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ABSTRACT 

In this paper, the power of each test of unimodality/multimodality is estimated. The power of 

each test is estimated on the basis of the alternative hypothesis that there is bimodality. The 

Power Curve and Power Envelope of each test of unimodality /multimodality are also shown by 

using a graphical representation. The most stringent test of all the four tests of unimodality/mul-

timodality is also recognised and finally finds the Conclusion about the most powerful, best test, 

worst test and most stringent test among these four stated tests. 

Keywords:Modality Tests; Size of the test; Silverman Bandwidth Test; Proportional Mass (PM) 

Test; Excess Mass (EM) Test; Monte Carlo Simulation Technique 

1. Introduction 

          The study of unimodality and multimodality in statistical distributions is fundamental in var-

ious fields, including economics, biology, and social sciences. Modality tests, such as the Hartigan 

Dip Test, Silverman Bandwidth Test, Proportional Mass (PM) Test, and Excess Mass (EM) Test, 

are widely used to determine the number of modes in a dataset. Understanding the power of these 

tests under different conditions is crucial for selecting the most appropriate test for empirical ap-

plications. 

https://doi.org/10.64060/JASR.v1.i2.2
mailto:smkhan6022@gmail.com
https://orcid.org/0000-0002-0258-5124
https://orcid.org/0000-0001-6192-9890


 © SCOPUA Journal of Applied Statistical Research (JASR)- ISSN(e): 3104-4794 published by SCOPUA 

 

          Modality tests are essential tools for identifying the underlying structure of data distributions. 

The Hartigan Dip Test (Hartigan & Hartigan, 1985) and the Silverman Bandwidth Test (Silverman, 

1986) are among the most commonly used tests. Recent studies, such as Henderson et al. (2006), 

have extended these tests to weighted and calibrated modes, enhancing their applicability. 

          The PM Test and EM Test (Mueller & Sawitzki, 1991) offer alternative approaches, partic-

ularly useful for large datasets. However, their performance varies with sample size and distribution 

parameters, as highlighted by Cheng and Hall (1998). Bianchi (1997) applied nonparametric mul-

timodality tests to economic convergence studies, while Hall and Ooi (2004) introduced probabil-

istic approaches to density shape analysis.  

          Recent advances in modality testing have addressed critical limitations of classical methods. 

Extending the work of Fisher & Marron (2001), Ameijeiras-Alonso et al. (2019) proposed a cali-

brated excess mass test for irregular densities, improving the detection of non-Gaussian multimo-

dality. Jones and Pewsey (2020) generalised distributions for unimodality testing, while 

Loader (2021) optimised bandwidth selection for multimodality detection in kernel-based 

methods. Dümbgen & Walther (2020) proposed a new critical bandwidth selection for Silverman-

type tests, resolving Loader’s (2021) bandwidth dependence issue. Chen & Zhang (2021) intro-

duced multimodality tests for high-dimensional data. Meyer (2022) offered finite-sample correc-

tions for Hartigan’s Dip Test. Pomenti et al. (2023) initiated robust modality tests for contaminated 

data, overcoming the proposed test’s sensitivity to outliers by Bianchi (1997). 

          While foundational work established key tests (Dip and Bandwidth tests), several unresolved 

challenges persist. For instance, Silverman (1986) noted that kernel-based tests (e.g., Silverman 

Test) may fail to detect subtle multimodality in small samples. Bianchi (1997) focused on economic 

data, leaving non-normal applications unexplored. Loader (2021) highlighted that existing tests 

rely on ad hoc bandwidth choices, which can inflate Type-I or Type-II errors. Mueller & Sawitzki 

(1991) found that Excess Mass (EM) tests degrade with increasing variance. Jones & Pewsey 

(2020) generalised unimodality tests but did not evaluate weighted mixtures (𝛼 ≠  0.5). Zaman 

(1996) proposed stringency metrics but lacked empirical validation, among others.  

          The motivation for this study stems from the need to identify the most robust and powerful 

modality test for detecting bimodality, especially in small and large samples, by comparing the 

power of the tests for varying sample sizes (n = 50– 200). Further, our study resolves the issue of 

ad hoc bandwidth selection by fixing bandwidths to isolate test performance, for systematically 
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varying σ2. Additionally, the work under consideration evaluates the weighted mixtures as our data 

generating process (DGP) includes α ∈  [0.25, 0.65], filling the existing gap in the work of Jones 

& Pewsey (2020). Moreover, we operationalise the stringency metrics in Tables 4–6 by providing 

the empirical validation initially proposed by Zaman (1996) but without pragmatic support. For 

brevity, the significance of the work under consideration lies in providing researchers with clear 

guidelines for test selection, ensuring accurate results in empirical analyses. The paper is organised 

as follows: Section 2 provides the background and literature review. Section 3 describes the data-

generating process. Sections 4 and 5 present the power comparison and power envelope analysis, 

respectively. Section 6 discusses the most stringent test, and Section 7 concludes the paper. 

2. The DGP for the power of each test 

          The DGP of Hartigan Dip Test, Silverman Bandwidth test, Proportional Mass test and Excess 

Mass test have been taken from the mixture of two normal densities. The density function of the 

mixture of two normal distributions for making bimodality is explained as:  

𝑋~𝑁(𝜇1, 𝜎1
2) 𝑤ℎ𝑒𝑟𝑒 𝑋 follows the unimodal normal distribution with parameters 𝜇1   and σ1

2

. 

𝑌~𝑁(𝜇2, 𝜎2
2) 𝑤ℎ𝑒𝑟𝑒 𝑌follows the unimodal normal distribution with parameters  𝜇2   and σ2

2 

Z= {
X  with probablity 𝛼
Y  with probability 1-𝛼

} 0 ≤ 𝛼 ≤ 1 

          Where “Z” is the bimodal distribution and “𝛼” uses as the probability weight of each uni-

modal density and its value lies between 0 and 1.  

2.1 Comparison of Power of Each Test  

There are five parameters for making bimodality with the mixture of two normal distribu-

tions. These parameters are µ1, µ2, σ1, σ2, α. The Powers of each test of unimodality/multimodality 

are calculated of all of the 81 combinations of alternative. The powers computation of the Hartigan 

Dip Test, the Silverman Bandwidth test, the Proportional Mass test and the Excess Mass test are 

obtained from a Monte Carlo sample size of 10,000. The calculations of the powers of four tests of 

unimodality/ multimodality are shown in the following Tables. 

Table 1:  

Comparison of powers for a sample size 50 and only µ𝟐 is varying 

Mixture of two Normal densities 

Power of Tests for Sample Size 50 
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µ𝟐 
Hartigan 

Dip Test 

Silverman 

Test 

PM 

 Test 

EM  

Test 
MPA 

1 5.05 11.3 4 5.8 11.3 

2 9.14 44 11 9.2 44 

3 30.09 97.4 10 29.8 97.4 

4 76.2 100 12 73.8 100 

5 96.92 100 19 97.9 100 

6 99.73 100 42 99.9 100 

7 99.98 100 53 100 100 

8 99.99 100 53 100 100 

9 100 100 49 100 100 

 

          Table 1 explains that when the location parameter µ2of the density increases and all other 

parameters (µ1, 𝜎1, 𝜎2, 𝛼)  are kept constant the value of the power also increases rapidly in the 

Hartigan test, Silverman Test and Excess Mass Test at a sample size of 50. But PM Test provides 

low power which is up to 4% to 49%. Thus, it is concluded that the Silverman Test is the most 

powerful compared to the other. 

          Table 2 shows that when the location parameter µ2 of the density increases and all other 

parameters (µ1, 𝜎1, 𝜎2, 𝛼)  are kept constant the value of the power of the Hartigan test, the Silver-

man Test and Excess Mass Test increases step by step as the sample size 100. But PM Test provides 

low power as compared to others (i.e.20% to 63%). Hence, it is also established that the Silverman 

Test is the most powerful compared to the other. 

The empirical findings in Table 3 indicate that as the location parameter µ𝟐 as  the bimodal 

density increases and all other parameters (µ1, σ1, σ2, α)  are kept constant, the value of the power 

of the Hartigan test, Silverman Test and Excess Mass Test increases slowly at sample size 200. But 

the power of the PM test shoots up to above 90%, because of the large sample size.  In this situation, 

the PM test looks the most powerful test compared to the other. 

 

 

 

Table 2:  

Comparison of powers for a sample size is 100 and only µ2 is varying 

Mixture of two Normal densities 
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Power of Tests for Sample Size 100 

µ𝟐 Hartigan Dip Test Silverman Dip Test 
PM 

 Test 

EM  

Test 
MPA 

1 5.39 7 20 4.1 20 

2 5.4 15 8 4.4 15 

3 16.62 24 17 16.7 24 

4 83.31 100 16 83.1 100 

5 99.9 100 10 99.9 100 

6 100 100 16 100 100 

7 100 100 41 100 100 

8 100 100 46 100 100 

9 100 100 63 100 100 

 

Table 3:  

Comparison of powers for sample size is 200 and only µ2 is varying 

Mixture of two Normal densities 

Power  of test for Sample Size 200 

µ2 
Hartigan Dip 

Test 

Silverman 

Test 

PM 

 Test 

EM  

Test 
MPA 

1 5.12 12 98 6.1 98 

2 5.02 33 94 3.9 94 

3 20.78 48 95 21.2 95 

4 97.5 100 97 97.5 100 

5 100 100 98 100 100 

6 100 100 91 100 100 

7 100 100 95 100 100 

8 100 100 100 100 100 

9 100 100 100 100 100 

 

Table 4 indicates that when the location parameter µ2 increases, the density makes bimo-

dality and when the scale parameter σ2 increases, the density starts to lose the shape of bimodality 

and move to re-emerge to unimodality.  All other parameters (µ1, σ1, α) are kept constant at a 

sample size of 50.  The values of the power of the Hartigan Dip test are 6% to 26% and the Excess 

Mass Test is decreasing from 4% to 27%.  Because the Hartigan dip Test and Excess Mass Test do 

not pick up small bumps efficiently in a small sample. And the values of the power PM Test provide 

7% to 58% due to a small sample.  But the Silverman Test looks the most powerful test compared 

to the other, because the Silverman test catches the small bumps very efficiently, even in a small 

sample, which is why the values of the power of the Silverman test perform well. 
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Table 4:  

Comparison of powers for a sample size is 50 when µ2 and 𝜎2 are varying 

Mixture of two Normal densities 

Power for Sample Size 50 

µ𝟐 σ2 Hartigan Dip Test 
Silverman 

Test 

PM 

 Test 

EM  

Test 
MPA 

1 1 6.04 3 7 4.8 7 

2 1.5 5.44 35 11 5.7 35 

3 2 6.83 78 14 8.4 78 

4 2.5 9.06 88 24 10.4 88 

5 3 14.03 90 31 13 90 

6 3.5 17.61 91 35 15.3 91 

7 4 20.29 96 44 22.3 96 

8 4.5 23.57 100 56 26.6 100 

9 5 26.5 100 58 26.7 100 

 

According to the findings reported in Table 5, it is reported that when the location param-

eter µ2 increases, the density makes bimodality and when the scale parameter 𝜎2 increases, the 

density starts to lose the shape of bimodality and move to re-emerge to unimodality.  All other 

parameters (µ1, σ1, α) are kept constant at a sample size of 100. The values of the power of the 

Hartigan Dip test and Excess Mass Test are increasing from 6% to 100% and 5% to 100% respec-

tively, due to an increase in the sample size.  But the PM Test goes down very low due to a small 

sample. And the power of the Silverman Test increases 15% to100% because this test catches the 

very small bumps very efficiently, even in a small sample. That is why it is the most powerful test. 

Table 6 specifies that when the location parameter µ2 increases, the density makes bimo-

dality and when the scale parameter σ2increases, the density starts to lose the shape of bimodality 

and move to re-emerge to unimodality.  All other parameters (µ1, σ1, α) are kept constant at sample 

size 200, and all other parameters (µ1, σ1, α) are kept constant.  As the sample size increases, the 

values of the power of the Hartigan Dip test and Excess Mass Test are 6% to 60% due to the 

decrease in the bumps of the density. And the values of the power PM Test are increasing from 4% 

to 50% due to a large sample, but with very small bumps. But again Silverman Test looks the most 

powerful test compared to the other, because the Silverman test catches the small bumps very effi-

ciently, even in small samples as well as large samples. 

Table 5:  

Comparison of powers for a sample size is 100 when µ2 and 𝜎2 are varying 
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Mixture of two Normal densities 

Power of test for Sample Size 100 

µ𝟐 𝝈𝟐 
Hartigan Dip 

Test 

Silverman 

Test 

PM 

 Test 

EM  

Test 
MPA 

1 1 5.69 15.6 9.3 5.1 15.6 

2 1.5 11.33 57.4 1.7 8.9 57.4 

3 2 67.65 98.9 1 64.5 98.9 

4 2.5 99.86 100 0 99.9 100 

5 3 100 100 0 100 100 

6 3.5 100 100 0.1 100 100 

7 4 100 100 0.3 100 100 

8 4.5 100 100 0.6 100 100 

9 5 100 100 0.7 100 100 

 

Table 6:  

Comparison of powers for sample size is 200 when µ2 and σ2 are varying 

Mixture of two Normal densities 

Power of test for Sample Size 200 

µ2 σ2 Hartigan Dip Test Silverman Test 
PM 

 Test 

EM  

Test 
MPA 

1 1 5.57 17 10.1 6.2 17 

2 1.5 4.02 67 3.79 4 67 

3 2 4.63 91 9.76 5.8 91 

4 2.5 10.39 100 4.72 11.4 100 

5 3 18.96 100 2.73 18.3 100 

6 3.5 29.24 100 9.67 29.4 100 

7 4 40.44 100 26.99 39.4 100 

8 4.5 48.16 100 45.46 50 100 

9 5 55.98 100 52.54 50.9 100 

 

Table 7 designates that as the µ2 and α increase, the values of the power of Hartigan Dip 

test, Excess Mass Test and Silverman are also increases 5% to 100%, 6% to 100% and 3% to 100% 

respectively and all other parameters (µ1, σ1, and σ2) are kept constant at sample size 50. Where 

α is the probability weight of the bimodal density, which means how much of the data goes to the 

two respective unimodal distributions to make bimodality. The values of the power of the PM Test 

decrease due to a small sample. However, the power of Silverman is also looking good compared 

to the other tests. 
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Table 7:  

Comparison of powers for a sample size is 50 when µ2 and α are varying 

Mixture of two Normal densities 

Power of test for Sample Size 50 

µ2 α 
Hartigan 

Test 

Silverman 

Test 

PM 

 Test 

EM  

Test 
MPA 

1 0.25 4.75 3 3 6.5 6.5 

2 0.3 5.74 11 2 5.5 11 

3 0.35 14.72 21 5 15.1 21 

4 0.4 61.56 67 13 65 67 

5 0.45 95.4 89 33 95.6 95.6 

6 0.5 99.8 95 38 99.7 99.8 

7 0.55 99.9 97 52 99.7 99.9 

8 0.6 99.15 99 46 100 100 

9 0.65 99.94 100 27 99.7 100 

 

Table 8:  

Comparison of powers for a sample size is 100 when µ2 and α are varying 

Mixture of two Normal densities 

Power of test for Sample Size 100 

µ2 α 
Hartigan 

Test 
Silverman Test 

PM 

 Test 

EM  

Test 
MPA 

1 0.25 5.12 7 21 4.1 21 

2 0.3 5.02 15 4 4.4 15 

3 0.35 20.78 24 5 16.7 24 

4 0.4 97.5 100 6 83.1 100 

5 0.45 100 100 13 99.9 100 

6 0.5 100 100 22 100 100 

7 0.55 100 100 34 100 100 

8 0.6 100 100 42 100 100 

9 0.65 100 100 13 100 100 

 

It is conveyed in Table 8 that as the µ2 and α increase, the values of the power of Hartigan 

Dip test, Excess Mass Test and Silverman are also increases 5% to 100%, 4% to 100% and 7% to 

100% respectively at sample size 100 and all other parameters (µ1, σ1, and σ2) are kept constant. 

Where α is the probability weight of the bimodal density, which means how much of the data goes 

to the two respective unimodal distributions to make the bimodality. And the values of the power 

PM Test decrease due to a small sample. Here again, the power of Silverman is also looking good. 

Table 9:  

Comparison of powers for sample size is 200 when µ2 and α are varying 
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Mixture of two Normal densities 

Power of test for Sample Size 200 

µ2 α 
Hartigan 

Test 

Silverman 

Test 

PM 

 Test 

EM  

Test 
MPA 

1 0.25 5.39 12 99.6667 6.1 99.6667 

2 0.3 5.4 33 94 3.9 94 

3 0.35 16.62 48 87 21.2 87 

4 0.4 83.31 100 94 97.5 100 

5 0.45 99.9 100 97.3333 100 100 

6 0.5 100 100 97 100 100 

7 0.55 100 100 98 100 100 

8 0.6 100 100 99.3333 100 100 

9 0.65 100 100 99.3333 100 100 

 

Finally, Table 9 specifies that as the µ2 and α increase, the values of the power of Hartigan 

Dip test, Excess Mass Test and Silverman are also increases 5% to 100%, 6% to 100% and 12% to 

100% respectively at sample size 200 and all other parameters (µ1, σ1, and σ2) are kept constant. 

Where α is the probability weight of the bimodal density, which means how much of the data goes 

to the two respective unimodal distributions to make the bimodality. But the values of the power 

PM Test increase almost at all the alternatives above 90% to 100% due to the large sample. It is 

concluded that the PM Test is performing well a large sample. So here PM test is the most powerful 

test. 

Overall, it is concluded that almost all the alternatives and sample sizes Silverman Band-

width test is the most powerful test except in two cases when the sample size is large i.e.200, that 

the Proportional Mass test is the most powerful test. It is further concluded that the Silverman Test 

is powerful in large samples as well as small samples. But the Proportional Mass test is suitable for 

large samples only. 

 

 

3. Approximating the Power Envelope 

In this study, all 81 alternatives of the tests are used to determine the maximum power 

among all four tests at different sample sizes and different alternatives as a Maximum Power Ap-

proximation of (MPA). This is called the Approximating the Power Envelop. For explaining the 
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graphical depiction, the research takes the value of departure from unimodality along the X-axis 

and the powers of each test are along the Y-axis. Also, plot the Maximum Power Approximation 

(MPA) for power comparison of different sizes and different alternatives are also given below: 

 
Figure 1: Power Envelop and Power Comparison of each test for n=50 with µ2 varying 

 
Figure 1 plots the departure from unimodality along the X-axis and the value of the power 

of the test along the Y-axis. The value of the power of the Hartigan test, the Silverman Test and the 

Excess Mass Test also increases rapidly and the PM Test provides low power at a sample size 50.  

But the power of the Silverman Test looks the most powerful test compared to the other. 

Figure 2 displays the departure from unimodality along the X-axis and the value of the 

power of the test is along the Y-axis. The value of the power of the Hartigan test, the Silverman 

Test and the Excess Mass Test also increases rapidly and the PM Test provides low power at a a 

sample size of 100.  But the power of the Silverman Test looks the most powerful test compared to 

the other. 
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Figure 2: Power Envelop and Power Comparison of each test for n=100 with µ2 varying 

 

 
Figure 3: Power Envelop and Power Comparison of each test for n=200 with µ2 varying 

 
Figure 3 depicts the departure from unimodality along the X-axis and the value of the 

power of the test is along the Y-axis. The value of the power of the Hartigan test, the Silverman 
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Test and the Excess Mass Test also increases rapidly and the power of the PM Test shoots up at a 

sample size of 200. So PM Test looks the most powerful test compared to the other because of the 

large sample. 

 
Figure 4: Power Envelop and Power Comparison of each test for n=50 with µ2 and σ2 varying 

 

Figure 4 demonstrates the departure from unimodality along the X-axis and the power of 

the test along the Y-axis. The value of the power of the Hartigan test and Excess Mass is looking 

very low as compared to the PM Test at a sample size of 50. Because the Hartigan dip Test and 

Excess Mass Test do not pick up small bumps efficiently in a small sample. And the PM Test is 

also not performing very well in small samples and small bumps.  But the Silverman Test looks the 

most powerful test compared to the other, because the Silverman test catches the small bumps very 

efficiently, even in a small sample, which is why the values of the power of the Silverman test 

perform well. 

The value of departure from unimodality along the X-axis and the value of the power of 

the test are plotted along the Y-axis. The value of the power of the Hartigan test and Excess Mass 

increases due to an increase in the sample size and the value of the power of the PM Testis going 

down. But the PM Test is not performing very well in a small sample as well as small bumps.  But 

the Silverman Test looks the most powerful test compared to the other, because the Silverman test 
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catches the small bumps very efficiently, even in a small sample, which is why the values of the 

power of the Silverman perform well. 

 
Figure 5: Power Envelop and Power Comparison of each test for n=100 with µ2 and σ2 varying 

 

Figure 5 showcase the value of departure from unimodality along the X-axis and the value 

of the power of the test are plotted along the Y-axis. The value of the power of the Hartigan test 

and Excess Mass increases due to an increase in the sample size and the value of the power of the 

PM Testis going down. But the PM Test is not performing very well in a small sample as well as 

small bumps.  But the Silverman Test looks the most powerful test compared to the other, because 

the Silverman test catches the small bumps very efficiently, even in a small sample, which is why 

the values of the power of the Silverman perform well. 

The value of departure from unimodality along the X-axis and the value of the power of 

the test along the Y-axis are plotted in Figure 6. The value of the power of the Hartigan test, Excess 

Mass and PM Test goes down due to very small bumps at sample size 200. But the Silverman Test 

looks the most powerful test compared to the other, because the Silverman test catches the small 

bumps very efficiently, even in large samples, which is why the values of the power of the Silver-

man perform well. 

Figure 7 guides that as the location parameter increases, the values of the power of the 

Hartigan Dip test, Excess Mass Test and Silverman also increase at sample size 50. And the values 
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of the power of the PM Test decrease due to a small sample. However, the power of Silverman is 

also looking good as compared to the others. 

 

 
Figure 6: Power Envelop and Power Comparison of each test for n=200 with µ2 and σ2 varying 

 

 

 
Figure 7: Power Envelop and Power Comparison of each test for n=50 with µ2 and α varying 
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Figure 8 illustrates that as the location parameter increases, the values of the power of the 

Hartigan Dip test, Excess Mass Test and Silverman also increase at sample size 100. And the values 

of the power of the PM Test decrease due to a small sample. However, the power of Silverman is 

also looking good as compared to the others. Following similar suit, Figure 9 clarifies the values 

of the power of the Hartigan Dip test, Excess Mass test and Silverman also increase at sample size 

200 along with stable results for PM test.   

 
Figure 8: Power Envelop and Power Comparison of each test for n=100 with µ2 and α varying 

 

 
Figure 9: Power Envelop and Power Comparison of each test for n=200 with µ2 and α varying 
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Overall conclusion of the above graphical comparison showed that the Silverman test is 

the most powerful test even in large or small sample sizes and large or small bumps. Hartigan and 

Excess Mass test is also performing well, but not more as Silverman in Small samples and large 

bumps. While the Proportional Mass test is performing well for large samples and large bumps 

only. So there are only two cases when the PM test is the most powerful.  Finally, it is concluded 

that Silverman is the best test concerning the comparison of power. 

4. Identification of Most Stringent Test 

For identification of most stringent test from each test of unimodality/ multimodality, this 

study uses a method of stringency criteria that is introduced by Dr. Asad Zaman. This method is 

explained as follows: First, subtract the Power of each test from the Maximum Power Approxima-

tion (MPA), then take the value of the maximum of these differences, which is called short short-

comings of the tests Finally get the minimum value of the maximum differences at different alter-

natives and different sample sizes. A test that has minimum shortcomings is called the most strin-

gent test. In the table below given table Max is used for the maximum value of the shortcomings 

and MPA is used for the maximum power approximation. All of these results for different alterna-

tives and different sizes are shown in the following tables: 

Table 10:  

Comparison of Most Stringent Test for sample size is 50 and only µ2 is varying 

Short Comings 

MPA Hartigan DIP Test Silverman Test PMTest EM Test 

11.3 6.25 0 7.3 5.5 

44 34.86 0 33 34.8 

97.4 67.31 0 87.4 67.6 

100 23.8 0 88 26.2 

100 3.08 0 81 2.1 

100 0.27 0 58 0.1 

100 0.02 0 47 0 

100 0.01 0 47 0 

100 0 0 51 0 

Max 67.31 0 88 67.6 

 

Table 10 estimates the shortcomings of the four tests at sample size 50, then finds the max-

imum values of these shortcomings and finally concludes that the minimum value of that maximum 

is the most stringent test. So, according to the results presented in the above table, Silverman is the 

most stringent test because of the minimum shortcomings. 



 © SCOPUA Journal of Applied Statistical Research (JASR)- ISSN(e): 3104-4794 published by SCOPUA 

 

Table 11:  

Comparison of the Most Stringent Test for sample size is 100 and only µ2 is varying 

 

 

Table 11 evaluates the shortcomings of the four tests at sample size 100, then finds the 

maximum values of these shortcomings and finally concludes that the minimum value of that max-

imum is the most stringent test. So, according to the results presented in the above table, Silverman 

is the most stringent test because of the minimum shortcomings.           

Table 13:  

Comparison of the Most Stringent Test for sample size is 200 and only µ2 is varying 

Short comings 

MPA 
Hartigan 

Dip Test 

Silverman 

Test 
PM EM 

98 92.88 86 0 91.9 

94 88.98 61 0 90.1 

95 74.22 47 0 73.8 

100 2.5 0 3 2.5 

100 0 0 2 0 

100 0 0 9 0 

100 0 0 5 0 

100 0 0 0 0 

100 0 0 0 0 

Max 92.88 86 9 91.9 

 

Table 13 highlights the shortcomings of the four tests at sample size 200, then finds the 

maximum values of these shortcomings and finally concludes that the minimum value of that max-

imum is the most stringent test. So, according to the results presented in the above table PM test is 

the most stringent test because of the minimum shortcomings. 

Short comings 

MPA 
Hartigan 

Dip Test 

Silverman 

Test 

PM 

Test 

EM 

Test 

20 14.61 13 0 15.9 

15 9.6 0 7 10.6 

24 7.38 0 7 7.3 

100 16.69 0 84 16.9 

100 0.1 0 90 0.1 

100 0 0 84 0 

100 0 0 59 0 

100 0 0 54 0 

100 0 0 37 0 

Max 16.69 13 90 16.9 
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Table 14:  

Comparison of the Most Stringent Test for sample size is 50 when µ2 and σ2 are varying 

Short comings 

MPA Hartigan Dip Test Silverman PM EM 

7 0.96 4 0 2.2 

35 29.56 0 24 29.3 

78 71.17 0 64 69.6 

88 78.94 0 64 77.6 

90 75.97 0 59 77 

91 73.39 0 56 75.7 

96 75.71 0 52 73.7 

100 76.43 0 44 73.4 

100 73.5 0 42 73.3 

Max 78.94 4 64 77.6 

 

Table 14 calculates the shortcomings of the four tests at sample size 50, then finds the 

maximum values of these shortcomings and finally concludes that the minimum value of that max-

imum is the most stringent test. So, according to the results presented in the above table Silverman 

test is the most stringent test because of its minimum shortcomings.         

Table 15:  

Comparison of the Most Stringent Test for sample size is 100 when µ2 and σ2 are varying 

Short comings 

MPA 
Hartigan 

Dip Test 
Silverman PM EM 

15.6 9.91 0 6.3 10.5 

57.4 46.07 0 55.7 48.5 

98.9 31.25 0 97.9 34.4 

100 0.14 0 100 0.1 

100 0 0 100 0 

100 0 0 99.9 0 

100 0 0 99.7 0 

100 0 0 99.4 0 

100 0 0 99.3 0 

Max 46.07 0 100 48.5 

 

Table 15 computes the shortcomings of the four tests at a sample size of 100, then finds 

the maximum values of these shortcomings and finally concludes that the minimum value of that 

maximum is the most stringent test. So, according to the results presented in the above table Sil-

verman test is the most stringent test because of its minimum shortcomings.           



 © SCOPUA Journal of Applied Statistical Research (JASR)- ISSN(e): 3104-4794 published by SCOPUA 

 

Table 16:  

Comparison of the Most Stringent Test for sample size is 200 when µ2 and σ2 are varying 

Short comings 

MPA Hartigan Dip Test Silverman PM EM 

17 11.43 0 6.9 10.8 

67 62.98 0 63.21 63 

91 86.37 0 81.24 85.2 

100 89.61 0 95.28 88.6 

100 81.04 0 97.27 81.7 

100 70.76 0 90.33 70.6 

100 59.56 0 73.01 60.6 

100 51.84 0 54.54 50 

100 44.02 0 47.46 49.1 

Max 89.61 0 97.27 88.6 

 

Table 16 determines the shortcomings of the four tests at sample size of 200, then finds the 

maximum values of these shortcomings and finally concludes that the minimum value of that max-

imum is the most stringent test. So, according to the results presented in the above table Silverman 

test is the most stringent test because of its minimum shortcomings.           

Table 17:  

Comparison of the Most Stringent Test for sample size is 50 when µ2 and α are varying 

Short comings 

MPA Hartigan Dip Test Silverman PM EM 

6.5 1.75 3.5 3.5 0 

11 5.26 0 9 5.5 

21 6.28 0 16 5.9 

67 5.44 0 54 2 

95.6 0.2 6.6 62.6 0 

99.8 0 4.8 61.8 0.1 

99.9 0 2.9 47.9 0.2 

100 0.85 1 54 0 

100 0.06 0 73 0.3 

Max 6.28 6.6 73 5.9 

 

Table 17 elucidates the shortcomings of the four tests at sample size of 50, then estimates 

the maximum values of these shortcomings and finally concludes that the minimum value of that 

maximum is the most stringent test.  In this table, the shortcomings of the Hartigan Dip test, Excess 

mass Test and Silverman test are looking very close, but according to the results presented in the 

above table, Excess Mass test is the most stringent test because of the minimum shortcomings. It 

may have occurred due to a random fluctuation of the density. 
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Table 18:  

Comparison of the Most Stringent Test for sample size is 100 when µ2 and α are varying 

Short comings 

MPA Hartigan Dip Test 
Silverman 

Test 

PM 

Test 

EM 

Test 

21 15.88 14 0 16.9 

15 9.98 0 11 10.6 

24 3.22 0 19 7.3 

100 2.5 0 94 16.9 

100 0 0 87 0.1 

100 0 0 78 0 

100 0 0 66 0 

100 0 0 58 0 

100 0 0 87 0 

Max 15.88 14 94 16.9 

 

Table 18 highlights the shortcomings of the four tests at a sample size of 100, then estimates 

the maximum values of these shortcomings and finally concludes that the minimum value of that 

maximum is the most stringent test.  In this table, the shortcomings of the Hartigan Dip test, Excess 

mass Test and Silverman test are looking very close, but the Silverman test has the minimum short-

comings, so it is the most stringent test. 

Table 19:  

Comparison of the Most Stringent Test for sample size is 200 when µ2 and α are varying 

Short comings 

MPA Hartigan Dip Test Silverman Test 
PM 

Test 
EM Test 

99.6667 94.2767 87.6667 0 93.5667 

94 88.6 61 0 90.1 

87 70.38 39 0 65.8 

100 16.69 0 6 2.5 

100 0.1 0 2.6667 0 

100 0 0 3 0 

100 0 0 2 0 

100 0 0 0.6667 0 

100 0 0 0.6667 0 

Max 94.2767 87.6667 6 93.5667 

 

Table 19 focuses on the shortcomings of the four tests at a sample size of 200, then esti-

mates the maximum values of these shortcomings and finally concludes that the minimum value of 
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that maximum is the most stringent test.  In this table, the shortcomings of the PM test have the 

minimum shortcomings, so it is the most stringent test. 

In general, it is concluded that the Silverman test is the most stringent test as compared to 

the others, except in the large samples and large bumps only two cases the Proportional mass test 

is the most stringent. 

5. Calculating Power of the Tests 

Step-1: Generate a bimodal series with the mixture of two Normal Distributions. 

Step-2: Calculate the test statistics of each test and repeat this process 10,000 times. 

Step-3: Count the percentage of test statistics greater in magnitude than the critical value.  

Step-4: Calculate the power of each test. 

Step-5: Repeat these steps from 1 to 4 for different alternatives of the parameters at sample sizes 

50, 100 and 200. 

The Power of each test of unimodality/multimodality has been estimated based on an al-

ternative hypothesis that is𝐻1: There is bimodality. The Power Curve and Power Envelope of each 

test of unimodality/multimodality have also been shown by using a graphical representation. The 

most stringent test among the four tests of unimodality/multimodality has been investigated through 

stringency criteria. And finally conclude the most powerful, best test, worst test and most stringent 

test among these four stated tests. 

5.1. Data Generating Process (DGP) for Power of Modality Tests 

The DGP of Hartigan Dip Test, Silverman test, Proportional Mass test and Excess Mass 

test have been taken from the mixture of two normal densities. The density function of the mixture 

of two normal distributions for making bimodality is explained as: 

𝑋~𝑁(𝜇1, 𝜎1
2) 𝑤ℎ𝑒𝑟𝑒 𝑋 follows the unimodal normal distribution with parameters 𝜇1   and σ1

2

. 

𝑌~𝑁(𝜇2, 𝜎2
2) 𝑤ℎ𝑒𝑟𝑒 𝑌follows the unimodal normal distribution with parameters  𝜇2   and σ2

2 

Z= {
X  with probability 𝛼
Y  with probability 1-𝛼

} 0 ≤ 𝛼 ≤ 1 
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Where "Z" is a bimodal density function and"α" is the probability weight of the bimodal 

density, which means how much of the data goes to the two respective unimodal distributions to 

make bimodality. 

5.2.  Power Comparison of Modality Tests 

There are five parameters for making bimodality with the mixture of two normal distribu-

tions. These parameters are 𝜇1,μ
2
,σ1

2,σ2
2 and α. The Powers of each test of unimodality/multimo-

dality are calculated for all of the 81 combinations of Alternative. The powersComputation of Har-

tigan Dip Test, Silverman Bandwidth test, Proportional Mass test and Excess Mass test are obtained 

from a Monte Carlo sample size of 10,000.   The calculations of the powers of four tests of uni-

modality/ multimodality are shown in the following tables.  

Table 20:  

Comparison of powers for a sample size of 50 and only 𝜇2 is varying 

Mixture of Two Normal Densities 

Power of Tests for Sample Size 50 

𝝁𝟏 𝝈𝟏
𝟐 𝝁𝟐 𝝈𝟐

𝟐 𝜶 
Hartigan 

Dip Test 

Silverman 

Test 

PM 

Test 

EM  

Test 
MPA 

0 1 1 1 0.5 5.05 11.3 4 5.8 11.3 

0 1 2 1 0.5 9.14 44 11 9.2 44 

0 1 3 1 0.5 30.09 97.4 10 29.8 97.4 

0 1 4 1 0.5 76.2 100 12 73.8 100 

0 1 5 1 0.5 96.92 100 19 97.9 100 

0 1 6 1 0.5 99.73 100 42 99.9 100 

0 1 7 1 0.5 99.98 100 53 100 100 

0 1 8 1 0.5 99.99 100 53 100 100 

0 1 9 1 0.5 100 100 49 100 100 

 
From Table 20, we can easily observe that the value of the power also increases rapidly in 

the Hartigan test, the Silverman Test and the Excess Mass Test at sample size 50. But PM Test 

provides low power which is up to 4% to 49%. It is concluded that the Silverman Test is the most 

powerful compared to the other. 

When the location parameter 𝜇2of the density increases and all other parame-

ters𝜇1,σ1
2,σ2

2and𝛼are kept constant, the value of the power of the Hartigan test, Silverman 

Test and Excess Mass Test increases step by step at sample size 100. But PM Test provides 

low power as compared to others (i.e.20% to 63%). From this table, it is also concluded 

that the Silverman Test is the most powerful compared to the other. 
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Table 21:  

Comparison of powers for a sample size is 100 and only 𝜇2 is varying 

Mixture of Two Normal Densities 

Power of Tests for Sample Size 100 

𝝁𝟏 𝝈𝟏
𝟐 𝝁𝟐 𝝈𝟐

𝟐 𝜶 
Hartigan 

Dip Test 

Silverman 

Test 

PM 

Test 

EM  

Test 
MPA 

0 1 1 1 0.5 5.39 7 20 4.1 20 

0 1 2 1 0.5 5.4 15 8 4.4 15 

0 1 3 1 0.5 16.62 24 17 16.7 24 

0 1 4 1 0.5 83.31 100 16 83.1 100 

0 1 5 1 0.5 99.9 100 10 99.9 100 

0 1 6 1 0.5 100 100 16 100 100 

0 1 7 1 0.5 100 100 41 100 100 

0 1 8 1 0.5 100 100 46 100 100 

0 1 9 1 0.5 100 100 63 100 100 

 

Table 21 displays that as the separation between the two means (𝜇2 − 𝜇1) increases, the 

power of most tests improves. For well-separated mixtures (𝜇2 − 𝜇1 ≥ 3), Silverman's Test and 

MPA Test are the most reliable. Hartigan's Dip Test and EM Test are moderately effective but 

require sufficient separation. The PM Test appears ineffective for this task. 

Table 22:  

Comparison of powers for sample size is 200 and only µ2 is varying 

Mixture of Two Normal Densities 

Power of Tests for Sample Size 200 

𝝁𝟏 𝝈𝟏
𝟐 𝝁𝟐 𝝈𝟐

𝟐 𝜶 
Hartigan 

Dip Test 

Silverman 

Test 

PM 

Test 

EM  

Test 
MPA 

0 1 1 1 0.5 5.12 12 98 6.1 98 

0 1 2 1 0.5 5.02 33 94 3.9 94 

0 1 3 1 0.5 20.78 48 95 21.2 95 

0 1 4 1 0.5 97.5 100 97 97.5 100 

0 1 5 1 0.5 100 100 98 100 100 

0 1 6 1 0.5 100 100 91 100 100 

0 1 7 1 0.5 100 100 95 100 100 

0 1 8 1 0.5 100 100 100 100 100 

0 1 9 1 0.5 100 100 100 100 100 

 

Table 22 shows that as the location parameter 𝜇2of the bimodal density increases and all 

other parameters 𝜇2, 𝜎2
2and𝛼are kept constant, the value of the power of the Hartigan test, Silver-

man Test and Excess Mass Test increases slowly at sample size 200. But the power of PM test 
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shoots up to above 90%, because of large sample size.  In this situation, the PM test looks the most 

powerful test compared to the other. 

 

Table 23:  

Comparison of powers for sample size is 50 when 𝜇2and 𝜎2
2 are varying 

Mixture of Two Normal Densities 

Power of Tests for Sample Size 50 

𝝁𝟏 𝝈𝟏
𝟐 𝝁𝟐 𝝈𝟐

𝟐 𝜶 
Hartigan 

Dip Test 

Silverman 

Test 

PM 

Test 

EM  

Test 
MPA 

0 1 1 1 0.5 6.04 3 7 4.8 7 

0 1 2 1.5 0.5 5.44 35 11 5.7 35 

0 1 3 2 0.5 6.83 78 14 8.4 78 

0 1 4 2.5 0.5 9.06 88 24 10.4 88 

0 1 5 3 0.5 14.03 90 31 13 90 

0 1 6 3.5 0.5 17.61 91 35 15.3 91 

0 1 7 4 0.5 20.29 96 44 22.3 96 

0 1 8 4.5 0.5 23.57 100 56 26.6 100 

0 1 9 5 0.5 26.5 100 58 26.7 100 

 

Table 23 illustrates that when the scale parameter 𝝈𝟐  
𝟐 increases the density, starts to lose 

the shape of bimodality and move to re-emerge to unimodality.  All other parameters 𝜇1,σ1
2 and α 

are kept constant at sample size 50.  The values of the power of the Hartigan Dip test are 6% to 

26% and the Excess Mass Test is decreasing from 4% to 27%.  Because the Hartigan Dip Test and 

Excess Mass Test do not pick up small bumps efficiently in a small sample. The values of the power 

PM Test provide 7% to 58% due to a small sample.  But the Silverman Test looks the most powerful 

test compared to the other, because the Silverman test catches the small bumps very efficiently, 

even in a small sample, which is why the values of the power of the Silverman perform well. 

It can be easily observed from Table 24 that as the scale parameter 𝝈𝟐
𝟐 increases the density, 

starts to lose the shape of bimodality and moves to re-emerge into unimodality.  All other parame-

ters 𝝁𝟏,𝝈𝟏
𝟐, α  are kept constant at sample size 100. The values of the power of the Hartigan Dip 

test and Excess Mass Test are increasing from 6% to 100% and 5% to 100% respectively, due to 

an increase in the sample size.  But the Proportional Mass (PM) Test goes down very low due to a 

small sample. And the power of the Silverman Test increases 15% to100% because this test catches 

the very small bumps very efficiently, even in a small sample. That is why it is the most powerful 

test. 
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Table 24:  

Comparison of powers for a sample size is 100 when 𝜇2and 𝜎2
2 are varying 

Mixture of Two Normal Densities 

Power of Tests for Sample Size 100 

𝝁𝟏 𝝈𝟏
𝟐 𝝁𝟐 𝝈𝟐

𝟐 𝜶 
Hartigan 

Dip Test 

Silverman 

Test 

PM 

Test 

EM  

Test 
MPA 

0 1 1 1 0.5 5.69 15.6 9.3 5.1 15.6 

0 1 2 1.5 0.5 11.33 57.4 1.7 8.9 57.4 

0 1 3 2 0.5 67.65 98.9 1 64.5 98.9 

0 1 4 2.5 0.5 99.86 100 0 99.9 100 

0 1 5 3 0.5 100 100 0 100 100 

0 1 6 3.5 0.5 100 100 0.1 100 100 

0 1 7 4 0.5 100 100 0.3 100 100 

0 1 8 4.5 0.5 100 100 0.6 100 100 

0 1 9 5 0.5 100 100 0.7 100 100 

 

Table 25:  

Comparison of powers for a sample size is 200 when 𝜇2 and 𝜎2
2 are varying 

Mixture of Two Normal Densities 

Power of Tests for Sample Size 200 

𝝁𝟏 𝝈𝟏
𝟐 𝝁𝟐 𝝈𝟐

𝟐 𝜶 
Hartigan 

Dip Test 

Silverman 

Test 

PM 

Test 

EM  

Test 
MPA 

0 1 1 1 0.5 5.57 17 10.1 6.2 17 

0 1 2 1.5 0.5 4.02 67 3.79 4 67 

0 1 3 2 0.5 4.63 91 9.76 5.8 91 

0 1 4 2.5 0.5 10.39 100 4.72 11.4 100 

0 1 5 3 0.5 18.96 100 2.73 18.3 100 

0 1 6 3.5 0.5 29.24 100 9.67 29.4 100 

0 1 7 4 0.5 40.44 100 26.99 39.4 100 

0 1 8 4.5 0.5 48.16 100 45.46 50 100 

0 1 9 5 0.5 55.98 100 52.54 50.9 100 

 

Table 25 reflects the findings that when the parameter 𝜎2
2increases the density starts to lose 

the shape of bimodality and move to re-emerge into unimodality.  All other parameters 𝜇1,𝜎1
2, α 

are kept constant at sample size 200.  As the sample size increases, the values of the power of the 

Hartigan Dip test and Excess Mass Test are 6% to 60% due to the decrease in the bumps of the 

density. And the values of the power Proportional Mass (PM) Test are increasing from 4% to 50% 

due to a large sample, but very small bumps. But again Silverman Test looks the most powerful 

test compared to the other, because the Silverman test catches the small bumps very efficiently, 

even in small samples as well as large samples. 
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Table 26:  

Comparison of powers for a sample size is 50 when 𝜇2 and α are varying 

Mixture of Two Normal Densities 

Power of Tests for Sample Size 50 

𝝁𝟏 𝝈𝟏
𝟐 𝝁𝟐 𝝈𝟐

𝟐 𝜶 
Hartigan 

Dip Test 

Silverman 

Test 

PM 

Test 

EM  

Test 
MPA 

0 1 1 1 0.25 4.75 3 3 6.5 6.5 

0 1 2 1.5 0.3 5.74 11 2 5.5 11 

0 1 3 2 0.35 14.72 21 5 15.1 21 

0 1 4 2.5 0.4 61.56 67 13 65 67 

0 1 5 3 0.45 95.4 89 33 95.6 95.6 

0 1 6 3.5 0.5 99.8 95 38 99.7 99.8 

0 1 7 4 0.55 99.9 97 52 99.7 99.9 

0 1 8 4.5 0.6 99.15 99 46 100 100 

0 1 9 5 0.65 99.94 100 27 99.7 100 

 
Table 26 notes that as the 𝝁𝟐 and α increase, the values of the power of the Hartigan Dip 

test, Excess Mass Test and Silverman are also increased 5% to 100%, 6% to 100% and 3% to 100% 

respectively and all other parameters 𝝁𝟏,𝝈𝟏
𝟐, and 𝝈𝟐

𝟐 are kept constant at a sample size of 50. Where 

α is the probability weight of the bimodal density, which means how much of the data goes to the 

two respective unimodal distributions for making the bimodality. And the values of the power of 

the Proportional Mass (PM) Test decrease due to a small sample. However, the power of Silverman 

is also looking good compared to the other tests. 

Table 27 records that when both the parameters 𝝁𝟐 and α are increasing, the values of the 

power of the Hartigan Dip test, Excess Mass Test and Silverman are also increasing 5% to 100%, 

4% to 100% and 7% to 100% respectively, at sample size 100 and all other parameters 𝝁𝟏,𝝈𝟏
𝟐, and 

𝝈𝟐
𝟐 are kept constant. Where α is the probability weight of the bimodal density, which means how 

much of the data goes to the two respective unimodal distributions for making bimodality with 

decreasing values of the PM Test for a small sample. Here again, the power of Silverman is also 

looking good. 
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Table 27:  

Comparison of powers for a sample size is 100 when 𝝁𝟐 and α are varying 

Mixture of Two Normal Densities 

Power of Tests for Sample Size 100 

𝝁𝟏 𝝈𝟏
𝟐 𝝁𝟐 𝝈𝟐

𝟐 𝜶 
Hartigan 

Dip Test 

Silverman 

Test 

PM 

Test 

EM  

Test 
MPA 

0 1 1 1 0.25 5.12 7 21 4.1 21 

0 1 2 1.5 0.3 5.02 15 4 4.4 15 

0 1 3 2 0.35 20.78 24 5 16.7 24 

0 1 4 2.5 0.4 97.5 100 6 83.1 100 

0 1 5 3 0.45 100 100 13 99.9 100 

0 1 6 3.5 0.5 100 100 22 100 100 

0 1 7 4 0.55 100 100 34 100 100 

0 1 8 4.5 0.6 100 100 42 100 100 

0 1 9 5 0.65 100 100 13 100 100 

 

Table 28:  

Comparison of powers for a sample size is 200 when 𝝁𝟐 and α are varying 

Mixture of Two Normal Densities 

Power of Tests for Sample Size 200 

𝝁𝟏 𝝈𝟏
𝟐 𝝁𝟐 𝝈𝟐

𝟐 𝜶 
Hartigan 

Dip Test 

Silverman 

Test 
PM Test 

EM  

Test 
MPA 

0 1 1 1 0.25 5.39 12 99.6667 6.1 99.6667 

0 1 2 1.5 0.3 5.4 33 94 3.9 94 

0 1 3 2 0.35 16.62 48 87 21.2 87 

0 1 4 2.5 0.4 83.31 100 94 97.5 100 

0 1 5 3 0.45 99.9 100 97.3333 100 100 

0 1 6 3.5 0.5 100 100 97 100 100 

0 1 7 4 0.55 100 100 98 100 100 

0 1 8 4.5 0.6 100 100 99.3333 100 100 

0 1 9 5 0.65 100 100 99.3333 100 100 

 
Table 28 summarises the values of the power of the Hartigan Dip test, Excess Mass Test 

and Silverman as the 𝝁𝟐 and α are increasing at sample size 200 and all other parameters 𝝁𝟏,𝝈𝟏
𝟐, 

and 𝝈𝟐
𝟐 are kept constant.. But the values of the power Proportional Mass (PM) Test increase almost 

at all the alternatives above 90% to 100% due to the large sample. It is concluded that the Propor-

tional Mass (PM) Test is performing well on a large sample. So here PM test is the most powerful 

test. 
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6. Conclusion 

It is overall concluded that almost all the alternatives and sample sizes Silverman Band-

width test is the most powerful test, except for two cases when the sample size is large i.e.200, that 

the Proportional Mass test is the most powerful test. It is further concluded that the Silverman Test 

is powerful in large samples as well as small samples. But the Proportional Mass test is suitable for 

large samples only. For future directives, practitioners are encouraged to refine our DGP with out-

lier scenarios. Additionally, the performance of these tests can be explored in non-normal distribu-

tions and high-dimensional data. 
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