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ABSTRACT

In this paper, we introduce a new three-parameter distribution, the New Exponentiated Burr Type 111 distribution (NEBIII), which
is a member of the Generalized (G)-family of continuous distributions. The mathematical features that are derived include the mode,
actuarial measures, order statistics, the analytical forms of the density and hazard functions, and explicit formulations for the moment
generating function (MGF). The Maximum Likelihood Estimation (MLE) approach is used to estimate the model parameters. A
simulated research with different sample sizes is used to evaluate the estimation's efficacy. The versatility and adaptability of the
proposed distribution family are demonstrated on four real-world data sets. Additionally, we examine a Mixture of the Exponential
and Exponentiated Burr Type |11 Distributions, identifying various mathematical characteristics and demonstrating their application
to actual data.

Keywords: NEBIII; MEBE; MLE

1. Introduction

Medical statistics, agricultural statistics, mathematics statistics, reliability analysis, survival analysis, biostatistics, and com-
putational statistics have grown in importance, actuarial statistics has also become more important in statistical study. Real-
world phenomena can be predicted and described with the help of statistical distributions. One of the most important statis-
tics problems is deciding which probability distribution should be used to conclude the actual data being studied. Lifetime
data can be modeled using a variety of probability models, including exponential, Weibull, Burr XII, Burr 111, beta, gamma,
log-logistic, and others. Moreover, these conventional models are often inadequate for modeling lifetime data, as noted by
[1], highlighting the need for updated versions of existing distributions, as proposed by [2]. Due to their effectiveness in
capturing asymmetric and complex random events, these models offer new opportunities for both theoretical and practical
researchers to tackle real-world challenges, as discussed by [3].

The statistical literature is full of examples of exponentiated models and their effective use in a variety of applied sciences.
The exponentiated-G (Exp-G) class, is also one of the most used generalization methods by [4]. Many researchers use
mixture distributions extensively for application, survey estimates, and discussion. Using various methods, several statisti-
cians recently created new, more adaptable Mixture models. In certain cases, the inverse Weibull mixing model with nega-
tive weight can be used to represent a system's output, as stated in [5]. As explained in [6], the mixture model of two inverse
Weibull distributions was analyzed in terms of hazard rate and graphical representation. Furthermore, [7] looked at the
hazard rate, graphs, and statistical properties of a combination of three inverse Weibull distributions.

2. Literature Review
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The Burr-l11 distribution has been extended in recent research to increase its adaptability and usefulness in lifetime data

analysis. A three-parameter extended Burr-I11 distribution was presented by [8], who also looked at its reliability and statis-

tical characteristics. In addition to empirical applications to real datasets, their study includes Monte Carlo simulations to
evaluate parameter estimates under various scenarios. The suggested model showed better fit than prior Burr-111 extensions.

By incorporating various hazard rate shapes and distributional properties, [9] improved the effectiveness of modeling com-

plicated real-world datasets using a modified Burr-111 Odds Ratio—G distribution. Similarly, using the logit of the Burr-1lI

random variable, [10] suggest a new family of distributions known as the odd Burr-111 family of distributions. [11] intro-
duced two new distributions: the odd Burr I11-G power series (OBIII-GPS) class of distributions (CoDs) and its subclass,
the odd Burr 111-Weibull power series (OBIII-WPS). Applications of the Burr 111-Weibull quantile function in reliability
analysis were presented by [12]. The Modified Burr-111 Distribution Properties, Estimation, Simulation, with Application
on Real Data was introduced by [13]. All together, these contributions show how the Burr-111 family is being generalised to
give statisticians more flexible tools for reliability analysis and real-data applications.

3. Objectives of the study

The following four main goals are the focus of this study.

1. Presenting the exponentiated-G (E-G) family-based Burr—II1 (B-I11) distribution in a more adaptable four-parameter
form. The New Burr I11 Distribution with Mixture of Extended Distribution (NEB-I11) is the name of the suggested
model. Explicit representations of certain of the (NEB-I11) distribution's dependability and statistical characteristics
are obtained. The (B-I11) model is a specific instance of this distribution.

2. Using the survival mixture approach, a mixture of the NEB-I11 distribution known as the Mixture of Extended
Burr-111 (MEB-I11) distribution is proposed. The (MEB-I1I1) distribution has a hazard rate shape that decreases.

This study covers the use of traditional estimation methods, such as MLE and log-likelihood, to estimate the pa-

rameters of the NEB-111 model. The effectiveness of various estimators is assessed and contrasted using the simu-

lation data in order to identify the optimal method for parameter estimation.

3. The empirical significance of the NEB-I11 and MEB-I111 distributions is investigated using two real-world data
sets. In modelling data, the two introduced models outperform other competing continuous distributions.

There are seven sections in the paper. The new NEB-I11 distribution is presented in Section 2, and its features are derived

in Section 3. We describe the NEB-I11 distribution’s mixture in Section 4. The effectiveness of two methods for calcu-

lating the NEB-I111 parameters is evaluated using simulation data in Section 5. The potential and importance of the new

distributions are illustrated in Section 6 by applying them to two real-world data sets. The estimation of NEB-III and

MEB-III under the CSALT model is also examined in this part, and the results are verified using real data. Lastly, some

closing thoughts are given in Section 7.

4. Motivation of the Study

In life span and reliability modelling, the classical Burr-111 (BIII) and Burr-XII (BXII) families are well-established base-
lines because of their tractable forms and ability to reflect hefty tails. Their typical low-dimensional parameterizations,
however, restrict the variety of shapes they may depict: BIll and BXII are unable to separately adjust skewness and tail
behavior, and they frequently generate monotone hazard functions. Consequently, these models might offer a less ideal fit
for empirical data with non-monotonic hazard rates (such as bathtub or unimodal shapes), significant skewness, or kurtosis
that exceeds the capacity of two-parameter models.
In order to overcome these constraints, the suggested three-parameter extended Burr-I11 distribution offers more shape con-
trol while maintaining closed-form representations of its essential characteristics. A wider range of density and hazard rate
behaviors, including non-monotonic forms, are made possible by this addition without adding undue complexity. In addi-
tion, the model routinely yields better goodness-of-fit findings than BIlI, BXII, EBXII, and OBIIILx and performs depend-
ably under maximum likelihood estimation. These benefits show that it has the potential to be a more flexible and successful
substitute for modelling intricate lifetime and reliability data.

The strengths of the proposed model — expanded shape flexibility, maintainable analytic tractability, and regular inferential

behavior — explain why it can outperform BIlI, BXII, EBXII, and OBIIILx in practice. These theoretical arguments are

corroborated by the simulation results and empirical comparisons reported in Sections 6, Simulation study of the NEBIII
distribution, and 7.1 Applications of the NEBIII distribution, where the proposed model consistently attains lower AIC/BIC

‘ ! © SCOPUA Journal of Applied Statistical Research (JASR)- ISSN(e): 3104-4794 published by SCOPUA



values, superior goodness-of-fit statistics, and more stable parameter estimates across a range of sample sizes and data
scenarios.
5. Development of the Exponentiated Burr Type 111 (NEB-I11) Distribution

Several types of cumulative distribution functions for data fitting were suggested in [14]. The Burr distribution system has
two common models, the Burr XI1 (BXII) and Blll. The Burr Type Il distribution, also known as the inverse Burr distri-
bution or the Dagum type distribution, is commonly used with type XII in statistical modelling. Thus, it cannot be used to
represent lifespan data with a bathtub-shaped hazard function, such as degradation and human mortality, because the shape
parameter is essential for determining the hazard rate of the BIII distribution, which may be unimodal as well as decreasing.
Numerous generalisations have been proposed to expand the use of the BIII distribution due to its extreme flexibility. The
Exponentiated (EBIII) distribution extends the BIll model by adding a second shape parameter. Extending Burr-type models
with an exponentiated transformation to increase skewness and hazard shape flexibility provides the theoretical motivation.
The EBIII distribution's cumulative distribution function (CDF) is provided as follows,

G(x) =(1+x"b)= (1)
where , b, x > 0.
In this section, we suggest a novel addition to the NEBIII model that will increase its adaptability to modeling different
kinds of data in a range of domains. Using the extended CDF supplied by [15], the New Extended Burr-111 distribution is
created. In addition to being used to enlarge the Topp-Leone family of distributions by [16] and the Kumaraswamy family
by [17], this technique was initially employed to develop the Beta generator of distributions.
The NEB-I111 distribution's PDF and CDF are as follows.

F(x) = e—[klog(x‘b+1)]9, x>0, 2)
We assume k = af to avoid the identifiable problem, and k > 0, is the scale parameter and b, 6 > 0 are shape parameters.
The pdf of NEBIII is obtained from (4), as

£ = 155 Hlog(1 -+ x~6))¢ e lelogte ), ®

The cumulative hazard rate function (Hrf), hazard rate function (hrf), inverted hazard rate function (rf), and survival function
(SF) are as follows:

S(x) =1-— e—[klog(x_b+1)]9 , (4)

bo k9[]og(x—b_l_l)]e—le_[klog(x—b+1)]9

x(1+xb) 1_6—[k10g(x_b+1)]9

h(x) = : Q)

AL [log(x~ b+1)] e‘[klog(x_bﬂ)]e

')"(X) x(xb+1) (6)

o-lkl0g(x=D+1)]°

H(x) = —log(1 — eIk lozc9’("_b+1)]6). (7)
5.1 The PDF and hrf shapes
We plotted hrf and PDF for the NEB-I11 distribution with various parameter values to investigate the different distributional
behaviors and geometries.
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Figure 1: The PDF plot of the NEBIII distribution.
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Figure 2: NEBIII distribution’s hrf representation.
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Figure 3: Visualizations of the NEBIII distribution using CDF and SF.

This family can produce a variety of density forms, such as left-skewed, right-skewed, symmetric, decreasing, increasing,
and decreasing-increasing-decreasing patterns, as can be seen from the plots in Figures 1 and 2. Hrf shapes include bath-
tub, upside-down bathtub, J-shaped, and reverse J-shaped forms. The CDF is a non-decreasing function, while the SF is a

decreasing function, as shown in Figure 3.
6 Properties of the NEB-III Distribution

The Quantile Function, Analytical Shape of Density, Analytical Shape of Hazard Rate, Mode, MGF, Rth moments, Mean
Deviation from the Mean, Bonferroni Curve, Lorenz Curve, Zenga Index, Atkinson Index, Pietra Index, order statistics, and

generalised entropy are among the mathematical properties of NEBIII that we were able to obtain.

6.1 Quantile Function

4
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The quantile function (gf) is important to understand the median and other positional metrics. Furthermore, one essential
tool for producing random variates is qf. After inverting equation (4), the gf can be obtained as follows

-1
b

Xq =[ [xtostan]” _ 1] . )

6.2 Analytical shape of density
It is feasible to describe the density forms analytically. The analytical shape of density is obtained by using (3),

logf (x) = log [(bke) —log (x(1+ ")) — (klog(x™ + 1))9 + (6 — Dlog (k — log(x~? + 1))],

“ 2

Taking derivation w.r.t

—alogf(x) [l g(bk6) — log[x(1 + xb)] (klog(x‘b + 1)) + (8 — Dlog(klog(x~" + 1))]
bkx~P-19 (klog(x‘b + 1)) cx~ P16 - 1) 1+x”+bx"
xb +1 (1 +xPlog(1+x72)) x(1+xP)

6.3 Analytical shape of hazard rate
It is feasible to describe the hazard rate forms analytically. The analytical shape of the hazard rate is obtained by using (4),

logh(x) = log [(bk@) + (8 — Dlog[klog(x~? + 1)] — log [eklog(“x_b)g - 1] x(1+ xb)],

G‘ 2

Taking derwatlon w.r.t

dlogh(x) x™P7H(6 - 1) Klog(1+x~?))8 Klog(1+x~))°
ox  (1+ x—b)log(l +x70) [b (e( : ) )] o |olie V-1 ()

loe(14x-b))" . _ _o\\0-1

~ be(k og(1+x7)) kx7P(1+x2)0 (klog(l +x b)) Ke(klog(1+x‘b))9 B 1) (14 xb)] o
1+x7b '

6.4 Expansions and approximations

Some distributional characteristics can be more efficiently computed by utilizing the series representation of a PDF. The

following finding examines this factor for the exponentiated PDF of the NEBIII distribution. (x) can be stated as

Zgo, ¥ (x;b,k,0),

where,

[—k log (1+x° )THH
b+1 (1+ X b) !

Y (x;b,k,0)=
By applying the exponential series expansion, we obtain,
boke 1) [—k log (l+ X )T_l
b+l (l+ X~ ) !
_1) [—k log (1+ o )Tiw&

. b+1(1+x )

igpﬁl’(x;b,k,&)

f(x)=

c@ki(

(6)
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6.5 The Moment generating function of the NEBI11 distribution
By using (3), we have the moment generating function of the NEBIII distribution as,

_[_klog(1+x*“)f [ o0t
0\ T bk&e —k log (1+ X )]
Mx(t)_E(e )_,!.e Xb+1(1+x—b) dx.

By utilizing a weight function w; and Gamma function (-), we can further simplify the expression of E (etX ) as follows,

E(etx):gvil“(enﬁ)

Caa N

6.6 The NEBIII distribution’s " moment
The r'™ moments expression for NEBIII is given by using (3), as

Where, the series v; is defined as,

1

o wokge | ) [klog(1+x*)]"
(X )_.!. Xb+1(1+x—b)

dx,

Finally, we have, Utilising a weight function w; and the Gamma function (-), we can further simplify the expression of m.
as follows,

m =

r

™

Il
o

wI(6i+6), (7

» (~1 i+ r .\ —(6i+6)
wi=ez()—b(,~b]w , ®)

i !

where the series wi is defined as,

and ¢ > ois a real number.

The first moment of the series (X) is obtained as:
Using eq (7) and eq (8), put r=1 then we get the first raw of NEBIII is define as

E(X)=u=2 0m . ()
i-0

6.7 rth incomplete moment
It is possible to represent and approximate the rth incomplete moment as

m, (t)=E(X st):j'xrf(x)dx:Z:;goij.x“}’(x;b,k,é?)dx,

By describing this incomplete moment in terms of an incomplete Gamma function (-) and a weight function (t), it can be
further simplified,

m, (t)zivvi(t)y(ﬁne,% j (10)

i=0
Where, the series wi and y are defined as,
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OO (_1)”]% T ] —(6i+0) )
W= ———| b= ,y=—klog(1+x7"),
6.8 Mean deviation from the NEBIII distribution mean

The sum of the departures from the mean is a measure of the degree of scatter in the population. The following defines the

mean deviation from the mean:

5, (%) = 2[/1F(/1)+.:[Xf (x)dx]

Using the eq (2) and eq (10), mean deviation from mean is written as,
5,(x) = Z{ﬂe_[_klog(lﬂlb):l —-W, (t)y(@i + 6’,%yﬂ . (11)

6.9 The Lorenz curve of the NEBIII distribution

A measure was proposed in [18]. The graph of the ratio against F(x) with the characteristics L(p) < p, L(0) =0, and L(1) =
1 is referred to as the Lorenz curve for a positive random variable X. L(p) is the percentage of total income that goes to
those with the 100% lowest earnings, assuming X is the annual income. L (p) = p for all p if everyone makes the same
amount of money. One way to think of the area between the Lorenz curve and the line L (p) = p is as a measure of income
inequality, or more broadly, of X's variability. For the NEBIII distribution, it is widely recognized that the Lorenz curve is
defined by,

17 1& ) i j
L=—|xf(x)dx=—) w(t 0i+0,~vy | 12
L[ (0=2 3w (07 aivo.] @)

6.10 The Bonferroni Curve of the NEBI I Distribution
A measure of income inequality based on partial means was intended by [19], which is preferable when the existence of
units with incomes much lower than others is the primary cause of income inequality. The relationship can be used to
calculate the Bonferroni Curve, Using (12) and (2), we get,
L 1 = . ]
B )~ T 2. (t)y(eu +0,) )

He
6.11 The Zenga Index of the NEBIII distribution
The following income inequality indicator was first presented by [20].

z=1-£c (13)
Hy
Using Eq (2) and Eq (10) we obtain,

o= 3] )ixf (X)dxzmgw (t)y[9i+0,% j

" define as :Fl(x)(ﬂ_i)(f(x)dx): L (ﬂ—gm(t)y(ﬁwe,% D

1_ e—[—k Iog(1+x’b)]9

We obtain the outcome we want by changing the value of £, and g, in Eq13.

6.12 The Pietra Index of the NEBIII distribution
The Schutz index, also called half the relative mean deviation, was introduced by the [21]. It is described as follows,

o, (X
o 400

by using (12) we can obtain as,
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p £|:lue_[-klog(1+y-b)]g —W, (t)y(&i + 9,% yﬂ

Y7,
6.13 Entropy

Entropy measures how unreliable or unpredictable a system is in statistical thermodynamics and information theory. In this
context, the NEBIII distribution’'s Rényi entropy is discussed, which may be calculated with the formula below,

R(p)_glog[Ef () |,
Where p =0 and p > 0. An approximation of the expectation term would be:

P @ P

E[f(x)" =] f(x)ax.
The computation, which involves approximating the PDF of the NEBIII distribution raised to a power after replacing these
numerical values, is analytically challenging because to the intricacy of the integral. This assumption is approximately met
by numerical integration techniques such as Monte Carlo simulation and Gaussian quadrature.
The Rényi entropy becomes the Shannon entropy if o — 1, another uncertainty Shannon entropy measure is defined by
E[-log f(X)].
6.14 The Order statistics of the NEBIII distribution
Order statistics are necessary for both theoretical study and real-world applications, especially when looking at a specific
sample size, maximum, minimum, and range. Records and details about the operation of order are accessible by [22]. Order
statistics are widely employed in many domains, including dependability, quality control, wireless communication, signal
processing, classification analysis, survival analysis, and life testing by [23].
The following is the PDF of the rth order statistics of a random sample of size n for the NEBIII distribution,

o ()= i FOOT [ F T 1 ).

The following PDF can be generated by inserting Equations (2) and (3) into this equation:

I+j

lbkenfw (r+i) i
fr;n( == ZZ b+1(1:)l()b)[_klog(l+xb)]al91,

'IOJ

Thus, for the NEBIII distribution, the pdf of minimum order statistics is,

ﬂ'bk@ 2 (- HJ (1+i)j L \0i+0-1
f1;n = | JZ b+1 (1+ X b)|:_k |Og(1+ X b)j| )

i=0
The NEBIII distribution's maximum order statistics pdf is as follows,

" 1)\ j o
fon (X) = ntbko > ( b1)1 () . [—k Iog(l+ x° )TJ -
(=D& (1) (14 x7)

6.16 MLE of the NEBIII Distribution
We appreciate the reviewer's wise observation regarding the inclusion of other inferential techniques like MPS estimation
and Bayesian inference. We completely concur that these methods could improve the research. However, we have limited
our study to maximum likelihood estimation (MLE) in order to preserve clarity and prevent the paper from becoming unduly
lengthy. MLE's exclusive usage in this study is justified by the literature's widespread recognition of its effectiveness and
suitability for creating new probability distributions.
We propose estimating the unknown parameters of the new distribution using the ML method.
Taking log-likelihood function for Eq (3),

= Y™ nlog[bk8] —log[x(1 + xP)] + (6 — 1) T, log[klog(1 + x7?)] — X, [klog(1 + x‘b)] (14)
Differentiate (14) with respect to b, we have
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_ —log(x)x? _ (9 _ 1) 27'1 log(x)x~b n ktS‘logx[klog(1+x'b)]6_1
T 1+4xP =0 og(1+x~b)(1+x~b) =0 1+x~b
Differentiate (14) with respect to k, we have
_ @+m)(e-1)

= By 0log(1 +x7) [klog (1 +x7)]"

Differentiate (14) with respect to 8, we have

= 2, log[klog(1 + x7?)] — Ty log[klog(1 + x7?)] [klog(1 + x‘b)]g.
Table 1: Moments, Kurtosis, and Skewness of X for particular values of the NEBIII parameters (b, k, 8).

ul NEBIIl | NEBIII | NEBIII | NEBIIl | NEBIII
226) |(1,35 |@456) |@27 |(268)
u 1.3271 | 3.0181 | 1.4986 | 1.1441 | 2.4498
w 17960 | 10.3016 | 2.2540 | 1.3135 | 6.0509
w, 2.4868 | 42.9274 | 3.4031 | 1.5134 | 15.0824
u 35379 | 273.4831 | 5.1593 | 1.7503 | 37.9807
Variance | 0.0348 | 1.1924 | 0.0080 | 0.0044 | 0.0493
S.D 0.1867 | 1.0919 | 0.0898 | 0.0663 | 0.2220
Skewness | 1.6493 | 3.5615 | 1.3528 | 1.2049 | 1.5423
Kurtosis | 15309.6 | 398.9066 | 464291.6 | 529237.7 | 88836.78
CcV 0.1407 | 0.3618 | 0.0599 | 0.0580 | 0.0906

6.16 Actuarial measures
The probability of a risk event happening is estimated statistically by an actuarial metric. Actuaries assist businesses and
organizations in making decisions regarding lending, investments, and risk by using actuarial measurements.
Value-at-Risk
Value-at-Risk, or VaR, is a frequently used statistic to evaluate final market risk. Quantile risk is another term for it, or
simply "VaR." Government regulations, commodity pricing, and the volatility of both domestic and foreign markets can all
have a big impact on a company's profitability, which makes them crucial for many business decisions. The loss portfolio's
value is represented as a percentage. The definition of the NEB-111 model is as follows:

1

b

VaR(q) = [e[_%(log(q))]g - 1] . (15)

Expected Shortfall
Introduced by [24], the expected shortfall (ES) is another crucial financial risk metric that is typically thought to be superior
to value at risk. It is specified through the following expression,

q
ES (x)= éJ‘VaR(x)dx (16)
0

For 0<qg<1,usingeq(9) ineq (10).

Tail value at risk

One of the most essential aspects of risk management is risk quantification. From the viewpoints of finance and insurance,
tail value at risk (TVaR), sometimes referred to as tail conditional expectation or conditional tail expectation, is an important
statistic. If the loss is greater than the VaR, it is defined as the expected value of the loss.

By using Eq 10,

1 = 1 VaR

TVaRq(x)sz-VaRq xf(x)dx:m(/yz—j0 qxf(x)dx), (17)
Under Let Y ~ NEBIII (c.,k,0) for 0 <V < 1, the tail value at risk (TVaR) is obtained by applying Eq (3) in eq (15).

1 (o 1 c o
TVaR =— f(x)dx=—| u- (t)y| 61 +6,= :
R (0= 0 (=2 - Sw (o ky )

Where the series wi and y are defined as,
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» (_1)i+j+% 1 J -(6i+6)
w ZGZT("C](FJ .y =—klog(1+VaR, ).

Tail variance

Tail variance (TV), another significant risk measure, takes into consideration the risk's fluctuation at the tail of the distribu-

tion and is explained as follows,
2
TV, (x)=E(X*| X > xq)—[TVaRq(x)] ,
1

_ 2 _ 2 J
LetI_E(X |X>xq)_mVaqu f (x)dx [,u IZWZI (0l+¢9kyD

Where the series wi and y are defined as,

Tail variance premium (TVP)

(18)

TVP is an additional curial risk metric that combines central tendency and dispersion statistics to more accurately assess the
variability of loss along the right tail. When it comes to risk that exceeds a particular threshold, TVP may be an alternate

risk measure,
TVF{1 (X) :TVaRq 4—é'I'Vq

(19)

The TVP of the NEBIII model is calculated by initially utilizing the formulas in Equations (17) and (18). These intermediate

results are then substituted into Equation (19) to obtain the final result of the TVP, where 0 <6 < 1.
7. An NEXIII mixture with an exponential (E) distribution (MEBE)
Two distributions combined can be defined as

f)=pfilx) +1-p)f2(x),
Here, we presented the cdf and pdf of a "MEBE"—a combination of the EBIII and E distributions.
Let F;(x) and f;(x) be the cdf and pdf of EBIII distribution.

Fy () = eIk tog(1+x74)]°. 1)

6-1 Y
fl( ) x(1+xb) []og(l +x~ )] e_[k lOg(1+x b)] . (22)
And, F,(x) and f,(x) are the CDF and PDF of exponential distribution
F,(x) =1—e M,
fa(x) = pe ™,

Using (22) and (24) in (20), we obtained the pdf of MEBE as

-1 Y

fx) = x(1+xb) [log(1+x72)]  elklog(x™")1" 4 (1 — p)ue=w,

From (21) and (23), we obtained the cdf of MEBE as

_p\10

F(X) = pe‘[k log(1+x7P)] + (1 — p)(l — e—lix)_
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Figure 4: PDF Plots of MEBE for several parametric values.
Figures 4 and 5 display the various shapes of the density, such as symmetric, left-skewed, right-skewed, decreasing, and
decreasing-increasing-decreasing distributions.
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Figure 5: PDF Plots of MEBE for several parametric values.
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Figure 6: hrf Plots of MEBE for several parametric values.
Figure 6 displays the several HRF shapes, including the J-shaped, bathtub, reverse J-shaped, and upside-down bathtub
patterns.
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We obtain the SF as follows from (26),

S(x) = 1 — pe-leloarx)]” _ (1 _ pyac1 — ey |

From equations (25) and (26), hrf is derived as follows:

6-1 0
pb 6 k% [log(1+x_b)] e_[kmg(Hx b)] +(1—p)e'}LX

h(X) _ x(1+xP)

1—pe-[klog(1+X‘b)]9_(1—p)7\(1—e-“)
From (28), the reversed hazard rate function is obtained as,

T(X) _ x(1+xP)

The Hrf is defined as,

from (17), we get

0 -1 _py?
pbOk [log(1+x‘b)] e_[klog(Hx )] +(1—p)e‘7‘X

H(x) = —logS(x),

pe‘[k‘°g(1+x'b)]9+(1—p)7\(1—e-7"‘)

H(x) = —log(1 — pe~lk tog(1+272)]% _ (1 -pA(l — e ™).

8. Simulation study of the NEBIII distribution

An essential instrument in statistics is simulation analysis, which is used to assess how well estimates work at different
sample sizes over partial replication. Therefore, the main focus of this part is the performance parameter estimations of the
suggested EBII model, which is based on simulation study. There are 1000 replications of a simulation process, with various
sample sizes (n = 25, 50, 100, and 500). The results of the simulation research showed that as sample size increased, bias,
MSE, and average width (AW) of the parameter confidence interval decreased. Conversely, coverage probabilities (CPs)

approach the 95% nominal level.

MSE (9) = £120° 0 and Bias@) = 3

J=1

Table 2: MSEs, AWSs, CPs, and Biases for many scenarios.

1000_9 9
J=1 1000

Scenarios-1 (c = 0.5, k =0.9, theta = 1)

N Bais MSE | CP LO.bound | UPP.bound | AW

50 | -0.022 | 0.047 0.922 0.138 0.868 0.781
.052 0.031 0.930 |0.617 1.287 0.670
0.374 1.346 0.962 1.158 3.338 3.927

100 | -0.035 | 0.019 0.944 0.226 0.748 0.525
0.032 0.015 0.932 0.708 1.156 0.449
0.126 0.178 0.964 0.588 1.749 1.246

500 | -0.056 | 0.003 0.944 0.386 0.613 0.226
0.002 0.003 0.960 0.806 0.999 0.193
0.013 0.010 0.972 0.822 1.204 0.382

Scenarios-Il (c= 0.1, k = 0.3, theta = 0.75)

50 | 0.006 0.002 0.948 0.037 0.174 0.137
-0.062 | 0.009 0.774 0.099 0.378 0.279
0.296 0.115 0.612 0.733 1.359 0.626

100 | 0.003 0.001 0.946 0.057 0.148 0.091
-0.070 | 0.007 0.648 0.136 0.325 0.189
0.272 0.085 0.214 0.813 1.230 0.417

500 | 0.001 0.001 0.956 0.081 0.120 0.039
-0.073 | 0.006 0.112 0.185 0.268 0.083
0.256 0.068 0.034 0.916 1.097 0.181

Table 3: MSEs, AWSs, CPs, and Biases for many scenarios.

Scenarios-I1l (c=0.3, k =0.7, theta = 0.2)

N

| Bais

| MSE

| cP

| LO.bound | UPP.bound | AW
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50 |0.217 0.738 0.912 4.261 5.264 9.494
-0.548 | 0.309 0.022 0.032 0.311 0.320
0.874 0.836 0.004 0.662 1.522 0.895
100 | 0.067 0.055 0.938 0.101 0.668 0.601
-0.558 | 0.315 0.010 0.044 0.240 0.197
0.830 0.712 0.001 0.760 1.300 0.539
500 | 0.028 0.010 0.952 0.158 0.497 0.338
-0.561 | 0.317 0.009 0.071 0.207 0.136
0.814 0.671 0.056 0.829 1.199 0.370
Scenarios-1V (c = 0.03, k = 0.9, theta = 0.5)
50 | 0.007 0.680 0.978 0.016 0.058 0.042
-0.504 | 0.261 0.006 0.209 0.583 0.374
0.409 0.184 0.126 0.600 1.219 0.619
100 | 0.003 | 0.432 0.970 0.020 0.047 0.027
-0.479 | 0.234 0.003 0.282 0.560 0.278
0.456 0.220 0.002 0.717 1.196 0.479
500 | 0.001 0.203 0.966 0.024 0.036 0.011
-0.447 | 0.201 0.002 0.387 0.519 0.132
0.506 0.259 0.001 0.887 1.125 0.238

9. Applications
Real data sets are used to demonstrate the applicability of EBIII distribution and MEBE distribution.
9.1 Applications of the NEBIII distribution
In this section, we compare the NEBIII distribution with the Burr Type 111 (BIIl), Burr Type XII (BXII), Exponentiated
Burr Type XII (EBXII), and Odd Burr Type 111 Lomax (OBIIILX) distributions. The validity of the fitted models is assessed
for each data set using the Kolmogorov-Smirnov goodness-of-fit test. In all cases, the p-values indicate that the models fit
the data exceptionally well. To highlight the significance of the EBIII distribution, we present four applications using real
data sets in this subsection. In addition to higher p-values for the Kolmogorov-Smirnov test, other statistics such as the
Akaike Information Criterion (AIC), Anderson-Darling (A), Cramér-von Mises (W), and p-values indicate a good fit when
their values are lower. The necessary computations are performed using the R programming language.
A novel generalization of the Burr Type Il distribution that can fit a wider range of real-world datasets than existing models
is provided by the proposed CDF, which was motivated by the need for a distribution that can flexibly capture diverse data
patterns. The Burr Type Il distribution offers a strong baseline because of its heavy-tailed behavior, but its flexibility is
limited. Through the use of an exponentiation transformation, we introduce an additional parameter that improves skewness,
tail thickness, and hazard rate adaptability.
We used this transformation on four real-world datasets: Failure Time Dataset I, Failure Time Dataset I, a dataset of head
and neck cancer (Dataset I11), and a dataset of 128 patients with bladder cancer (Dataset V).
The BFGH (B) method provides the optimal value, while the SAAN (S) method, a global optimisation technique known as
simulated annealing, is used to determine the starting value, also referred to as the initial kick. One approach to examine the
shape of the hazard function is by using the Total Time on Test (TTT) plot. For a given data set, a convex shape indicates a
decreasing hazard, while a concave shape suggests an increasing hazard. A straight diagonal line corresponds to a constant
hazard. The TTT plots in Figures 7 and 8 reveal that the data sets exhibit an increasing hazard rate curve, Figures 9 and 10
show that the data sets exhibit an increasing-decreasing-increasing hazard rate curve.
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Figure 9: TTT and Box plots for the 111 data set.
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Figure 13: The 111 data set's violin plot and kernel density.
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Figure 14: The IV data set's violin plot and kernel density.
Figures 11, 12, 13 and 14 show the kernel density and violin plots for the first and second data sets. The kernel density plot
depicts the distribution of the data, with smoother curves suggesting density, whereas the violin plot combines the density
plot with box plot elements to provide insights into the distribution, spread, and central tendency.
Table 4: The failure time data set's descriptive statistics.

Datasets | n Mini | Mean Median | s.d Skewness | kurtosis | Maxi | Range | S.E

I 21 17.88 | 73.56 67.8 39.06 0.79 -0.07 174.4 | 156.52 | 8.52
I 72 | 010 |1.77 1.50 1.03 1.31 1.85 555 |5.45 0.12
1" 44 | 12.2 | 223.48 | 1285 305.43 | 3.27 12.82 1776 | 1763.8 | 46.05
v 128 | 0.08 | 9.37 6.39 0.51 3.25 15.2 79.05 | 78.97 | 0.93

The kurtosis of Dataset | is similar to that of a normal distribution, and it exhibits significant right skewness and somewhat
high variability. Dataset Il has a moderate dispersion and is right-skewed with a few outliers. The data is properly repre-
sented by the mean. Large outliers may be present in Dataset 11l due to its severe right skewness and thick tails. Extreme
kurtosis and considerable right skewness are shown in Dataset IV. The data distribution is highly tailed, indicating the
presence of numerous outliers despite the huge sample size shown in Table 4.

Table 5 MLEs, standard errors, confidence intervals in parentheses, values for the failure time data set I.

Models é IZ é a B

NEBIII | 0.3498 4.3762 (0.8775) 5.7008 (2.0085) - -
(0.6494)

Bl 1.2226 (0.1342) 111.7730 (4.5719) | - - -

BXII 8.8716 (4.5920) 0.0271 (0.1360) - - -

EBXII 2.4900 (5.3806) 0.5488 (5.5972) - 201.9686 (1.0991) | -

OBIIILx | 35.2764 (2.8729) 0.1020 (0.1600) 0.1723 (0.0510) 2.3352 (2.3719) -

Table 5 and 7 shows that the model parameter's MLEs for the failure time data set | are displayed in the table together with
the standard errors and 95% confidence intervals (in parentheses). The standard errors show how accurate the estimates are,
while these estimates shed light on the data's underlying distributional features. Confidence intervals provide a measure of
‘!' © SCOPUA Journal of Applied Statistical Research (JASR)- ISSN(e): 3104-4794 published by SCOPUA



statistical reliability and model resilience by further quantifying the range that the genuine parameter values are likely to
fall inside.
Table 6 Failure time data set I log-likelihood, AIC, BIC, CAIC, HQIC, A, W, and KS (p-value) values.

Models | W A KS (p-value) AIC BIC CAIC HQIC
NEBIII | 0.0641 | 0.4808 | 0.1225 (0.9110) 218.9961 | 222.1296 | 220.4078 | 219.6761
BIlI 0.0860 | 0.3518 | 0.2085 (0.3205) 222.4910 | 224.5801 | 223.1577 | 222.9444
BXII 0.2318 | 0.0311 | 0.5071(0.00004) | 280.5735 | 282.6625 | 281.2402 | 281.0269
EBXII 0.0523 | 0.3984 | 0.1861 (0.4607) 221.9361 | 225.0696 | 223.3478 | 222.6161
OBIIILx | 0.0878 | 0.5338 | 0.1691 (0.5849) 220.0265 | 224.2046 | 222.5265 | 220.9332
§ B — EBIlI — EBIlI
Bll o | Bll
= BXI - = BXI
o EBXII EBXII
S == OBliLx w _| == OBl
22 5 ©7
3 - y
g - N
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Figure 15: The plots for the estimated pdf and cdf of the EBII, BIll, BXIl, EBX11, OB111Lx model for | data set.
Figure 15 illustrates the density plots and cumulative distribution functions (CDFs) of various distributions for data I. The
density plot of NEBIII exhibits a right-skewed distribution, while BIlI also shows a right-skewed distribution. BXII has a
decreasing density, and EBXII displays a right-skewed pattern as well. In contrast, the OBIIILx distribution has a symmetric
density. The CDFs of all the distributions are non-decreasing.
Figure 16 presents the density plots of the same distributions for data 2, with notable differences. NEBIII, Blll, BXII, and
EBXII all display right-skewed densities. Meanwhile, the OBIIILx distribution shows a decreasing density. All distributions
have non-decreasing cdfs.
Table 7 MLE, standard error, and confidence interval values for the second failure time data set are enclosed in paren-

thesis.
Models ¢ K 0 & B
NEBIII 7.1838(2.9106) | 5.9956(4.7896) | 0.3516(0.1331) | - -
BIII 2.2340(0.2152) | 1.9165(0.2259) | - - -
BXII 2.4447(0.9026) | 0.9388(0.4849) | 1.8038(0.9034) | - -
EBXII 3.8131(0.5440) 0.4783(0.0792) -
OBIIILX | 37.4049(3.3352) | 0.0289(0.2091) o 6203(0.0123) 2 2476(0.0052)
Table 8: KS (P-values) for failure time data set 11 includes log-likelihood, AIC, BIC, CAIC, HQIC, A, W and KS.
Models A W KS(P-value) AIC BIC CAIC HQIC
NEBIII 0.3543 | 0.0618 0.0679(0.8936) 191.2533 198.0833 191.6063 | 193.9724
BIlI 0.7632 | 0.1002 0.1121(0.3259) 199.0102 203.5635 199.1841 | 200.8229
BXII 0.7647 | 0.1003 0.11164(0.3308) 200.9952 207.8252 201.3481 | 203.7142
EBXII 0.8993 | 0.1193 0.1294(0.1793) 200.8386 205.392 201.0125 | 202.6513
OBIIILXx 2.4706 | 0.4217 0.2326 226.9613 236.0680 227.5584 | 230.5867
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Table 9: KS (p-value), AIC, BIC, CAIC, HQIC, and MLEs values head and neck cancer data set I11.

Figure 17: The plots for the estimated pdf and cdf of the NEBIII,
set.

4

Models KS p-value | AIC CAIC BIC HQIC MLEs
NEBIII 0.8273 564.8779 565.4779 570.2304 566.8629 0.8909764
48.3109586
1.1537476
EBXII 0.55 570 571 575 572 2.2172245
0.3520043
27.2185919
NEW 0.5573 832 832 837 834 0.09390543
1.04777286
w 0.3242 567 567 571 569 0.006412296
0.939411119
NB 6.864e-09 657 657 660 658 4.766857500.
04328101
OBIIILx 0.013 583 584 590 586 10.60543426
0.994406630.
07977207
0.02078850
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Figure 17 shows the density plots of the same distributions for data 3, with some significant variations. The densities of
NEBIII, NEW, W, NB and OBIIILx are all right-skewed. Meanwhile, a decreasing density is seen in the EBXII distribution.
CDFs are non-decreasing for all distributions.

Table 10 Log-likelihood, A, W and KS (p-value), AIC, BIC, CAIC, and HQIC 128 bladder cancer patient’s values for
failure time data set IV.

Models | W A KS AlC CAIC BIC HQIC MLE
(P-value)
NEBIII 0.3421 2.1886 0.0957 852.9925 | 853.186 861.5486 | 856.4688 | 2.9276760
(0.1912) 45.4766655
0.3475645
EBXII 0.3448703 | 2.190692 | 0.098282 855.5293 | 855.7229 | 864.0854 | 859.0057 | 0.6538326
(0.1686) 1.9008361
9.2510763
BIlI 0.3856 2.454323 | 0.10173 857.3729 | 857.4689 | 863.0769 | 859.6905 | 1.033300
(0.1413) 4.207026
NB 0.7497285 | 4.554885 | 0.25067 911.0332 | 911.1292 | 916.7372 | 913.3508 | 2.3348084
(2.066e-07) 0.2337527
OBIlILx | 0.6241582 | 3.754344 | 0.18126 878.0501 | 878.3753 | 889.4582 | 882.6853 | 35.68090326
(0.0004447) 0.03293536
0.19766194
1.04961243

By showing lower values for statistical metrics like the W-statistic, A, AIC, CAIC, BIC, and HQIC, Tables 6, 8, 9, and 10
show that the NEBIII model consistently performs better than its rival models. Furthermore, when compared to its alterna-
tives, the NEBIII model produces higher p-values, indicating a better fit to the data.
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Figure 18: The plots for the estimated pdf and cdf of the NEBIII, BIll, EBXII, NB, OBIIILx model for 1V data set.
Figure 18 shows the density plots of the same distributions for data 4, with some significant variations. NB, EBXII, BllI,
and NEBIII are all skewed to the right. In the meantime, the OBIIILx distribution shows a declining density. All distributions
have non-decreasing CDFs.

9.2 Applications of the MEBE distribution
This section presents the MEBE model's analysis of a real data set and compares it to the other fitted models. We use data
dataset | gave in section 7.1 for comparison purposes. Secondly, we consider another data set named data set V, which is
not used in section 7.1. The supplied information in data set V on servicing durations (in 1000 hours) for a particular
windshield model by [25].
Table 11: For data set I, MLE’s, standard errors in parenthesis, A, W, and KS (p-value) are shown as.

Models | ¢ IZ 9“ G p A w KS (p-value)
MEBE | 0.4129 5.7079 6.3093 | 0.0166 0.8409 | 0.2500 | 0.0371 | 0.0952
(0.6874) | (4.3992) | (1.8876) | (0.0132) | (0.1754) (0.9911)
E - - - 0.0136 - 0.1795 | 0.0307 | 0.2886
(0.0029) (0.0603)
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Figure 19: The estimated PDF of MEBE for several parametric values for data set 1.

A right-skewed distribution in MEBE and EBIII while the distribution E shows a decreasing trend, and the CDF plots show
a non-decreasing pattern shown in Figure 19.

Table 12: KS (p-value), A, W, and MLEs (standard errors in parenthesis) for data set V.

Models é k 0 G p A W KS (p-
value)
MEBE 1.5981 3.2278 1.7707 0.7173 | 0.6259 | 0.5916 | 0.1084 | 0.1692
(1.5745) | (2.8843) | (1.9330) | (0.2992) | (0.1692) (0.4495)
E 0.4795 - - - - 1.1264 | 0.1861 | 0.2078
(0.0604) (0.0072)
EBIII 5.6175 6.1610 0.3179 - - 1.7688 | 0.3001 | 0.1606
(2.3411) | (5.7751) | (0.1178) (0.0689)
- MEBE g 7 - MEBE
o | E E
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© > 3 \
< _| 8 g T \ J/
S N
o = \ -
o 1 2 a4 s o1 2 s 4 5 s

Figure 20: The estimated PDF and CDF of MEBE for several parametric values for data set V.
Density plots and cdf of various distributions are displayed in Figure 20. All distributions have non-decreasing cdf, while
MEBE, E, and EBIII exhibit right-skewed, right-skewed, and decreasing behavior, respectively.
The MEBE model outperforms its competitors, as demonstrated by Tables 11 and 12, which display lower values for sta-
tistical metrics such as the W-statistic, A, AIC, CAIC, BIC, and HQIC. Additionally, the MEBE model yields higher p-
values than its alternatives, suggesting a better fit to the data.
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10. Conclusion

In this article, we introduce the New Extended Burr—I11 (NEB-111) distribution, a novel extension of the Burr—II1 distribution
that provides enhanced flexibility and accuracy for modeling real-world data. We also derive the mixture model of the
Mixture Extended Burr and Exponential (MEBE) distribution and present it. For the MEBE distribution, we give an analyt-
ical treatment of the density and hazard rate functions. The subsection illustrates the importance of the NEBIII distribution
with four real-data applications. The NEBIII distribution provides a superior fit than comparison models like EBXII,
OBIlILx, BIlI, BXII, NB, NEW, and W, as shown in Tables 6, 8, 9, and 10. Figures 15, 16, 17, and 18 further support this
finding. Tables 11-12 demonstrate that the mixture model performs better than its competitors. Figures 19 and 20 display
the estimated PDF and CDF for the MEBE distribution with different parameter values for data sets | and V, respectively.
The MEBE model offers a better fit than the other models, as the figures further demonstrate.
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