - e“lx)“)) 6)

and the pdf of T-EE{Y} class can be expressed as

_1 frley((1-e=2* *
fr(0) = ade™ (1 — e=2%)" ™! r(o )a)) (7)
fr(@y((1-e=2)%))
Using eq. (3), the corresponding hazard rate function (HRF) of T-EE{Y} class is

ale "1"(1—6_)‘x)a_lfT(Qy((l_e_Ax)a))
{1—FT(Qy((l—e—lx)“»}fy(Qy((l—e_lx)a))

hg(x) = 3

2.1. T-EE {Y} sub probability models

In this section, six new sub-probability models of the “T-EE{Y} class” have been obtained

by using the quantile functions (QF) given in Table 1.

© SCOPUA Journal of Applied Statistical Research published by SCOPUA Publisher 4



Table 1:
Quantile functions for different choices of random variable Y along with the domain of random
variable T

Distribution of Y Support of T The quantile function Qy(p)
Uniform (0,1) P
Exponential (0, ) —Blog(1 —P), B>0
Weibull (0, ) —b[log(1 - P)]V%,  a,b>0
Log-Logisti 0 1
08-LOgISHe 0, ) alP/(1—=P)JF, a&B>0

. ) p
Logistic (-00,00) a+ Blog [m], a&B>0

Cauchy (-00,00) atan[r(P — 1/2)], a>0

T- EE {Uniform} class of probability models: Let Y follow uniform RV with fy(x) = 1 with QF
in Table 1, Qy(p) = P, the cdf of T-EE {uniform} class corresponding to eq (6) can be obtained

as follows
— — -Ax\*
Fy(x) = Fr(Fp(2)) = Fr((1 - e#)%) )
and the pdf of T-EE {uniform} class corresponding to eq (7) can be represented as
—Ax —Ax\*1 -Ax\%
fx(x) = ale (1 — e™) fT((l —e™M) ) (10)
OR
fx(x) = fr (x)fT(FR (x))
Using eq (8), the corresponding HRF of T-EE {uniform}class becomes

ate™ (1-exp(-40) " fr((1-exp(-20)")
1—FT((1—exp(—/1x))a)

hg(x) = (1)

T- EE {Exponential} class of probability models: Let Y follows exponential RV with f, (x) =
B~te™*/B,x, B > 0 with quantile function in Table 1, Qy(p) = —Blog(1 — P), the cdf of T-

EE {exponential} class corresponding to eq (6) is obtained as follows
Fy () = Fr (=B log(1 = (1 — e)%)) = Fr{~pHp (1)} (12)

The pdf of the T-EE {exponential} class corresponding to eq (7) can be expressed as
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(—/3 log(l—(l—e_lx)a))
(1-(1-e=2%)%)

fx(x) = aﬁle‘lx(l - e_)"‘)a_1 Ir (13)

fx(x) = Bhr(x) fr{—BHR(x)} (14)

Where (1 — Fy (x)), fr (x)/(l — Fy (x)), —log(l — Fy (x)) are the survival, HRF and
cumulative hazard rate (CHRF) functions, respectively. The corresponding HRF of the T-EE {ex-

ponential} class becomes

aﬁle_)‘x(l—e_’lx)a_l fT(_ﬁ 101‘3(1_(1_9_/1)C)a))/(15’2 @)
1-Fr(-Blog(1-(1-e=4%)"))

hy (x) = (15)

hX(x) _ Bhr()fr{-BHR(X)} (16)

1-Fr(=Blog Fr(x))

From eq. (14) and eq. (16), it can be seen that the pdf and HRF of the T-EE {exponential }
class of distributions can be represented in terms of HRF and CHRF of EED.

T-EE {Weibull} class of probability models: Let Y follows a Weibull RV with f,(x) =
a/b (x/b)* texp(—(x/b)*) and F,(x) = 1 — exp(—(x/b)*), x = 0,a,b > 0 with the QF in
Table 1, Qy(p) = b[—1log(1 — P)]*/@ .

The cdf of T-EE {Weibull} class corresponding to eq (6) can be expressed as
ax\1/a
Fy(x) = Fr {b (~1og(1— (1-e)%)) } (17)
Thus, the pdf of the T-EE{Weibull}class is given as

ale _)‘x(l—exp(—/lx))a_lfT{b(_ IOg(l_(l_exz’(_lx))a))l/a}

(a/b) {1~(1-exp(-2x))“}{- log{l-(Pexv(-lx))a}}l_l/a

fx(x) = (18)

fx@) = b/a he@){Hp Y/ 7 {b(Hp ()"} (19)

For a = 1, the T-EE {Weibull} class of models approaches to T-EE {exponential} class
of models. The corresponding HRF of T-EE (Weibull}class of distribution becomes

1/a-1

b/a hr@)(Hr(0))"“ " fr{b(Hr()"")
1—FT{b(— log(l—(1—exp(—lx))a))1/a}

hy (x) = (20)
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T-EE {Log-Logistic} class of probability models: Let RV 'Y follows Log-Logistic distribution
with pdf fy(x) = (ba‘b)(x/a)b_l{l + (x/a)?}%2,x = 0,a,b > 0 with quantile function in
Table 1, Qy(p) = a(P/(1 — P)*/?

The cdf of T-EE {Log-Logistics} class corresponding to eq (6)

Fy(x) = Fr {a (FR(x))l/b} = Fr {a ((1 — exp(—/lx))_a — 1)_1/b} 21

Fr(x)
The pdf of the T-EE {Log-Logistic} class of distribution is given as

alx/le_}‘x(l—exp(—)Lx))_Ha/bfT{a ((1—exp(—lx))_a_1)_1/b}

22
b(FR(x))Hl/b ( )

fx(x) =

Fora = 1 and b = 1, the pdf of a class of T-EE {Log-Logistic} distribution arising from

the odd of exponentiated exponential distribution

fx(x) = ad fr (FR(x)) (23)

{Fr(x)}? Fr(x)

Where the corresponding HRF of the T-EE {Log-Logistic} class of distribution is given

as

ale"lx(l—exp(—/lx))a_lfT{ ((1_69‘1’(—/’1’5))_“_1)_1}

h =
x () {1—(1—exp(—/1x))a}2{1—FT{ ((1—exp(—lx))_a—1)_1}}

(24)

_ FRO) fr(Fr(x)/Fgr(x))
hy (x) = {FRO)Y2{1-Fr((Fr(x)/Fr(x)))} (25)

T-EE {Logistic} class of probability models: Let the RV “Y” follow Logistic probability distri-
bution with parameters a, b as fy(x) = b~ exp((x — a)/b)[l + exp((x — a)/b)]_zhaving QF
in Table 1,

The cdf of T-EE {Logistic} class corresponding to eq (6) can be obtained as follows.

Fyx(x) = Fr {a +b log( ! )} (26)

(1—exp(—lx))_a—1

The pdf of the T-EE {Logistic}class corresponding to eq (7) is given as
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s ooy )

[y () = bare™(1 = ™) = ey

27

fi(@) = FEZ fr.(a + blog(Fp (x)/Fa (x))) (28)

The pdf of the T-EE {Logistic}class of distribution can be used as the weighted hazard
function and survival function of EED. Taking a = 0 and b = 1, through the logit function of
the EED, this class of distribution occurs as

fr(@) = L))h log(Fr(x)/Fr ()] (29)

Fx(x)(Fr(x)

fu(x) = 2D p (12ED) (30)

Fr(x) Fr(x)

Where the corresponding hazard function of the T-EE {Logistic} class becomes

ba/le"lx(l—exp(—lx))_lfT(a+b log((l—exp(—/lx))_a— 1)_1)

= {1-Fr(a+blog ((1—exp(—/lx))_a‘1)_1)}(1_(1_”1’(_“))“)

€2))

_ bfr(x)fr(a+blog(Fr(x)/Fr(x)))
hy(x) = {1-Fr(a+blog(Fr(x)/FRr()IFR(x)(Fr(x)) (32)

T- EE {Cauchy} class of probability models: Let the RV “Y” follow Cauchy distribution with
pdf fy(x) = {ar(1 + (x/a)?)} ! QF in Table 1, Qy (p) = atan[r(P — 0.5)]

The cdf of T-EE {Cauchy} class, corresponding to eq (6), can be obtained as follows:
Fx(x) = Frlatan{n(Fg(x) — 0.5)}] (33)
And the corresponding pdf from eq (7)
fx(x) = amade (1 — e"lx)a_lsecz(n(FR (x) = 0.5))fr (atan(n(FR (x) — 0.5))) (34)
Where the corresponding hazard rate function of T-EE {Cauchy} class becomes

arale _Ax(l—e_ﬂ")a_lsecz (m(Fgr (x)—O.S))fT(atan(n'(FR (x)—O.S)))
1-Frlatan{m(Fr(x)—0.5)}]

hy (x) = (35)

3. Some statistical measures of the “T-EE{Y}” class of probability models
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In this section, several statistical properties of the “T-EE{Y} class”, containing quantiles,

mode, incomplete moments, entropy, and mean deviation, are presented.

Lemma 1. Let the RV “T” has the pdf fr(x) then, under the transformation T = Qp (Fy(T)),
then X follows the T-EE{Y} class of distribution and hence X = F~1P(T) or X = Qg (Fy(T))
, where Qg(.) is the quantile function of the exponentiated exponential distribution and P is the

cdf of Y, having a quantile function as Qy. Then the X for T-EE{Y} can be obtained as

x = {log(1- (F,,(T))l/"‘)}_l//1
or

X = —%{log(l _ (FY(T))l/a)}

Corollary 1. Let the RV “T” with pdf f(x), then Lemma 1 can be summarised as

a) If T € (0,1), then the random variable X = {log(1 — Tl/“)}_l/lfollows the T-EE {uni-
form} family.

b) If T € (0,0), then the random variable

1. X=1log(1—-(1-e /B e ~1/2follows the T-EE {exponential} family.
8
avl/a -1/A
ii. X =1log{1—{1— e (T/b) follows the T-EE {Weibull} family.
g
-1/a ~1/2 .. .
iii. X=1log(1-(1+(T/a)™® follows the T-EE {log-logistic} family.
g
¢) IfT € (—oo,00), then the random variable
i. X = {log (1 = (1 + e~@=a/2))*\ ~1/2¢0]10ws the T-EE {logistic} family.
8
1 T a
ii. X={log(1—(=(tan (=) + 0.5 ~1/Afollows the T-EE {Cauchy} fam-
g
s a
ily.

Using the fact T = Qp (Fy (T)) gives the relationship between the random variables T and

X. By using T, we can generate RV “X”, i.e. we can simulate random variable X from random

variable T. For example, firstly, the random variable T is simulated from the pdf and then calcu-
lating X = — % {log (1 - (Fy (T))l/a)}, the random variable X can be generated which follows

the T-EE {Log-Logistic} class of distributions.
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Lemma 2. The quantile function of RV “X” is given by Qx (1) = Qr{Fy(Q7+(1))},0< 1> 1,
where Qg and Qr are the quantile functions of the RV “R” and “T”. Then the quantile function

of T-EE{Y }class can be obtained as

1/a

0x(®) = ~1og (1 - (0r (Fr(m)) ")

Corollary 2. Based on Lemma 1, the QF’s for the proposed six sub-models: “(i) T-EE {uniform}
(i1) T-EE {exponential} (iii) T-EE {Weibull} (iv) T-EE {Log-Logistic} (v) T-EE {Logistic} (vi)
T-EE{Cauchy}” are given as

. -1/2

D Qx® ={log(1 - Qr(®*)}

i)  Qx(p) = {10g (1 -(1- e—(QT(p)/B))l/“)} ~1/2

i)  Qy(p) = {10g {1 ~f1- e—(QT(P)/b)a]l/a} }—m

V) Qx() = {log(1- (1 + (Qr@)/a)?) “)}_1/ !
v @) ={log(1-(1- e—((Qr(p)—a)/b))‘l/“)} 12

vi) Qx(p) = {log 1- (% (tan‘1 (QT(”)) + 0.5))”“} ~1/A

a

Theorem 1. The mode of “T-EE{Y} class” is obtained the solving of the equation

Gy (Fe () . fr (Qr(Fr(®))

(1- e—/lx)_“_ (e —a)=a Qy(Fr(x)) fr (QY(FR(x)))

QY(FR (x))

The above equation can be solved to find the mode of the proposed class of probability

models.

Theorem 2. Let RV “X” has the T-EE{Y} class of distribution with pdf f, (x), then nth moment
of Xis E(X™), then

E(X™) < E(RME [(1 - FY(T))_l]

Where E(X™) are the nth moments of the pdf in eq (6) and 1 — Fy(T) is the survival
function with cdf (Fy )with random variable T and random variable T having the pdf as fr. If

moments exist, then the nth moments for T-EE{Y }class are defined as:
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(-1 )”
An

E(X™) = B(a p+1—a)|peaf |(1-F ()]

Corollary 3. From Theorem 2 (the upper bound of moments), the nth moments for the following
classes: “ i). T-EE{uniform} ii). T-EE{exponential } iii). T-EE{weibull}iv). T-EE{log —
logistic} v). T-EE{logistic} vi). T-EE{cauchy}” are given as

i) If X~T — EE{uniform}, then E(X™) = 17)1 @ o B(a p+1—a)ly= (Z:;)

i) If X~T — EE{exponential }, then E(X™) = #:pn B(a,p+1—a)l|p=q
Mr(1/B).

iiiy  If X~T — EE{Weibull}, then E(X™) = 131 a o s B@p +1-alp=
Mpa(1/b%).

iv) If X~T — EE{Log — Logistic}, then E(X™) = #:pn Bla,p+1—a)lp=ql+

a“PE(TP).

v)  If X~T — EE{Logistic}, then E(x") = &2« 9"

An

B(a p+1—a)l,- a[1+

e %P M,(1/b)}.

(1)a6

vi) If X~T — EE{Cauchy}, then E(X™) = Frar

—Bla,p+1—a)l|p=¢

Theorem 3. The Shannon entropy for the class of T-EE{Y} distributions is given by
Mx =17 + E(log fy(T)) — log(ad) — (« — DE(log(1 — e ™)) + Au,,
Where 1, ,nr are the Shannon entropies for X and T, respectively, and u,, = E(X)
Proof. For an RV “X”, Shannon’s entropy is
x = E{—log fx(x)}

From Lemma 1, using the relationship T = Q,[Fg(x)]

fr(@®)

F0) = e s

Taking (—log) and applying expectations
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E(—log fx(x)) = E(=log fr(T)) + E(log fy(T)) — E(log fr(X))
nx = nr + E(log fy(T)) — log(ad) — (a — DE(log(1 — e ™)) + Auy

Corollary 4. From Theorem 3, Shannon entropy for the following classes.: “i). T-EE{unif orm}
ii). T-EE{exponential } iii). T-EE{weibull} iv). T-EE{log — logistic} v). T-EE{logistic} vi).
T-EE{cauchy}” are obtained as

D e =nr—log(ad) — (@ — DE(log(1 — e™)) + Apsy

i) me=nr —EQogp) ~5E(T) ~logad — (a — DE(log(1 — ™)) + Ay,

iii)  7ny =nr +log(a/b) + (a — 1)EQog(T/b)) — 1/b~%E(T*) — log(al) — (a —
DE(log(1 — e ™)) + Ay

iv)  ny =n7 +log(ba?) + (b — DE(log(T/a)) — 2E(log(1 + (T/a)?)) —
%E(T) —log(ad) — (« — 1)E(log(1 — e ™)) + Ap,

V) ny=nr+ab~t —logh+ b *E(log(T)) — 2E (log<1 + exp (— (Z%“)))) -

log(al) — (a — 1)E(log(1 — exp(—lx))) + Ap,
vi) nx = nr —log(ar) — E(log(1 + (T /a)?)) — log(al) — (a — 1)E(log(1 —
e )) + ALy
Theorem 4. Let the mean deviation from the mean and median be D,, and Dy, respectively, which
measure the dispersion of the population from the Mean and Median, respectively. Then D, and

Dy, for the class of “T-EE{Y} class”, respectively, are obtained by
D, = 2uFr (Qy(Fr()) — 21,
Dy =pu—2Iy

Where I, = fop xf(x)dx is the incomplete moment of the distribution. From Lemma 1,
Qv (Fr(P)
we have X = Qp(F(T)) so I, = [V p (R () fr ()i

Summarisation of the Theorem 4 is as follows:

1 Y ~Uniform,
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NGl
- Su()

D, = 2uFr (QY(FR(M))) - 22
j=1

Nl
Dy=p-2) S0
=1

Where S,(p) = [ (=) VY frw)dw.

11 Y~exponential,

D, = 2ufr (O (Fe))) — 2552, S22 5, 1),

G
Dy=p-2) o Se(M)
=1

-Apya Jj
Where Sy (p) = ;#1900 ){—(1_e—w/ﬁ)1/“} Frw)dw.
i Y~Weibull,
j+
D, = 2Py (Qy (Fe)) = 252, S5, (),

1)1

Dy = 1= 2L o So(M),

—Ax\a 1/a )
Where Sy(p) = f; bllog(1-(1-e*)%)} { (1_e-w/ﬁ)1/“} Frw)dw.
v Y ~Log-Logitic,

D, = 2uFy (Qy (Fa())) = 2 552 S22 5, (1),

1)1

Dy = k= 222y S —Se(M),

-1/b

where ) = J3 () - o) o,
\% Y ~Logistic,

D, = 2uFr (QY(FR(#))) —2%% 1

1)J*

DM=M_22j 1( S(M)

Where Sy (p) = [ ((1 e ){_(1 _ e—((w—a)/b))‘l/“}j Fr(w)dw.

Vi Y ~Cauchy,

Dy = 2Py (Qy (Fe))) = 2272, 25,0,

oo(l)

Dy =pu—-2%5 S(M)
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aatan(n’((l—e'“)a—o.s)

1/a J
where Sy (p) = |, >{— (% (tan"Y(w/a) + 0.5)) } frw)dw.
4. A Few Members of the T-EE{Y} Class of Probability Models

This section inspects four members of the “T-EE{Y} class” of probability models. To gen-
erate these four members, we have chosen distributions of T and Y. The first one is a member of
T-EE{W} class of probability models, the second and third one are the members of T-EE {LL}
class of distributions, and the fourth one is the subset of T-EE{L} class of distributions.

4.1. The Weibull-EE {Weibull} distribution

Let T be a Weibull random variable with the parameters 8and y. The pdf and cdf are as

follows fr(x) = 0ytY 1e 0" and Fr(x) = 1 — e ", where x > 0,6,y > 0, with the quantile

1/y
function in the table, Qr(p) = {— %log(l - P)}

Using eq (17) the cdf of the RV “X” with W-EE{W} becomes
v/a
Fye(x) = 1 — exp {—ebV {~10g(1 - (1-e))} } (36)
Using eq (18) with y/a = c, the corresponding pdf of W-EE{W} can be obtained as

al@cbye_lx(l _ e_)‘x)a_l {—log{l _ (1 _ e-Ax)a}}C—l e_gb}/ {_ log(1—(1—e‘/1x)“)}c
f1-1- e—Ax)a}

fx(x) =
To minimise the effect of irrelevant shape and scale parameters take 6 = 1,b =1

alce™H* {— log(l—(1—exp(—lx))a)}c_1e_ {~10g(1-(1-exp(-20)“)}
(1-exp(-2x))

fx(x) = (37

For ¢ = 1, the W-EE{W }distribution reduces to the exponentiated exponential distribution
and for ¢ = 1, the W-EE{W }distribution reduces to the exponential distribution.

The quantile function: Lemma 2 gives the QF of the W-EE{W} distribution. So, QF of W-
EE{W}distribution is given as

Qx(p) = —3log{1— (1 — (1 - P))V/} (38)

HRF of W-EE{W }distribution is as follows
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oz}Lce‘}“”‘(l—e‘)“"‘)_1 {log(l—(l—e‘)‘x)a)}_ﬁle_ {_ log(l_(l_e_lx)a)}c 3
exp{log(l—(l—e‘“)a)}_c (39)

hx(x) =

Figure 1 provides graphs of the three-parameter W-EE {W} distribution for different values
of a, 4, c. The density plots show that by increasing the value of a the curve of the density changes
from skewed to symmetrical. By decreasing the value of 4, the density changes from rightly skewed
to symmetrical as well and it also stretches the density by decreasing the value of 4. Also indicate
that the parameter ¢, which is a new parameter, changes the shape of the distribution as well as the
kurtosis. From all these figures, we conclude that the W-EE {W }distribution is capable of being
right skewed, left skewed and unimodal,with only three parameters. So the distribution is very

flexible and versatile also applicable for different types of data sets in real life.

— a=032=15¢=05
- a=15A=25¢c=15
- a=2r=1¢c=32
=3A=09c=2
a=350=25¢c=07
o
x
W
o -
o e e — e .. s —
o

Figure 1: density plots of W-EE{W} distribution for different values of a, A and ¢

4.2. Weibull-EE {Log-Logistic} distribution

Let T be a Weibull random variable with the parameters 8and y. The pdf and cdf are as
follows fr(x) = OytY"1e=0" and Fr(x) =1 — e 9", where x = 0;8,y > 0, with the quantile

1/y
function in table, Q7 (p) = {— ~log(1 — P)}

Using eq (21) with y/b = c, the cdf of the RV “X” follows W-EE {LL} distribution, is

given as
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Fye(x) = 1 — exp {—((1 — ) 1)_6} (40)

Also, using eq (22), the pdf of W-EE{LL} is obtained as

2% €
aAQcaye‘Ax(l_e-Ax)ac—1e—9a7((1_3— x) _1)

(1—(1—(3-“)"’)CJr1

fx(x) = (41)

To minimise the effect of irrelevant shape and scale parameters, put = 1,a = 1

) = L0 e (- e ) 1) ) “2)

(1—(1—e—/1x)“)c+1

Wheny = 1,andc = 1/b eq(41) becomes E-EE {LL} distribution. When @ = 1, eq (41)
reduces W-E {LL} distribution.

The QF of the W-EE{LL} distribution is computed as

-1/a
0x() = —L1og{1 - (1+ (- 10g1 - P})) ] @)
HRF of W-EE{LL} is as follows

adce=2*(1-exp(~Ax)) ™"

(1—(1—exp(—lx))a)c+1[exp{—((l—exp(—lx))_a—l)c}—ll

hy(x) = (44)

a=045=3c=05
a=s1a=35¢c=1
a=22a=25¢c=21
a=3i=22c=2
a=294=10¢=22

fix)

Figure 2: density plots of W-EE{LL}distribution for different values of a, 4, ¢
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In Figure 2, the plots of the density functions of the 3-parameter W-EE {LL}distribution
for different values of the parameters (&, 4, ¢). It shows that with increasing value of 4, the kurtosis
changes from leptokurtic to platykurtic. There is the effect of changing the parameter ¢ which is a
new parameter. The plots indicate that by increasing the value of c, the distribution changes its
shape and after c=1, the density becomes stable, but the kurtosis continues to change. The figure
shows the combined effect of all 3 parameters. This proves that W-EE{W }distribution is suitable

for several types of data.
4.3. Gamma-EE {Log-logistic} distribution

Let T be a Gamma random variable with the parameters 8 and r. The pdf and cdf are as

y(6.,t)
ree)’

70

follows f;(x) = @

t0~le " and F,(x) = where x > 0,6,> 0

Using eq (21), the cdf of the RV “X” which follows the W-EE {LL} distribution is given as

Y 9,((1—3"1")_a—1)_1/b
Fx(x) = ( RO) ) (45)

Also, using eq (22), the pdf of W-EE {LL} is obtained. To minimise the irrelevant shape

and scale parameter, let,a = 1

4 —_ -a _1/b
ateHx ((1—exp(—lx))) O/071 o= ((-exp(-22) " 1)
fX(x) = a\1+6/b (46)
br(o) (1—(1—exp(—lx)) )

When a = 1, eq (46) reduces the Ga-E {LL}distribution.

HRF of Ga-EE{W }distribution is as follows
“1/a —a \~1/b

ate ™M ((1—exp(—lx))a)9/b e = ((-exp(-10)""-1)
hy(x) = (47)

b(l—(l—exp(—lx))a)lw/b {r(g)_y(g,a ((1_exp(_lx))—a_1)—1/b>}

Figure 3 are the plots of the density functions of the 4-parameter Ga-EE {L.L}distribution
for different values of the parameters (&, 4, b, 8). It shows that by increasing the value of «, the
density shifts to the right. It presents that by increasing A and b the peakness decreases and spread
increases but A needs a very small change, whereas b must change with a large magnitude to change
the density. Initially, the ordinate shows a rapid decrease as A and b increase, the ordinates decrease
with a decreasing rate. Plots in the figure are the effect of changing the parameter 6. The plots

indicate that by increasing the value of 0, the Figure is the combined effect of all 4 parameters.

© SCOPUA Journal of Applied Statistical Research published by SCOPUA Publisher 17



Which indicates that Ga-EE {LL }distribution is a very versatile distribution and a good fit for dif-

ferent types of data

— a=1b=21=20=007
a=2b=2.=28=2

o - a=6b=2%=36=005

a=6b=2.=1068=08
o @=8b=2,.=50=06

— @=01b=21=50=01

o -

fix)

Figure 3: density plots of Ga-EE{LL}distribution for values of a, b, A and 6.

4.4. Normal-EE {Logistic} distribution
Let RV “T” have the normal distribution with the parameters ¢ and o. The pdf and cdf of
. 1 1 (x—p\? -
the random variable T are as follows f(x) = o73n &XP (— > (%) )and Fr(x) =9 (%),Where

x=20,u,0>0
Using eq (26), the cdf of the RV “X” which follows the N-EE {L} distribution, is given as

Fx(x) — o <(—log((1—e—/1x)‘a_1))—u> (48)

g

Also, using eq (27), the pdf of N-EE{L} can be obtained. To minimise the effect of addi-

tional shape and scale parameter, leta = 0O and b = 1,

oming 2ol (roB((1-e7) 1))

o Zﬂ{l—(l—e—)»x)a}(l_e—lx)

fx(x) = .

(49)

Figure 4 shows the plots of probability density functions of the N-EE{L}distribution. The
figure shows that with the initially small value of a, the density is U-shaped like @ < 1, when a >
1, the shape of the distribution becomes heavily rightly skewed and with increasing value of «.

Figures describe that for small values of 4 , the distribution is flat, and for large values of 4, the
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peak of the distribution becomes high. By increasing the value of u, the density stretches out. The
figure shows that the N-EE{L} is also useful for bimodal data sets. This concludes that the distri-
bution is very flexible and useful for different types of data sets, like left skewed, right skewed,

unimodal and bimodal as well.

/ N, L

04

Figure 4: density plots of N-EE{L}distribution for values of a, A, 4 and o

5. Parameter estimation for the members of T-EE{Y} class of probability models

In this section maximum likelihood estimation method (MLE) has been used to estimate
the unknown parameter of the W-EE {W} distribution, W-EE {LL} distribution, Ga-EE {LL} dis-
tribution, N-EE {L} distribution. A simulation study of the ML estimators is also carried out to

check the efficacy of MLEs.

5.1. The W-EE{W} distribution

Let X; X;....,X;, be a r.s from W-EE {LL}distribution. The log likelihood function is

given as

logL =nin(aAc) =AY x; + 21y ln(l — e"l"i)a_1 - Xt (—log ((1 — (1 —
e_lx)a))> + Xz log (—log(l - (1 - e"lx)a))c_l — Yt log ((1 - (1 - e"”‘)a))
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(50)
5.2. The W-EE {LL} distribution

Let X; X;....,X, be ars from W-EE {LL}distribution. The log likelihood function is
given as

—C

logL = nin(aic) = AX x; + X, In(1— e—lxl')“c_l _ 2?21((1 _ e—/lx)_“ _ 1) _

c+1
" in ((1 —(1-e)) ) (51)
5.3. The Ga-EE {LL} distribution

LetX; X;...., X, be ar.s of size n from Ga-EE {LL}. The log likelihood function is given

as

(axA)
br(6)

) i (1-@ - (52)

5.4. N-EE{L}distribution

log L = nlog ({&2) ~ A%, x + XLy In(1 — e4) ") i (1 - o) -

LetX; X;...., X, bear.s of size n from the N-EE {L} distribution. The log likelihood func-

tion is given as

logL = nlog (:\1/2) —AY % — X log(1 —e M) — % i=1 (—log (((1 -

e=2*) ™" - 1)) - y)z N ((1 ~-(1- e-ﬂx)“)) (53)

The ML estimates for all the parameters involved in the above equations (50), (51), (52),

and (53) are those values of the parameters for which the log likelihood is as maximum as possible.
The estimated parameters of the W-EE{W}, W-EE{LL}, Ga-EE{LL}, N-EE{L}, distributions are
the solution of these equations. Some statistical software is available which can be used to get the
estimates by Newton-Raphson iterative method.
5.5. Simulations
To estimate the behaviour and performance of MLEs, a Monte Carlo simulation study has
been conducted for the parameter of W-EE{W} and W-EE{LL} distribution. For this purpose, ran-
dom samples of different sizes (n=25, 50, 100, 200, 500) are generated from W-EE{W} and W-
EE{LL} distributions. Four different sets of combinations of parameters, i.e.(@ = 1,1.5,2,4 =

0.05,0.5, b =0.5,1,1.5,) and (& = 0.3,0.5,2.5,3.5,1 = 0.03,0.04,0.05,,0.5, ¢ =1,1.5,2.5)and
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fixing the remaining parameters of W-EE{W} and W-EE{LL} distribution respectively. 500 simu-
lations were performed for each combination of parameters and each sample size.

Tables 2 & 3 present the actual and estimated values of the parameters along with their
standard errors for the W-EE{W} and W-EE{LL} respectively. The values in Table 2 indicate that
for small sample sizes standard error of estimates is relatively large and it reduces as sample sizes
increase. The efficacy of MLEs increases with an increase in sample size, which shows that the ML

estimation method is a suitable method for estimation of unknown parameters

Table 2:
MLE:s and their standard errors for W-EE{W} parameters
Actual values Estimated values Standard error
a A ¢ n a Py b a A b

25 13379 0.5884 1.2028 1.0900 0.4046 0.5495
50 1.534 0.5346 1.1351 0.72213 0.1945 0.2832
1.5 05 1.5 100 1.4476 0.4492 1.0114 0.7129 0.1690 0.2737
200 1.6350 0.5200 1.0689 0.4269 0.0999 0.1466
500 1.5667 0.5148 0.9844 0.2880 0.0691 0.0962
25 2.0478 0.6564 1.101  2.1451 0.4626 0.5914
50 23147 0.6907 1.1730 1.2493  0.2420 0.3095
2 05 1 100 1.8115 0.5351 1.2022 0.8108 0.1762 0.2844
200 1.9432 0.6696 1.1391 0.5352 0.1288 0.1613
500 1.8300 0.5548 1.0925 0.3262 0.0696 0.1006
25 1.5100 0.5236 1.0429 1.3924 0.3647 0.5209
50 14011 0.6160 1.0016 0.9853 0.3356 0.3921
1.5 05 1 100 1.4222 04710 0.9950 0.6615 0.1678 0.2530
200 1.4248 04742 09124 04814 0.1199 0.1683
500 1.4314 04771 09746 0.2678 0.0679 0.0992
25 1.0871 0.0533 0.8032 1.0122 0.0533 0.4796
50 0.8147 0.0442 0.5750 0.9011 0.0442 0.3908
1 005 05 100 0.8745 0.0317 0.7280 0.5361 0.0317 0.2714
200 1.0728 0.0166 0.7609 0.3845 0.0166 0.1561
500 0.9882 0.0116 0.7927 0.2429 0.0116 0.1149

6. Application of the selected members of T-EE{Y} class
In this section, the applications of the T-EE{Y} class of probability models have been pre-
sented by four of its proposed members. The four proposed members, named W-EE{W}, W-
EE{LL}, Ga-EE{W}, N-EE{L}, have been fitted to three real data sets. The maximum likelihood
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method is used to investigate the parameters of the model. The goodness of fit statistics including
AIC (Akaike information criterion), the BIC (Bayesian information criterion), the CAIC (consistent
Akaike information criteria) and the HQIC (Hannan Quinn information criterion) has been obtained
to show the efficacy of the models and compared to the existing distributions The smaller value of
the statistic shows the better fit of the model for the data. The necessary computations for the esti-

mated models are carried out in the R-language.

Table 3:
MLE:s and their standard errors for W-EE{LL} parameters
Actual values Estimated values Standard error
o A ¢ n a A é o A ¢

0.2750 0.0151  2.6853 0.2403  0.0343  2.0985

50 0.2696 0.0155 3.1784 0.1697 0.0259  1.8056

03 0.04 25 100 0.2876 0.0173 2.7174 0.1422  0.0214  1.1902
200 0.2393 0.0122 2.7418 0.0489 0.0073  0.5234

500 0.2478 0.0129  2.997  0.03484 0.0052  0.3916

25 2.5151 0.0513 1.4859 8.6781 0.1096  2.6032

50 24642 0.0512 1.5071 8.0407 0.1038  2.4483

25 005 1.5 100 25009 0.0502 1.5200 5.6933 0.0706  1.7293
200 2.4854 0.0499 14818 3.3416 0.0417 1.0082

500 2.4977 0.0500 1.4931 2.6632 0.0331 0.8083

25 3.5378 0.5940 09009 5.3356 0.4974  0.7028

50 3.7699 0.5992  0.8724 3.7941  0.3239  0.4403

35 05 1 100 3.3501 0.5630 1.0485 2.8762 0.2677  0.4401
200 3.6423 0.5909 1.0749 2.2142 0.1922  0.3174

500 3.8003 0.5982  0.9518 1.3300 0.1108 0.1624

25 0.6827 0.0392  1.6227 0.7562  0.05637 1.3298

50 0.5074 0.0328 1.3406 0.5192  0.0531 1.0799

0.5 0.03 1.5 100 0.6433 0.0477 1.2293 0.3637 0.0366  0.5319
200 0.5173 0.03406 1.5548 0.3566 0.0341  0.8290

500 0.5027 0.0299 1.4444 0.2895 0.0299 0.6474

6.1. Bladder cancer data

In this first application, the data on the time of remission (in months) of 128 cancer patients
has been used. The bladder cancer data is heavily right-skewed. [16] fitted this data set to their
proposed family of generalized Lomax Distribution, based on the “T-R{Y} class” that is proposed

by [14] We have compared proposed members of the class of distributions with the following
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probability models: “Gamma Lomax Log Logistic(G-L{LL}), Exponentiated Weibull Lomax Ex-
ponential distribution (EW-L{E}), Normal Lomax Cauchy (N-L{C}) distributions”. The MLEs,
standard errors and goodness of fit statistics for the proposed and competitive distributions for
bladder cancer data have been shown in Tables 4 and 5. The results in Table 4 & 6 indicate that
both the proposed members of the class of distributions W-EE{W}, Ga-EE{LL} distributions per-
form outstandingly and Figure 5 shows the comparative density plot on bladder cancer data. The

data 1s as follows:

Table 4:
MLEgs, standard error and -2logL of bladder cancer data
Estimates (standard error)

Distributions _ _ _
a 2 ¢ a b ] y il 7
0.1788 0.0023 2.4876
W-EE{W} - 1000  1.000 - - -
(0.0073)  (0.0003) (0.1653)
0.1847 0.0023 2.7277
W-EE{LL} - - 1.000 - - -
(0.0071)  (0.0002) (0.1771)
37.2575 0.1299 5.0613 0.1851
Ga-EE{LL} - 10 10 - -
(22.0264)  (0.0180) (1.4234)  (0.0941)
0.2062 0.0073 0.1200 0.4553
N-EE{L} - - 1000 - -
(0.1660)  (0.0030) (1.0459)  (0.1303)
Table 5:
The statistics AIC, BIC, AICC and HQIC for bladder cancer data
Distribution k -2logh.  AIC BIC AICC HQIC
W-EE{W} 820.74 826.74  835.30 826.93 830.22

3
Ga-EE{LL} 4 81937 82737 838.79 827.70 832.01
G-L{LL} 4 821.6 829.6 841.01 829.93 834.24
EW-L{E} 4 8199 8279 839.31 828.23 832.54
N-L{C} 4 8214 8294 840.81 829.73 834.04
TEE 2 825.19 829.19 834.89 829.29 831.51

EL 3 82244 82844 836.9961 828.6335 831.9164

2

EE 826.16 830.16  835.86 830.26 832.48
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Figure 5: Histogram and density plot for the bladder cancer patient data set

6.2. Breaking strength of carbon fibre data

The second data set is uncensored data from [20] containing 100 observations on the break-

ing strength of carbon fibre (in Gba). The data set is as follows

370 274 273 250 3.60 3.11 327 287 147 3.11 440 241 3.19 3.22
1.69 3.28 3.09 1.87 3.15 490 375 243 295 297 339 296 253 2.67
293 322 339 281 420 333 255 331 331 285 256 356 3.15 235
255 259 238 281 277 217 283 192 141 3.68 297 136 098 276
491 368 1.84 1.59 3.19 1.57 081 556 1.73 159 200 122 1.12 1.71
2,17 1.17 5.08 248 1.18 351 217 1.69 125 438 1.84 039 3.68 248
085 1.61 279 470 2.03 1.80 157 1.08 203 161 212 1.89 288 2.82
2.05 3.65

Table 6 summarises the MLEs and their respective standard error along with 2logLog for
the proposed members of the “T-EE{Y }class” of probability distributions. To assess the applica-
bility of the members of “T-EE{Y }class” of distributions, i.e., three-parameter W-EE{W}, four-
parameter Ga-EE{LL}and N-EE{L} distributions are listed in Table 7. For the application of car-
bon fiber data set as compared to other existing distribution included Gamma Exponentiated Ex-
ponential (GEE), exponentiated exponential (EE) distribution, Kumaraswamy generalized Expo-
nentiated Exponential (Kw-GEE) distribution, Transmuted Exponentiated Exponential
(TEE)distribution, some goodness of test statistics including AIC, BIC, AICC, HQIC have been

obtained. Figure 7 shows that our proposed three members of the class of distributions have the
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lowest value of all the test statistics. Therefore, the proposed three members named W-EE{W},
Ga-EE{LL} and N-EE{L} perform better than the existing ones. Figure 6 shows the comparative
density plot of carbon fibre data.

Table 6:
MLEs and their Standard error and -2logL of carbon fibre data
Distribu- Estimates (standard error)
tions a F ¢ a b 0 4 i G
1.6644 0.4876 0.4660
W-EE{W} - 1.000 - - -
(1.2412) (0.2292) (0.1725) -
W- 5.5128 0.7182 0.8360
- 1.000 1.000 - - -
EE{LL} (3.9134) (0.2681) (0.2681)
Ga - 0.2346 0.0553 100 0.4262 3.5432 Lo
EE{LL}  (0.1354) (0.1351) ' (0.6046)  (5.4086)
0.3080 0.6447 2.6925 0.7712
N-EE{L} - 0.00  1.000 - -
(2.200)  (1.3380) (3.9213) (1.3734)
Table 7:

The statistics AIC, BIC, AICC and HQIC of carbon fibre data
Distribution k -2logl. AIC BIC AICC HQIC

W-EE{W} 3 28271 28871 296.52 28896 291.87
Ga-EE{LL} 4 282.72 290.72 301.14 291.14 294.94
N-EE{L} 4 282.67 290.67 301.09 291.09 294.89
GEE 3 287.48 293.48 301.30 293.73 296.64

2

4

2

EE 29237 29637 301.60 296.49 29847
Kw-GEE 2922 300.2 311.61 300.53 304.84
TEE 291.15 295.15 300.85 295.24 29747

historam and density
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Figure 6: Histogram and density plot for the carbon fibre data
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6.3. Failure time

The third data set is the failure time of 20 components also used by [21].

0.072  4.763 8.663 12.089 0477 5284 9.511 13.036 1.592 7.709 10.636
13.949 2475 7.867 10.729 16.169 3.597 8.661 11.501 19.809

The estimated values of parameters and their standard errors (SE) are shown in Table &.
Table 9 presents the model goodness of fit criteria, such as AIC, BIC, AICC, HQIC. We have
compared the proposed members of the class of distributions with Gamma exponentiated exponen-
tial (GEE), beta exponential (BE), and exponentiated exponential (EE) distributions for the failure
data. The figures in Table 9 show that members of the “T-EE{Y }class of distributions” are more
applicable as compared to other existing distributions and Figure 7 shows the comparative density

plot on failure time of 20-component data.

Table 8:
MLESs, Standard error and -2logL for failure data set

Estimates (standard error)

Distributions
a Fi ¢ a b 0 Y J7i o
0.2547 0.0195 0.2741
W-EE{W} - - 1.000 - - -
(0.2098) (0.0317) (0.192)
0.5646 0.0368  1.5949
W-EE{LL} - 1.000 1.000 - - -
(0.5766) (0.0558) (1.281)
0.1621  0.2626
Ga -EE{LL} 0.3970 0.0117 - 1.00 1.00 - -
(0.039) (0.1992)
3.0111 1.4742 10.9399 8.3292
N-EE{L} - - - - -
(0.1916) (0.0936) (2.0163) (1.396)
Table 9:

The statistics AIC, BIC, AICC and HQIC failure time of 20 components data
Distribution k -2logl. AIC BIC AICC HQIC

W-EE{LL} 3 11921 12521 128.20 126.71 125.79
Ga-EE{LL} 4 117.49 12549 12948 128.16 126.27
W-EE{W} 3 120.65 126.65 129.64 128.15 127.23
TEED 2 12522 12922 13492 12932 131.54

3

3

2

GEE 62.345 130.69 133.68 132.19 131.27
BE 62.296 130.59 133.58 132.09 131.18
EE 62.384 128.77 130.76 129.48 129.16
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Figure 7: histogram and density plot for the failure time, data set 3

7. Conclusion

This research introduces a novel generalisation of the EED, named the T-EE{Y} class of
probability distributions, which is constructed using the quantile functions of several well-known
continuous probability distributions. Various properties of the proposed generator, including the
survival function, hazard function, mode, quantile functions, upper bounds for moments, mean de-
viation, and Shannon’s entropy, have been derived. Six subclasses of the T-EE{Y} class have been
methodically investigated, along with their statistical properties. Additionally, four specific mem-
bers of the T-EE{Y} class have been analysed mathematical, and practically as well, their graphical
representations are also provided. The T-EE{Y} class demonstrates significant flexibility, exhibit-
ing shapes that are unimodal, bimodal, symmetrical, and both right- and left-skewed. The parameter
estimation of the selected members is derived by the maximum likelihood estimation (MLE)
method. To evaluate the performance of the MLE estimators, a simulation study is conducted across
various sample sizes. The practical applications of the proposed class are demonstrated through
four specific members—W-EE{W}, W-EE{LL}, Ga-EE{W}, and N-EE{L }—by modelling them
to three lifetime datasets and comparing their performance with other eminent probability distribu-

tions. Results demonstrate that the proposed members of the T-EE{Y} class outperformed several
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existing classes and other well-known distributions, highlighting their outstanding performance and

practical utility.
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