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ABSTRACT

Correlation and linear regression are common means to evaluate association and empirical relationships between two or more vari-
ables. Such relationships often show significant departure of |7xy| from unity. Existing transformations to increase correlation fail
to achieve perfect correlation. For a bivariate data, the paper proposes transforming Y to ¢ = G. ||x|lllyll, which gives ry , =1
where G is the G-inverse of the matrix A = x.xTand x, y denote vectors of deviation scores. The concept is extended to perfect
linearity between a dependent variable (Y) and a set of independent variables (Multiple linear regressions)or between set of depend-
ent variables and set of independent variables (Canonical regression), avoiding problems of insignificant beta coefficients in uni-
variate and multivariate regression models and outliers. Empirical illustration of G-inverse and extensions for multiple linear re-
gressions and Canonical regressions are also given. The proposed transformation is a novel method of introducing perfect correlation
between two variables. Extension of the concept in multiple linear regressions and canonical regression will go a long way in
empirical researches in various branches of science. Future studies may include finding distribution of the proposed perfect corre-
lations and comparison of efficacy of our suggested approach against other traditional ones by providing quantitative evidences.

Keywords: Correlation coefficient; Generalized inverse; Multiple linear regressions; Canonical regression; Normal distribution

1. Introduction
Correlation, ryy € [—1,1] taken as a measure of linear association between two variables, is vastly used in various fields of
applied and theoretical research. Linear regression, reflecting the empirical relationship between a dependent variable (Y)
and an independent one (X) works well in the presence of high value of correlation coefficient between X and Y i.e. |ryy|.
Given n € N*paired observations, the error scores from the fitted regression equations are defined as
eyx =y — (@11 + B1X), €xy =x— (a1 + Boy),

assuming Gaussian errors with zero mean, constant variance, and independence from X and Y. However, regression equa-
tions of Y on X and that of X on Y are different, with different values of error variances. The quality or goodness of fit of a
regression equation depends on the departure of |ryy | from unity. In real scenarios, relationships between variables rooted
in domains such as economics, social sciences, medical sciences, etc. often turn out to be nonlinear; showing significant
departure of |ryy| from unity. Loco et al. (2002) observed that, ryy is not suitable for assessing linearity of calibration
curves. If X and Y are nonlinearly related, the slope of the curve changes as does the value of one of the variables. In such
a case, transformations are used on the variable X (X'=f (X)), or the variable Y (Y'=g(Y)), or both, to improve degree of
linear association between the transformed variables i.e., |ryy| > |ryy| and still keeping the regression analysis appropri-
ate. Several suggestions in the form of nonlinear transformations have been made over the years to increase the correlation
between two variables. However, finding the best transformation given a pair of variables still needs a lot of prior diagnosis.
Moreover, such transformations do not provide universal solution.
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To fill this void, the paper proposes a simple data-based non-linear transformation using G-inverse that achieves exact linear
alignment and the concept is extended to perfect linearity between a dependent variable (Y) and a set of independent vari-
ables (Multiple linear regressions) or between set of dependent variables and set of independent variables (Canonical re-
gression). Empirical illustration of transformation involving G-inverse and extensions for multiple linear regressions and
Canonical regressions are also given. Although perfect correlation is seldom the goal in predictive modeling, scenarios arise
in theoretical, diagnostic, or calibration contexts where a perfectly aligned relationship serves as a valuable benchmark. The
proposed transformation provides a computational framework to construct a reference transformation yielding perfect align-
ment for analytical exploration.
2. Related Work

Finding suitable transformations that make a variable more linearly aligned with another has a fairly long history. Let us
consider a brief exposition of the methods frequently used by statisticians. While linear transformations to a variable like
cX + b,where b,c € R, preserve the extent of its linear relationship to another variable, non-linear functions were explored
to improve value of the ry,. Common class of such functions leads to power transforms, where variables are raised to a real
power. Most common variants of the same include the square root functionf(X) = VX, where X > 0. It has a moderate
effect in changing the shape of distributions. However, it helps reducing right skewness. Another popular choice

is reciprocal function,f (X) =§, for X+ 0. It also changes the shape of the distribution and reverses order among

values with same sign. Logarithm function,f (X) = log X, VX > 0 are also popular choices and can even change the direc-
tion of correlation. It typically finds its usefulness mostly at reducing skewness. Kovacevic (2011) found that correlation
between Life expectancy and Human Development Index (HDI) exceeded the same between Life expectancy and GDP but
the inequality got reversed when logarithmic transformations were used. Trigonometric functions such as f(X) = sin X or
g(X) = cos X tend to become useful at times in improving linear association. Chakrabartty (2023) presented examples
where each of |ry siny |, [Tx.cosy| @0 |Tsinx.cosy| Was close to unity, even if X and Y share clear curved relationships.
Moreover, high value of correlations did not support normality of error in prediction. Thus, the assumption of normality of
residuals needs to be verified for fitting regression line along with verification of no correlations of explanatory variables
with error scores, homoscedasticity and linearity between the response variable and the explanatory variable (Field &
Wilcox, 2017; Yellowlees et al., 2016). However, in reality, all the four assumptions of linear regression are not satisfied
(Erceg-Hurn & Mirosevich, 2008).

Given that X takes values between [0, 1], arcsine transformation:f(X) = sin~'+/X becomes crucial, projecting the
output in radians ranging between —% to % Perhaps, the most celebrated variance-stabilizing transforms is the Box-Cox

transformation given by Box and Cox, (1964) as

xA-1
fX)=4 2 ifd+0 , (natural logarithm is taken for A = 0). In the Box-Cox linearity plot, 7y, y is plotted in the Y-
logX if A=0

axis and values of the transformation parameter A are taken along the X-axis. The value of A which corresponds to the
maximum correlation (minimum for negative correlation) is taken as the optimal .. We refer to Wessa (2012) for software
support in this regard, especially for Box-Cox plot.

It may be observed that, all the above methods avoid the contextual problem of dependency on to another (or a set of)
variable(s). Consequently, there is no straight forward way of determining which transformation to employ given the set of
variables. Also, no such transformations guarantee an exact linear alignment between the variables under consideration,
post-translation. In contrast, this paper proposes a class of functions to achieve perfect correlation i.e.

xTy _

iyl — ™
using generalized inverse (G-inverse) of the matrix A = x.xT, where deviation scores x and y are defined as x; = X; — X

andy; =Y, - Y.
Assuming 6,,, # 0 implying rxy # 1, the above said condition requires
xTy = llxlllyll

Txy = €OS by, =

= x.[x"y] = Ixllllyll. x
= xx"[y] = llxllllyll. x
‘ ! © SCOPUA Journal of Applied Statistical Research (JASR)- ISSN(e): 3104-4794 published by SCOPUA



= A.[y)= lxlllyll. x 1)
where the matrix A = x.xT is of order n x n has rank 1. Thus, A~ does not exist. However, one can find G-inverse of the
matrix A as G,,., Wwhere AGA = Aand GAG =G
From the above equation, it follows that
y=G.lIxllllyll. x

Y -
Yy = i G.|lx|l. x. 2

Transformed value of the Y-vector (¢) will be perfectly correlated with X. Test of linearity can also be undertaken.
It may be noted that solution of (2) is not unique since G-inverse of a given matrix is not unique. Moore-Penrose method
of finding G-inverse is popular. Solution of the equation (2) will give a method to introduce linearity between two non-
linear variables and can help to convert non-linear relations to linear relationships. The transformation (2) should also be
distinguished from a simple rescaling of predicted values from regression; as it is a matrix-based transformation applicable
to arbitrary nonlinear relationships, where G can be any valid generalized inverse, not necessarily the Moore-Penrose
pseudoinverse. The distinction becomes clearer looking at the generalizations to multiple and canonical regressions: be-
yond standard projection operations.
Example 1: Our first example demonstrating the efficacy of the proposed method comes as a simulated experiment. We
randomly select n = 500 samples from N(O, 1) under the constraint
IX| < 3.9. Let us define the corresponding ordinates as Y. Also, let us denote the deviation scores as x = X - Mean(X).
Similarly, denote y = Y — Mean (Y). Descriptive statistics corresponding to the dataset are shown in table 1.

Table 1: Descriptive statistics

Description Original variables Deviation scores y =G. lxllyl. x
X Y X y
Mean -0.0586497 | 0.2784992 |0 0 ~0
Variance 1.069737 0.0132699 1.069737 | 0.0132699 | 0.0132699
cv=-2 -17.63489 | 0.4136279
Mean
Correlation rxy = 0.05188477 rxy = 0.05188477 Tey=1

Clearly, 4 = G. Ixllyl.x resulted in rx,, = 1,evenif ryy =0.05188. The residuals for the regression Y = a+ B[G.
Ixllyl. x] and the scatter plot of X and 4 are depicted in Figure 1 and 2 respectively.
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Figure 1: Scatter plots and corresponding residuals of Y=a + B[G. Ixllyl. x (Correlation = 1)
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The plot of X and ¢ = G. || x||||yll. x (rx,=1) reveals the effectiveness of the transformation. It showcases the perfect linear
relation between the two variables.
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Figure. 2: Plot of X and ¢ = G. |[x||||y]l. x
Here, regression equation of 4 on x is given by 4 = 1.114e-01x where SD of the residuals = 0. Similarly, X on ¢ is
obtained as X = 8.979 ¢
However, presence of outliers can affect correlation and mislead the nature of the association among the variables consid-
ered (Kim et al., 2015; Niven & Deutsch, 2012). Outliers are data points which deviate from the majority of the data points
and weaken the correlation making the data more scattered. Outliers in data may indicate violation of the assumptions of
normality and homogeneity and thus, impact the result of linear regression like inaccurate intervals, lowering of statistical
power, Type 1 and Type 2 errors (Brossart et al., 2011). In addition, departure from bivariate normality may distort associ-
ations as illustrated by Wilcox (2022).
Among the bivariate points (X;,Y;), (X3, Y), ..., (X,,, ¥, if X; is an outlier, the point (X;,Y;) is a leverage point. For the
linear regression equation fitted with the data points be Y = a + X where
r; = Y; — a — BX; denotes the residual for the i-th observation. If r; is an outlier among the set of residuals {ry, 75, ... ..., 1.}
and the corresponding (X;, Y;) is a leverage point, then the point (X;,Y;) is a bad leverage point which can negatively impact
correlation coefficient and can result in a poor fit of the linear model. If (X;,Y;) is a leverage point but the corresponding r;
is not an outlier, the point (X;,Y;) is a good leverage point and is taken as consistent with the regression equationY = a +
BX.
Methods have been proposed for detecting the bad leverage points of regression line, using the least median of squares
(LMS) estimator (Rousseeuw and van Zomeren, 1990), Theil-Sen estimator compute the slope () as median of theS;;'s

where S;; = % for each i < j and the intercept « = My — BMy , where My is the median of {Y;,Y,, ... ....., ¥} and My
i=Xj
is the median of {X;, X5, ... ....., X;,}. Wilcox (2023) proposed computation of slope and intercept removing the bad leverage

points, which result in loss of information.
Regression equation of the formy = f(x) + e, where f(x) is the regression function, e is error, and r(,) . = 0 give ry, , =

SD(y) sd(y)
the regression line with no residual variance, i.e. perfect correlation can be taken as zero impact of outliers. In the example
at Table- 1, an outlier x: Q3 + (1.5 * IQR) = 2.707498 and Q1 — (1.5 * IQR) = - 2.670538 where IQR = Q3 — Q1. Predicted
value of 7, for x; >2.707498 also resulted in an outlier. The same goes for lower limit. This is expected since ¢ and x
exhibit an exact linear relationship and ¢ = a + Bx produces SD (error) = 0.
3. Multiple Correlations
Multiple correlation coefficient depicts the maximum linear relationship (correlation) between a variable and a linear
function of a set of independent variables. It is intrinsically linked to the multiple linear regression (MLR) setups. Here,
a dependent variable Y is predicted based on a set of independent variables. In our experiment, we use the ‘Airfoil
Self-Noise Dataset’, consisting of 1503 observations on six real valued attributes (Brooks et al. 2014). A brief data
description goes as follows: Frequency, in Hertz (X1), Angle of attack, in degrees (X>), Chord length, in meters (X3), Free-
stream velocity, in meters per second (X4), Suction side displacement thickness, in meters (Xs) and the response variable,

= — T,y ©. Thus, perfect correlation = =0= e) =0 1.e. predicting o of the variance of y by
O = 11,2 Th f lation (2) = 2 = 0 =3D (g) =0 i.e. predicting 100% of the vari fyb
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scaled sound pressure level, in decibels (Y). Let the vector € = (7y,y,Tx,,, ...rxny)Tconsists of the correlations between
original variables of the response and the explanatory variables. Using the unaltered observations, we obtain:

C = (- 0.3907114,—0.1561075,—-0.2361615, 0.1251028,—0.3126695)"
The correlation matrix of order 5 x5 corresponding to the independent variables X1, X,, X3, X, and X5 was as follows.

/ 1 ~0.27276 —0.00366 0.133664 —0.23011\
~0.27276 1 —0.50487 0.05876 0.753394
Ryx =| —0.00366 —0.50487 1 0.003787 —0.22084 |

0.133664 0.05876 0.003787 1 ~0.00397

—0.23011 0.753394 -0.22084 -0.00397 1
As such, the multiple correlation coefficient turns out to be R? = CTRyy~*C = 0.5157097. In addition, we validated this
result based on the MLR of Y based on (X4, ..., X5), which also comes out to be 0.5157. Clearly, improving and implement-
ing our proposed transformation (as given in equation 2) on each explanatory variable X; separately will not be adequate.
This is based on the observation that if all 7,.,,,’s are made equal to 1, the multiple correlation comes out to be the sum of
the entries of the inverse of the following correlation matrix

1.144444  0.472385 0.234194 -0.18178 —0.04155
0.472385 3.441658 1.252592 —-0.27889 —2.20871

Ryx ' =1 0.234194 1.252592 1.510754 —0.11284 —0.55662 |
—0.18178 —0.27889 —0.11284 1.041698 0.147507
—0.04155 —2.20871 —0.55662 0.147507 2.532127
which is greater than 1. In the absence of scaling, this violates the basic property of R? being the fraction of variance of
the dependent variable that is explained by the independent ones. Instead,observe that for the given explanatory variables
X1, X2, ..., X and response Y, similar to the earlier case, we require
x;. % T [y]= Nz Iyl x; vi=12,..,m.
As such,
CRix D] = ZRxllllyll.x; = o = 6™ ZL lxllllyll. x; ©)
where G™ = {x1.x;7 + x5. %57 + -+ + Xpm. X'}~ (~ being the notation for G-inverse).
Let us replace the vector € = (7y,y, Tx,y, ---rxny)T for raw data by €' = (15,4, T, 4 ---,Txmy)T- Based on
the dataset at hand, we obtain
C' = (0.3748757,0.3748756, 0.3747865, 0.3748757,0.3951889)"

That in turn givesC’TRXX_lc’ = 1. We also validated our findings by regressing ¢ on X;, X,, ..., X5 using an additive
linear regression model (say, L*) . Considering the transformation, it is quite straight forward to conclude that the fitted
model passes all tests of efficacy at 5% level of significance. We also checked for the normality of the residuals obtained
from the fitted model. The Anderson-Darling test of normality at the same level of significance results in a positive outcome,
i.e. the residuals are indeed standard Gaussian. The figure 3 given below gives a visual representation of the randomness in
the residuals obtained, having zero mean.
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Figure 3: Plot of residuals from the model 2~
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In addition to presence of outliers, multiple linear regression may give rise to paradoxical findings. For example, as per the
univariate regression of Y on the predictor X;, the significant regression coefficient Syx, may turn out to be insignificant
upon consideration of additional independent variables; similarly, a significant §-coefficient in multiple regression may not
be significant in the univariate regression (Feng et al. 2016). These are primarily due to different values of ry x, and non-
satisfaction of the assumptions of the univariate and multiple regression models. Similar problems were indicated by
Agresti, (2002) in logistic regression for binary outcome, log-linear regression for counting data and Cox proportional haz-
ards regression for survival analysis (Cox, 1972).

ne? L . . . . .
Wle‘mz = 0, implies no residual variance, i.e. zero impact of outliers. The
i=1\Wi™

property along with r,, x.= 1 avoid the problems of insignificant beta coefficients in univariate and multivariate regression
models and outliers.

For the data considered on ‘Airfoil Self-Noise Dataset’ with 1503 observations, the obtained multiple regression equation
was

For perfect multiple correlation, R? =1 =

4 = -4.612e8+ 0.003577x;+ 2.983x, + 169.4x3 + 0.2763x, + 5.3x
with SD of residuals = 0.000002421 =~ 0
Outlier limits for each x; and 4 obtained from the above equation are as follows:
Table — 2: Outliers in Multiple Linear Equation
X1 X2 X3 X4 X5 U
Q3+ (1.5*IQR) 5913.619 14,9677 0.3587518 | 67.98925 0.0239972 48.12163
Q1-(1.5*IQR) -6886.381 | -16.6323 | -0.352448 | -58.81075 | -0.0281659 | -48.34267
As such, if observations corresponding to all explanatory variables are simultaneously outlying following the same trend
(above or below the Tukey thresholds), predicted values would also be so.This property may not be satisfied by other
combinations of the variables.

4. Canonical Correlation

Another frontier where the proposed transformation can be useful is the canonical correlation analysis (CCA). It deals with
the linear association between two sets of variables, say a list of labtest results and a set of clinical observations on patients.
To put it mathematically, consider data on n- observations on a collection of vectors X =(X;, X5, ... , X,)"having p-attributes
and Y = (¥1,Y,,..,Y,)" for p,q > 1. The underlying objective is to find real vectors a € R” and b € R? such that the
correlation between Zf=1 a;X; and Z‘iLl b;Y; is maximized. The optimal inner products thus obtained are called the primary
canonical variates. We can find up to min {p, q} variates, constraining the latter ones to be uncorrelated to the previously
found. Ideally, this is similar in spirit to MLR, except that number of attributes (g > 1) corresponding to Yis increased. As
such, our method should follow suit. For a detailed description of CCA one may turn to Mardia et al. (1982). Song-Gui and
Shein-Chung (1987) have shown that under a simple condition, measures of multivariate association in terms of canonical
correlations is equal to one if and only if there exists a linear relationship between the sets of variables.

Vasylieva et al. (2023) observed less uses of canonical analysis in Medicine (13.85%) and Social Sciences (5.32%). Ca-
nonical correlation analysis were used for testing specificity of environmental risk factors for developmental outcomes
(Bignardi et al. 2022); relationships between physical strength measurements and anthropometric variables (Malakar et al.
2022); health status and economic growth in terms of gender-oriented inequalities (Gavurova et al. 2020). Through canon-
ical correlation analysis, Fox and Hammond, (2017) found three significant canonical functions between multidimensional
Barratt Impulsiveness Scale (BIS-11) and multidimensional Psychopathic Personality Inventory (PPI) with about 70% of
the variance shared between the sub-scales. Explanatory power of the multi-dimensional relationship between impulsivity
and psychopathy was much higher than the simple impulsivity-psychopathy correlation. However, interpretation of differ-
ent canonical functions giving three different patterns of relationship between the PPI and BIS 285 needs caution. To eval-
uate the relationships between quality of life (QOL) of patients suffering from chronic obstructive pulmonary disease
(COPD), Liu et al. (2022) computed canonical correlation between four measures of QOL and 15- clinical objective indi-
cators and found two pairs of canonical variables accounting for 45.8% and 33.8% of the variance, respectively were statis-
tically significant. However, predictions of dependent variables using canonical correlations are rather rare.
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To demonstrate our proposition, let us consider the dataset ‘Avila’ that has been extracted from 800 images of the ‘Avila
Bible’, a giant Latin copy of the whole Bible produced during the XII century between Italy and Spain (Stefano et al.
2018). The two underlying classes of attributes we have observations on are namely:

Inter-columnar distance (X1), upper margin (X), lower margin (Xs), exploitation (Y1), row number (Y2), modular ratio
(Y3), interlinear spacing (Y4), and weight (Ys).

A quick implementation of the CCA on this dataset using R reveals the maximum correlation to be CC1= 0.8715930, with
corresponding factor loadings (Fx and Fy) given as

CC = (0.8715930, 0.3314671,0.2307935)",

—0.0324 -0.0151 -0.0447
—0.0043 -0.0367 -0.0115
—0.0044 -0.0609 0.0088 —-0.0190 —0.0081\
0.0632 0.0335 0.0788 -0.0340 0.0402
Fy =| —0.0006 —0.0049 0.0242 0.0361 —0.0029 |

0.0131 -0.0130 -0.0469 0.0164 0.0009
—-0.0096 0.0104 0.0172 0.0188 0.0619

To propose an improvement plan, let us first look at the pairwise correlation between the components of X and Y
variables.

0.0259 0.0875 —-0.2118
Fy = , and

1 —0.7626 0.2027
ry = (—o. 7626 1 0. 1836>,
0.2027 —0.1836 1
/ 1 0.1278 —0.0051 0.1205 0.2396
0.1278 1 0.1698 —0.6092 —0.3028
ry=| —0.0051 0.1698 1 0.2300 —0.2932 |, and
0.1205 0.6092  0.2300 1 —0.0699

0.2396 —0.3028 —-0.2932 -0.0699 1
—0.0344 0.6532 0.1074 0.5996 —0.2958
Txy = (—0.0637 —0.8281 —0.2114 —-0.6608 0.3543 >
0.2723  0.0522  0.0364 0.1703  0.0102
It may be observed that in the instant case, the Y-variables are not so strongly correlated amongst themselves. We emphasize

that our formula for improved multiple correlations (3) is not really needed since aligning any one of ¥;'s with arbitrary X;
would yield canonical correlation = 1. However, our goal is to maximize the subsequent CC values as well. This poses the
challenge regarding a suitable choice of the pair. Our prescription is to first choose the Y} such that
j* = argmin > |7‘xiyj|.
j=1,2,..q

In other words, the variable Y; that has the least cumulative linear association to X variables. The justification behind the
criteria is to minimize total redundancy among the canonical variates. As such, the ¥; so chosen should ideally contribute
the least shared variance across the X-set. Aligning this variable first ensures maximal gain in the first canonical dimension
without sacrificing subsequent ones. If we align the same more towards the X point cloud, the overall association would
tend to increase. Now, apply the transformation (2) on Y;- based on the X;- which has the least absolute correlation, i.e.

min |rxiyj* . As such, similar to that in case of MLR, we establish a perfect linear canonical correlation between the two

i=1,2,...p
set of variates. Now, execute the usual CCA with unaltered X and the newly transformed Y. Also, as we transform only the
Y; which has the least overall effect onX’s, the second CC is least sacrificed in the process. As a potential future work, one
may identify the formalization of the selection criteria based on eigen-structure optimization. This is crucial as ordering the
associations in terms of shared alignment essentially points to the principal components along which most shared variability
lie.

Based on the dataset at hand, the selected pair of variables turn out to be (Y3, X3) (seeryy; also due to the values of
>3, rxiy].| ,j=1,..5as (0.3704,1.5336,0.3552,1.4307,0.6603).
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Calculate Y3 using the transformation (2). Now, running the CCA on R based on the altered data we obtain:
CC' = (1,0.8708266,0.2102745)" As such, the two sets of variables are perfectly aligned post-transformation, with mi-
nuscule degradation to subsequent canonical correlations.

5. Discussion
The proposed transformation gives a computationally efficient way to establish perfect linear association. Due to abundant
guidance available in the form of packages to compute G-inverse, the method becomes easy to implement. In addition,
the inherent generalizability of the method for multiple variables makes it suitable for multiple regressions, in general and
particularly canonical correlation, a sphere which hardly has seen any such modification suggested to it. In this context we
highlight that the experiments shown in the paper serve as means to highlight the prowess and hence, applicability of the
proposed transformation. Clearly, it is not an inferential tool and should not be interpreted as evidence of genuine data
association. The significance of the proposition is the usage of G-inverse in constructing a data-dependent transformation
which adapts based on the observations. As such, it may become appropriate in calibration or sensitivity analysis, where
perfect alignment is used as a benchmark, and for theoretical exploration of linear dependence and its algebraic limits.

6. Limitations
However, the improvements come with some limitations. An immediate question which may arise is regarding the choice
of the G-inverse of the given matrix. In fact, for a matrix A= x.xT, the entire class of generalized inverse can be generated
from a given G-inverse G by G + U — GAUAG where U is arbitrary or by G + V(I — AG) + (I — GA)W for arbitrary
matrix V and W (Rao and Mitra, 1971).
In our experiments, we use in particular the Moore-Penrose inverse primarily due to its computational ease. While other
choices are also viable, the non-uniqueness of it imposes the same property on to the transformed observations. In this
regard, we prescribe selecting the transformation resulting in the least variance. A detailed study aiming to investigate the
most efficient inversion technigue might be taken up as a future endeavor.
Other limitations include non-consideration of population heterogeneity. It may not be realistic to assume that a single-
population model can explain all kinds of individual differences. In addition, ordinal data frequently used in social sciences
and medical studies are not additive in strict sense since equidistant property is not satisfied (Jamieson, 2004). Hand, (1996)
opined that for ordinal scale, X > Y or X < Y is meaningless. Non-admissibility of meaningful addition may distort standard
deviation (SD), correlation, Cronbach a for test reliability etc. Equal importance assigned to the items for summative Likert
score ignores different contributions of items to total score, different item-total correlations, different factor loadings, etc.
(Parkin et al. 2010). A questionnaire usually has several scales (battery of Likert scales) where the scales differ in terms of
number of items (length) and number of response-categories (width). Here, joint distribution of scale scores is problematic
without knowledge of distributions of scale scores. One solution is to convert scores of each item to follow normal distri-
bution where parameters of the distribution can be obtained from the data (Chakrabartty, et al. 2023)

7. Conclusion and Future Work

The proposed transformation using G-inverse is a novel method of introducing perfect correlation between two variables,
even if they are non-linearly related. This, in turn, may be utilized as a diagnostic and theoretical tool that allows researchers
to examine what the ideal linear alignment would look like, given the observed data structure. In other words, it quantifies
the extent of change underlying random variables (e.g., from Y to Y’) must incur to influence Ar = 1 — |rxy|, given X.
Future work may look into the optimality of such transformations, i.e., the optimal transportation of ¥ towards Y’ to achieve
corresponding correlation 1. As a note of caution, we mention that the transformation does not infer causality or predictive
adequacy; it deterministically aligns variables to study deviations from perfect linearity. As such, in the context of statistical
modelling, the method should rather be used after conventional modelling to assess residual nonlinearity or as a baseline
scenario in controlled experiments or calibration contexts.
The proposed approaches also avoid the problems of insignificant beta coefficients in univariate and multivariate regression
models and presence of outliers. Extension of the concept to perfect linearity in multiple linear regressions and canonical
regression will go a long way in empirical researches in various branches of science. Future studies may be undertaken to
find (i) distribution of the proposed perfect correlations after converting item scores of ordinal or categorical data to follow
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normal distribution and test significance of such correlations along with investigation of effect of each independent variable,
and (ii) to compare the efficacy of our suggested approach against other traditional ones by providing quantitative evidences.
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