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ABSTRACT 

As Federer's augmented Latin square design (ALSD) is one of the most important augmented 

designs used in plant breeding programs, this paper aims to introduce an exact analysis for an 

ALSD with a missing check treatment. Namely, the novelty of this present work is evident in 

proposing and defining the augmented incomplete Latin square design (AILSD). In this light, 

the effects of rows, columns, checks, and new treatments were evaluated. All previous known 

studies were limited by focusing on dealing with complete datasets, paying less attention to the 

problem of the presence of a missing value, and this is the gap we are trying to fill here. More-

over, computing the regression sum of squares (RSS) for both full and reduced models was 

essential to figure out the other needed sum of squares. A numerical example and R simulation 

study were carried out to assess the performance of the proposed design. The importance of 

employing R comes from filling the calculation gaps involved in analysing AILSD. 

Keywords: Augmented Design; Experimental Design; Latin Square; Incomplete Latin Square; 
One Missing; Empirical Type I Error 

 

1. INTRODUCTION 

In modern world experiments, the existence of one or more missing observations is familiar 

and common, specifically when the experimental units are related to biological varieties. It is well-

known that many statistical approaches fail in the existence of missing values. This major fail is 

seen in producing bias estimation of treatment effects, resulting in an inflation in the estimate var-

iability. Moreover, the improper handling of missings may reduce the power of testing treatment 
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effects. In Latin square design (LSD), dealing with one missing value was accomplished by apply-

ing an approximate method, and it would be improved by applying a biased adjustment in two 

steps, dealing with missing value analysis. As blocking structure of designs becomes increasingly 

complex and unbalanced, the missing problem gets more and more complicated. We may refer to 

Gokul and Pachamuthu (2025), Ezievuo et al. (2025), Brenda and Oladugba (2024) and Siri-

kasemsuk et al. (2024) as previous existing studies dealing with handling missing observations in 

different designs. 

On the other hand, the ALSD is an unbalanced extension of LSD, where many new treat-

ments are added to both rows and columns, leading to adding more complexity to the addressed 

problem.  

The LSD was originally defined by Fisher (1925), and one may find a wide review and many ex-

amples of LSD in Montgomery (2017) and Ott et al. (2015). In fact, the exact analysis of LSD with 

one missing is studied by Sirikasemsuk (2017). In addition, the construction and analysis of a bal-

anced incomplete Latin square design can be found in Ai et al. (2013) and Mandal and Dash (2017). 

After introducing the augmented design by Federer (1956), many researches focused on developing 

and expanding this concept since then. In this context, Federer (1961) proposed the augmented 

incomplete block design. Also, the augmented row-column design is discussed by Federer and 

Raghavarao (1975) and Federer et al. (1975). Moreover, Federer (2002) suggested an augmented 

resolvable row-column design. Furthermore, Piepho and Williams (2016) defined the augmented 

row-column to include a small number of checks and discussed many cases. Vo-Thanh and Piepho 

(2020) presented a general approach for searching for augmented quasi-sudoku designs using three 

blocking factors for any number of unreplicated varieties and replicated varieties in field trials. 

Likewise, Federer (2002) discussed ALSD, and further, the augmented split plot and augmented 

split block designs have been presented by Federer (2005a) and Federer (2005b). Federer and Wolf-

inger (2003), Federe (2003), and Wolfinger et al. (1997) set forth SAS code for analysing data that 

originally come from augmented designs. We may refer the interested reader to Federer and Crossa 

(2012), Federer and King (2007) and Müller et al. (2010) as good reviews for augmented designs. 

Other recent references can be found in Zhou et al. (2025), Anchang et al. (2025), Williams and 

Piepho (2025), Sandborn et al. (2024). 

Confronting a missing observation in an ALSD leads to dealing with an unbalanced design 

and hence non-orthogonality of the treatments, rows, and columns. In such situations, the experi-

menter can estimate the missing and impute it as a true value, then conduct an approximate analysis. 

But this approach may lead to misspecification and ambiguities, for example, there is a higher 
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chance of rejecting the null hypothesis for a new treatment when it is true, that is, a higher type I 

error. 

Formally speaking, an exact analysis approach to handle missing values based on a design 

with complete data has been less heeded; therefore, we are motivated to fill that gap and develop 

such an approach to facilitate computations as well as to promote a more precise analysis. 

For all the reasons mentioned above, we seek a more precise methodology to analyse AILSD by 

adopting an exact approach. To be more precise, by performing an exact analysis approach, we 

focus on dealing with missing control treatments in ALSD. As stated before, the existence of one 

missing observation leads to non-orthogonality of treatments, rows, and columns, which in turn 

makes the known previous estimates invalid. So, we are handling this issue and computing unbiased 

estimates for the treatments. The new estimates can also be utilised to compute the adjusted sums 

of squares, relying on the well-known full-reduced model approach.  

Again, we assure that the novelty of this research comes from presenting and analysing 

AILSD, which was not handled by any previous studies, and this is a crucial gap to fill. 

In the next section, the numerical data of a Package plant breeding is presented. The pro-

posed method in this study is described in Section 3. In Section 4, the model is identified and the 

notations are introduced. The analytical results are presented in Section 5.  The numerical data and 

simulation examples are coming in section 6. The paper is concluded in section 7.  

2. Data 
 This data was taken from the Package plantbreeding in R (Rosyara and Rosyara, 2012). 

In this experiment, seventy-five cultivars of genotypes were given using ALSD with five blocks 

(rows and columns). Each row and column contains five control (check) treatments and ten geno-

types (new treatments). The data was displayed in Table 2. By missing at least one observation at 

random (MAR) related to a control treatment, the corresponding Latin square design part gets un-

balanced. Thus, the pre-obtained parameter estimation and the sum of squares are not valid any-

more. Usually, the estimated missing value is considered the actual value, and the data is analysed 

as a complete set. However, this is an approximate analysis approach. This is a motivation to de-

velop an exact approach to resolve the missing value problem and compare the inferential results 

of the two approaches. 

 

3. Methodology 

We focus on exact analysis with a missing value of control treatments because a new gen-

otype among an enormous number of these treatments can be discarded at the current stage of 

investigation. Regardless of the new treatments, the design with control treatments is an LSD with 

missing values; so, the approximation approach for analysing the data in ALSD is the same as LSD 
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with a missing value because both are established based on the 𝑆𝑆𝐸  obtained from replicated check 

treatments in the experiment through an LSD. 

By this approach, the estimated value 𝑦𝑞𝑢𝑚𝑟 =
𝑏(𝑦𝑞𝑢..+𝑦𝑞.𝑚.+𝑦𝑞..𝑟)−2𝑦𝑞...

(𝑏−1)(𝑏−2)
 is imputed for the 

true missing observation for the 𝑟th check treatment in 𝑢th row and 𝑚th column. This statistic is a 

newly suggested quantity in the paper, and we evaluate its performance in what follows. 

To assess such an approximation method and as an illustration for motivation, a simple 

simulation study, which we will go over in detail subsequently, has been carried out using the 

approximate approach and the empirical type I error of testing treatment effects for the current 

approximate analysis approach was calculated, given the significance level, α.  

The results for data with one and two missing observations, along with the calculated em-

pirical type I error for the case of a full data set, are presented in Table 1. The coefficient factor 

(CF) is the rate of empirical to nominal type I error. The empirical type I error is deviated upward 

from the nominal α in the approximate approach. That is, utilising the approximate approach in 

LSD with many new genotypes may lead to detecting non-significant new treatments as significant. 

This is a motivation to seek a more precise approach.  

Table 1: 
 Empirical type I error rate for testing treatment effects in ALSD with one missing observation data 

Design Test 𝜶 
Empirical type 

I error rate 

CF for empirical 

type I error rate 

ALSD with parameters 

(𝑟 = 𝑐 = 𝑐ℎ = 5, 𝑛 = 50, 𝑁 = 75) 

Complete 
0.01 0.009819 0.9819 

0.05 0.049723 0.99446 

Approximate 
0.01 0.010626 1.0626 

0.05 0.052467 1.04934 

 

Following, we suggest the exact analysis approach to deal with missing values. In this ap-

proach, we focused on the missing observation of one control treatment and considered the control 

design part as an incomplete Latin square (ILSD). So, we face a disarrangement and incompleteness 

in design and hence non-orthogonality of treatments in blocks (rows and columns) due to not hav-

ing all checks in each row and column. 

Obviously, this influences both control and new treatments estimation and sums of squares. 

That is, the exact analysis is accomplished based on the complete case analysis of the observations 

in an ILSD. For the case of one missing, there is an empty cell in an LSD corresponding to the 

missing control treatment observation in a block.  

 

4. Model and Notations 
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Following Federer (1956), we present the models for ALSD in this section and use them 

throughout the paper. An ALSD can be formed for 𝑏 checks and 𝑛 new treatments in 𝑏 rows and 𝑏 

columns. To construct such an augmented design, a Latin square design with 𝑏 rows and 𝑏 columns 

is used for the 𝑏 check treatments; then, the blocks are expanded to include 𝑛 new units in addition 

to the 𝑏 replicated checks so that each row and column contains 𝑛/𝑏 new genotypes. an analysis 

standpoint, the aim in an augmented design is to assess the effects of new treatments in comparison 

with the checks. 

Evidently, a common measure of experimental error is obtained based on the replication of 

checks in blocks as an LSD in Federer (1956). 

For a  𝑏 × 𝑏 Latin square, consider the statistical model of the ALSD as (Federer (1956)),  

𝑦ℎ𝑖𝑗𝑘𝑔 = 𝜇 + 𝛼𝑖 + 𝛽𝑗 + 𝜏𝑞𝑘 + 𝜏𝑙𝑖𝑗𝑔 + 𝜀ℎ𝑖𝑗𝑘𝑔 , {

𝑖 = 1,2, . . . , 𝑏
𝑗 = 1,2, . . . , 𝑏
𝑘 = 1,2, . . . , 𝑏

𝑔 = 1,2, . . . , 𝑛𝑙𝑖𝑗

                     (1) 

Where ℎ = 𝑙 𝑜𝑟 𝑞 stands for the effects associated with new treatments or checks, respec-

tively, 𝜇 is an overall mean, 𝛼𝑖 is the effect of the 𝑖th row, 𝛽𝑗 is the effect of the 𝑗th column, 𝜏𝑏𝑘 is 

the effect of the 𝑘th check, 𝜏𝑙𝑖𝑗𝑔 is the effect of the 𝑔th new treatment in 𝑖th row and 𝑗th column, and 

𝜀ℎ𝑖𝑗𝑘𝑔 is the random error assumed to have a mean of zero and variance 𝜎𝜀
2. The total number of 

all plots in the blocks (rows and columns) is 𝑁 = v + 𝑏2, where v = ∑ ∑ 𝑛𝑙𝑖𝑗
𝑏
𝑗=1

𝑏
𝑖=1  is the number 

of new treatments, 𝑏 is replications, i.e., check treatments, rows and columns, therefore 𝑒 = v + 𝑏 

is the total number of new and check treatments. The estimate of parameters was obtained by 

Federer (1956).  

The ANOVA Table of the ALSD is given by Federer and Crossa (2012).  

5. Analytical Exact Analysis: Estimation and Sum of Squares 

In this section, the estimation of the parameters in model (1) and corresponding sums of 

squares with one and two missing values are developed for ARCBD through the exact analysis 

approach as suggested above. To estimate the parameters, the normal equations are obtained and 

resolved for each case. The estimates will be used in deriving the adjusted sum of squares for con-

trol and new treatments through the regression sums of squares (RSS) for full and reduced models. 

 

5.1 Missing a check  
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Estimation: To estimate the parameters where 𝑟th check treatment in the 𝑢th row and 𝑚th column is 

missed, we obtain the least squares normal equations (NE), using the constraints ∑ 𝛼̂𝑖 = 0𝑏
𝑖=1  

∑ 𝛽̂𝑗 = 0𝑏
𝑗=1 , ∑ 𝜏̂𝑞𝑘

𝑏
𝑘=1 + ∑ ∑ ∑ 𝜏̂𝑙𝑖𝑗𝑔 = 0

𝑛𝑙𝑖𝑗

𝑔=1
𝑏
𝑗=1

𝑏
𝑖=1 , as 

𝜇: (v + 𝑏2 − 1)𝜇̂ + (𝑏 − 1) ∑ 𝜏̂𝑞𝑘

𝑏

𝑘=1
𝑘≠𝑟

+ (𝑏 − 2)𝜏̂𝑞𝑟 + ∑ ∑ 𝑛𝑙𝑖𝑗

𝑏

𝑗=1

𝛼̂𝑖

𝑏

𝑖=1

− 𝛼̂𝑢 + ∑ ∑ 𝑛𝑙𝑖𝑗

𝑏

𝑖=1

𝛽̂𝑗

𝑏

𝑗=1

− 𝛽̂𝑚

= 𝑦...., 

𝛼𝑢: (𝑏 + ∑ 𝑛𝑙𝑢𝑗

𝑏

𝑗=1

− 1)(𝜇̂ + 𝛼̂𝑢) + ∑ 𝜏̂𝑞𝑘

𝑏

𝑘=1
𝑘≠𝑟

+ ∑ ∑ 𝜏̂𝑙𝑢𝑗𝑔 + ∑ 𝑛𝑙𝑢𝑗𝛽̂𝑗

𝑏

𝑗=1

− 𝛽̂𝑚 = 𝑦.𝑢..

𝑛𝑙𝑢𝑗

𝑔=1

𝑏

𝑗=1

, 

𝛽𝑚: (𝑏 + ∑ 𝑛𝑙𝑖𝑚

𝑏

𝑖=1

− 1)(𝜇̂ + 𝛽̂𝑚) + ∑ 𝜏̂𝑞𝑘

𝑏

𝑘=1
𝑘≠𝑟

+ ∑ ∑ 𝜏̂𝑙𝑖𝑚𝑔

𝑛𝑙𝑖𝑚

𝑔=1

+ ∑ 𝑛𝑙𝑖𝑚𝛼̂𝑖

𝑏

𝑖=1

− 𝛼̂𝑢 = 𝑦..𝑚.

𝑏

𝑖=1

, 

𝜏𝑏𝑟: (𝑏 − 1)(𝜇̂ + 𝜏̂𝑞𝑟) + ∑ 𝛼̂𝑖

𝑏

𝑖=1
𝑖≠𝑢

+ ∑ 𝛽̂𝑗 = 𝑦𝑞..𝑟

𝑏

𝑗=1
𝑗≠𝑚

, 

𝜏𝑙𝑢𝑚𝑔: 𝜇̂ + 𝛼̂𝑢 + 𝛽̂𝑚 + 𝜏̂𝑙𝑢𝑚𝑔 = 𝑦𝑙𝑢𝑚𝑔 , 

By solving the above NE, the estimates of the parameters in model (1) are  

𝜇̂ =
1

(𝑣+𝑏)
(𝑦.... −

(𝑏−1)

𝑏
∑ 𝑦𝑏..𝑘 −

(𝑏−2)

(𝑏−1)
𝑦𝑏..𝑟 +

𝛼̂𝑢

𝑏−1
+

𝛽̂𝑚

𝑏−1

𝑏
𝑘=1
𝑘≠𝑟

),                                                                                                                            

𝛼̂𝑢 =
1

𝑏(𝑏−2)
((𝑏 − 1)𝑦𝑏𝑢.. + 𝑦𝑏.𝑚. − ∑ 𝑦𝑏..𝑘

𝑏
𝑘=1
𝑘≠𝑟

), 𝛼̂𝑖 =
1

𝑏
(𝑦𝑏𝑖.. − ∑ 𝑦̄𝑏..𝑘

𝑏
𝑘=1 ) =

1

𝑏
𝑦𝑏𝑖.. − 𝜇̂𝑏 , 𝑖 ≠

𝑢, 

𝛽̂𝑚 =
1

𝑏(𝑏−2)
((𝑏 − 1)𝑦𝑏.𝑚. + 𝑦𝑏𝑢.. − ∑ 𝑦𝑏..𝑘

𝑏
𝑘=1
𝑘≠𝑟

), 𝛽̂𝑗 =
1

𝑏
(𝑦𝑏.𝑗. − ∑ 𝑦̄𝑏..𝑘

𝑏
𝑘=1 ) =

1

𝑏
𝑦𝑏.𝑗. − 𝜇̂𝑏 , 𝑗 ≠

𝑚, 

𝜏̂𝑏𝑟 =
𝑦𝑏..𝑟+𝛼̂𝑢+𝛽̂𝑚

𝑏−1
− 𝜇̂, 𝜏̂𝑏𝑘 =

𝑦𝑏..𝑘

𝑏
− 𝜇̂, 𝑘 = 1,2, . . . , 𝑏, 𝑘 ≠ 𝑟, 

𝜏̂𝑙𝑖𝑗𝑔 = 𝑦𝑙𝑖𝑗𝑔 − 𝛼̂𝑖 − 𝛽̂𝑗 − 𝜇̂, 𝑖, 𝑗 = 1,2, . . . , 𝑏, 𝑔 = 1,2, . . . , 𝑛𝑙𝑖𝑗, 𝑖 ≠ 𝑢, 𝑗 ≠ 𝑚, 

Where 𝜇̂𝑏 =
(𝑏−3)𝑦𝑏...+𝑦𝑏𝑢..+𝑦𝑏.𝑚.+𝑦𝑏..𝑟

𝑏(𝑏−1)(𝑏−2)
.                                                                                        

 Here, we point out that in Federer (1956), all estimations were made for a model with a 

full dataset, whereas the above equations are all computed in the presence of a missing value, and 

these are new estimates we derived. 
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 In the same manner as above, we obtain the estimates of the parameters of the reduced 

treatment- and block-models, obtained by deleting the block and treatment effects from model (1), 

respectively. 

Regression Sum of Squares: Now, in this section, the RSSs in models (1) are calculated based on 

the exact estimates of parameters with a missing check value obtained as in the above section. The 

RSS of full model (1), say 𝑅(𝜇, 𝛼, 𝛽, 𝜏) is 

𝑅(𝜇, 𝛼, 𝛽, 𝜏) = 𝑆𝑆𝑇𝑟(unadj.) +
𝑦....

2

𝑁
+

1

𝑏
(∑ 𝑦𝑞𝑖..

2𝑏
𝑖=1,𝑖≠𝑢 + ∑ 𝑦𝑞.𝑗.

2𝑏
𝑗=1,𝑗≠𝑚 ) − 𝜇̂𝑏(2𝑦𝑞... − 𝑦𝑞𝑢.. −

𝑦𝑞.𝑚.) + 𝑃            (2) 

Where  𝑃 =
((𝑏−1)𝑦𝑞𝑢..+𝑦𝑞.𝑚.+𝑦𝑞..𝑟−𝑦𝑞...)(𝑦𝑞𝑢..+

𝑦𝑞..𝑟

𝑏−1
)+((𝑏−1)𝑦𝑞.𝑚.+𝑦𝑞𝑢..+𝑦𝑞..𝑟−𝑦𝑞...)(𝑦𝑞.𝑚.+

𝑦𝑞..𝑟

𝑏−1
)

𝑏(𝑏−2)
.                                       

 Similarly, the RSSs of the reduced row, 𝑅(𝜇, 𝛽, 𝜏), -column, 𝑅(𝜇, 𝛼, 𝜏), and -treatment, 

𝑅(𝜇, 𝛼, 𝛽), effect models were also derived.  

 The following theorem establishes the RSSs for ALSD with a missing observation of the 

control treatment. 

 The simple form of the 𝑆𝑆𝑇𝑟(adjusted) in (5) is 𝑅(𝜏|𝜇, 𝛼, 𝛽) = 𝑅(𝜇, 𝛼, 𝛽, 𝜏) − 𝑅(𝜇, 𝛼, 𝛽) 

obtained by some simplification of subtraction. Totally, the sums of squares in ARCBD with one 

missing control value are 

𝑆𝑆𝑅𝑜𝑤(adj.) =
1

𝑏
(∑ 𝑦𝑞𝑖..

2𝑏
𝑖=1,𝑖≠𝑢 ) − 𝜇̂𝑞(𝑦𝑞... − 𝑦𝑞𝑢..) +

((𝑏−1)𝑦𝑞𝑢..+𝑦𝑞.𝑚.+𝑦𝑞..𝑟−𝑦𝑞...)((𝑏−1)𝑦𝑞𝑢..+𝑦𝑞.𝑚.+
𝑏

𝑏−1
𝑦𝑞..𝑟)

𝑏(𝑏−1)(𝑏−2)
,                  (3) 

𝑆𝑆𝐶𝑜𝑙(adj.) =
1

𝑏
(∑ 𝑦𝑞.𝑗.

2𝑏
𝑗=1,𝑗≠𝑢 ) − 𝜇̂𝑞(𝑦𝑞... − 𝑦𝑞.𝑚.) +

((𝑏−1)𝑦𝑞.𝑚.+𝑦𝑞𝑢..+𝑦𝑞..𝑟−𝑦𝑞…)((𝑏−1)𝑦𝑞.𝑚.+𝑦𝑞𝑢..+
𝑏

𝑏−1
𝑦𝑞..𝑟)

𝑏(𝑏−1)(𝑏−2)
                 (4) 

𝑆𝑆𝑇𝑟(adj.) = 𝑆𝑆𝑇𝑟(unadj.) − 𝑆𝑆𝑅𝑜𝑤(unadj.) − 𝑆𝑆𝐶𝑜𝑙(unadj.) −
𝑦….

2

𝑁
+

1

𝑏
(∑ 𝑦𝑞𝑖..

2𝑏
𝑖=1,𝑖≠𝑢 +

∑ 𝑦𝑞.𝑗.
2𝑏

𝑗=1,𝑗≠𝑚 )      (5) 

where  𝑃 =
((𝑏−1)𝑦𝑞𝑢..+𝑦𝑞.𝑚.+𝑦𝑞..𝑟−𝑦𝑞...)(𝑦𝑞𝑢..+

𝑦𝑞..𝑟

𝑏−1
)+((𝑏−1)𝑦𝑞.𝑚.+𝑦𝑞𝑢..+𝑦𝑞..𝑟−𝑦𝑞...)(𝑦𝑞.𝑚.+

𝑦𝑞..𝑟

𝑏−1
)

𝑏(𝑏−2)
 , 

𝑄 =
(𝑦.𝑢..+𝑦..𝑚.+(𝑏+𝑛−2)𝑦....)𝜇̂𝑁𝑇

𝑏+𝑛−2
−

(𝑦.𝑢..
2 +𝑦..𝑚.

2 )+2(𝑏+𝑛−1)𝑦.𝑢..𝑦..𝑚.

(𝑏+𝑛)(𝑏+𝑛−1)(𝑏+𝑛−2)
, 

 𝑆𝑆𝑅𝑜𝑤(unadj.), 𝑆𝑆𝐶𝑜𝑙(unadj.)and 𝑆𝑆𝑇𝑟(unadj.) are given in Federer (1956).  
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6. Numerical Data and Simulation Illustration 

In this section, we numerically assess the performance of the proposed exact analysis ap-

proach by a numerical data example obtained from an ALSD. A simulation study is also accom-

plished for evaluation. The MSE is used to assess the efficiency of the approach. 

The data for this example were taken from Package plantbreeding in R by Rosyara and 

Rosyara (2012). Five hypothetical check treatments named 𝐴, 𝐵, 𝐶, 𝐷, and 𝐸, and 50 hypothetical 

new treatments, denoted by 1,2, . . . ,50, are arranged in an ALSD with 5 rows and 5 columns. The 

data is given in Table 2. We deleted a check, B, in the third row and fourth column at random. 

Table 2: 
Data for ALSD (observation values in rows and columns) 

Row

s 

Columns 

1 2 3 4 5 

1 

C 19 37 44 8 A 25 B 35 E 2 26 10 D 24 

2.1

0 

2.6

9 

4.5

6 

7.3

6 

4.0

3 

2.8

8 

3.6

7 

3.8

9 

6.6

1 

4.3

0 

3.8

0 

3.2

0 

5.4

5 

4.4

5 

4.2

0 

2 

46 12 E 39 C 4 A 16 11 27 D 28 5 45 B 

4.2

6 

3.3

9 

1.0

2 

4.1

0 

2.9

5 

3.1

8 

4.4

2 

3.6

8 

5.2

2 

8.0

8 

9.9

5 

3.2

3 

6.7

0 

4.6

5 

5.9

0 

3 

34 D 21 15 1 E C 42 36 7 B 32 20 38 A 

2.1
7 

9.0
6 

2.4
9 

3.2
4 

3.2
9 

6.6
9 

2.5
7 

1.8
7 

3.4
0 

5.3
0 

5.5
2 

6.9
4 

6.0
0 

7.1
5 

4.6
0 

4 

17 B 6 D 13 31 E 30 9 22 A 41 C 49 33 

4.2

8 

5.3

8 

3.6

0 

8.5

3 

2.8

6 

2.9

6 

7.8

4 

3.9

0 

3.9

8 

5.1

3 

5.8

2 

4.7

7 

3.5

0 

7.2

0 

4.0

5 

5 

A 23 43 18 48 B 47 D 29 3 50 C 40 E 14 

2.7

0 

4.6

6 

6.6

5 

2.8

4 

5.4

7 

5.1

6 

6.6

8 

7.8

4 

2.5

7 

9.5

6 

5.5

7 

3.2

0 

6.5

5 

4.5

0 

6.4

5 

 

The parameters have been estimated and the sums of squares were calculated based on the 

exact missing method and the corresponding ANOVA is presented in Table 3. The treatment effect 

is not significant, which is consistent with the complete data in ALSD given in ANOVA Table 4, 

both with the same 𝑝 − 𝑣𝑎𝑙𝑢𝑒 = 0.13. Moreover, the 𝑀𝑆𝐸 relative efficiency of the exact missing 

method in comparison to the 𝑀𝑆𝐸 of the complete data is 0.97, which demonstrates the perfect 

performance of the proposed method in estimating the error variance, unbiasedly. 
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Table 3: 
ANOVA (A) for the AILSD experiment 

Sources of variation df SS MS F-value p-value 

Rows (unadjusted) 4 10.55 2.64 -- -- 

Columns (unadjusted) 4 30.48 7.17   

Treatments (adjusted) 54 209.12 3.87 1.89 0.13 

Checks (adjusted) 4 72.44 18.11 8.85 0.00 

New and new vs. check 50 136.68 2.73 1.34 0.31 

Error 11 22.51 2.05 -- -- 

Total 73 272.66 -- -- -- 

 

 

Table 4: 
ANOVA for the ALSD experiment with full data set 

Sources of variation df SS MS F-value p-value 

Rows (unadjusted) 4 10.36 2.59 -- -- 

Columns (unadjusted) 4 31.02 7.76 -- -- 

Treatments (adjusted) 54 206.54 3.82 1.81 0.13 

Error 12 25.30 2.11 -- -- 

 

7. Comparison illustration 

 The performance of the proposed exact approach in analysing data is evaluated by a 

simulation study. In this study, we calculate the empirical type I error and the power of the test for 

treatment effect at a given nominal significance level. These are calculated for the exact, approxi-

mate missing analysis approaches in ALSD data and compared with that calculated for the full data 

set. The simulation study was carried out for the given number of treatments and blocks, which are 

already presented in various existing examples (e.g., Federer and Crossa (2012); Rosyara and 

Rosyara (2012)). The data are first generated from the corresponding normal distribution. Then, by 

assuming nominal significant levels of 0.05 and 0.01, we used the MC method to calculate the 

empirical type I error and the power of the test for treatment effects. The simulations for the exact, 

approximate and full data analysis were replicated 10000 times. 

 The simulated type I error for approaches as well as full data analysis issummarised in 

Table 5. The calculated empirical type I error differs from the nominal significance level for the 

approaches; however, the deviance for full data analysis is negligible and is almost consistent with 

the exact approach. The approximate approach exposes the highest deviation, where the empirical 

type I error is inflated. This means that the treatments may erroneously be considered significant. 

To see the deviation more precisely, the coefficient factor (CF) was defined as                                                

𝐶𝐹 = 𝐸𝑚𝑝𝑖𝑟𝑖𝑐𝑎𝑙 𝑡𝑦𝑝𝑒 𝐼 𝑒𝑟𝑟𝑜𝑟/𝑛𝑜𝑚𝑖𝑛𝑎𝑙 𝛼 − 𝑙𝑒𝑣𝑒𝑙 and are given in the last columns of Table 5. 
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Table 5: 
Empirical type I error rate for ARCBD with parameters (r, c, ch, n, N) 

(𝒓, 𝒄, 𝒄𝒉, 𝒏, 𝑵)  (5, 5, 5, 50, 75) 

Approach 𝜶 Empirical 𝜶 CF 

Exact 
0.01 0.009962 1.003814495 

0.05 0.049784 1.004338743 

Full 
0.01 0.009819 1.018433649 

0.05 0.049723 1.005570863 

Approximate 
0.01 0.010626 0.941087898 

0.05 0.052467 0.952979968 

 

 In this study, the power of the test for testing the treatment effects through the ANOVA 

was calculated for exact and approximate missing analyses as well as for full data. The results are 

given in Table 5 for ALSD with (𝑟, 𝑐, 𝑐ℎ, 𝑛, 𝑁) = (5, 5, 5, 50, 75), for a different set of check 

means, (𝜇1, 𝜇2 , 𝜇3, 𝜇4, 𝜇5). In order to compare the exact and approximate approaches' perfor-

mance, the power of the test in Table 6 is displayed in Figure 1, with that of full data, without loss 

of generality, the powers were plotted in an ascending order.  Evidently, the power of the test with 

Full data is higher than the power with a missing value; however, the exact approach performs 

better than the approximate in testing the treatment effects. 

Table 6: 

Simulation results for ALSD (one missing value) with parameters (𝑟, 𝑐, 𝑐ℎ, 𝑛, 𝑁) for Check treatment means 
(𝜇1, 𝜇2, 𝜇3, 𝜇4, 𝜇5) and different values of new treatments 

 

(𝜇1, 𝜇2 , 𝜇3 , 𝜇4) 

𝜸 
Approach 𝜶 

Empirical power 

(2,3,3,3
,4) 
1 

(1,3,3,3
,4) 
2 

(3,3,3,4
,4) 
3 

(4,3,3,4
,4) 
4 

(2,3,4,4
,5) 
5 

(3,4,4,5,5) 
6 

(4,4,5,5
,6) 
7 

(0,2,4,6
,8) 
8 

(𝑟, 𝑐, 𝑐ℎ, 𝑛, 𝑁)
= (5, 5, 5,50, 75) 

 

New treatments: 
(𝜇𝑖 = 0, 𝜇𝑗 = 1, 𝜇𝑘 =

2, 𝜇𝑢 = 3, 𝜇𝑠 = 4) 

𝑖, 𝑗, 𝑘, 𝑢, 𝑠 = 1, . . . ,10 

Exact  
0.01 0.4115 0.4442 0.4726 0.5194 0.5818 0.6944 0.8177 0.9586 

0.05 0.7621 0.7957 0.8161 0.8461 0.8935 0.9413 0.9809 1.0000 

Complete 
0.01 0.4831 0.5136 0.5440 0.5885 0.6745 0.7833 0.8966 1.0000 

0.05 0.8133 0.8405 0.8572 0.8848 0.9290 0.9670 0.9962 1.0000 

Approximate 
0.01 0.4014 0.4310 0.4564 0.4958 0.5727 0.6697 0.7880 0.9158 

0.05 0.7354 0.7671 0.7855 0.8092 0.8618 0.9003 0.9373 0.9520 
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Figure 1: Power of test for ARCBD with one missing value of checks (Row=5, Column=5, Check= 5, New 
Treatment=50, N=75) 

8. Conclusion 

 This study was conducted in order to improve the analysis of data in augmented Latin 

square designs with a missing value. A missing value might be dealt with using an existing approx-

imation method; however, this would result in precision loss, as well as a higher probability of 

rejecting non-significant treatments. Therefore, we sought to find an exact approach to dealing with 

the missing value in augmented Latin square designs, because there are no treatment effect esti-

mates or sums of squares for the checks and new treatments available. The exact approach to deal-

ing with missing values in the study proposed revealed that the details in the ANOVA table for 

check and new treatments are more precise than what one could obtain using the approximate 

method or even using the augmented incomplete Latin square designs analysis obtained by ignoring 

the missing values, which has been programmed in R. In fact, using the R program to analyse the 

set of data in ALSD with missing values as an AILSD considers the check with missing value as a 

new treatment; this may increase the type I error, which misleads in determining the null new treat-

ments as significant. The exact approach provides more powerful results than the approximate 

method in testing treatment effects. In addition, in the case of a large sample size, the power of the 

test is similar to the power of the test without missing data. 

Finally, we mention that the proposed methodology in this paper has limitations consider-

ing dealing with small sample sizes, and this fact is directly linked to the significant impact of the 

sample size on experimental designs in general. So, as future research, we consider improving our 

method to deal with small sample sizes, which may be solved by assuming that the sample is large 
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but involves many missing. Another limitation is related to the deviation from the normality as-

sumption of the underlying model, and future research is needed to see how this specific deviation 

might have affected our results. 
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