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Abstract

For univariate and bi-variate data, we propose a new generalized logistic class of

distributions 
exible enough to exhibit monotone and non-monotone hazard rates

shapes. The physical interpretation of the new family preludes in the context of

series-parallel structures. Its mathematical features, including a valuable expansion

for the density, explicit formulations for the quantile function, ordinary and incom-

plete moments, and generating function, are all derived. The parameter estimation

of the new family is done using the maximum likelihood method. One of the unique

model, called the generalized logistic Burr-III, is thoroughly investigated in applied

sense. The 
exible density and hazard rate shapes capacitates the model to be appli-

cable in extreme value theory. For univariate case, two real-life data sets related to

hydrology and seismic activity have been employed to solidify the superiority of the

proposed distribution to �ve well established families. For bivariate data, initially a

bivariate extension of the proposed family is established analytically with the help

of empirical �ndings. Then, a real bi-variate data related to operational lifespan of
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two components of a computer, has been studied using bivariate generalized logistic

Burr-III model and the results are reported.

Keywords: Generalized family; Logistic-G family; Burr-III distribution; Maximum likelihood;
Bi-variate modeling; Surface plots

1 INTRODUCTION

In recent decades, new distributions have been proven a very e�ective tool for modeling real-life
phenomenons and data generated in di�erent �elds. According to modern philosophy of distribution
theory, the major reasons for proposing new models with acronyms extended, modi�ed or generalized
are the induction of shape parameter(s) in a known distribution or G-class, and/or de�ning e�ective
logical special functions. Surely, one cannot ignore the use of transformation, compounding and

convolution as per the required situation(s). Under these considerations, a practitioner or researcher
can utilize 
exible models that have ability to cope di�erent data sets generated in many �elds such as
engineering, medical science, actuaries, agriculture, computing sciences, education, among others. The

exibility may be considered as: (i) 
exible shapes of the density and hazard rates, (ii) attractive and

rich mathematical properties, (iii) performance of estimators through simulation study, and (iv)
numerical and graphical goodness-of-�t tests results, etc. The philosophy of inducting one

shape-parameter either as power or tilt was pioneered by Azzalini [1] (skewed-G) and further extended
by Marshal and Olkin [2] (Marshall-Olkin-G), Gupta et al. [3] (exponentiated-G), Gleaton and Lynch

[4] (odd log-logistic-G), Shaw and Buckley [5] (transmuted-G), Zografos and Balakrishnan [6]
(gamma-G type 1), Risti�c and Balakrishnan [7] (gamma-G type 2), Bourguignon et al. [8] (odd

Weibull-G), among many others. This parameter induction philosophy was extended to two and three
shape parameters by Eugene et al. [9] (beta-G), Cordeiro and de-Castro [10] (Kumaraswamy-G),

Cordeiro et al. [11] (exponentiated generalized-G), Alexander et al. [12] (McDonald-G), among a long
list of others. Some of the recent literature related to generalized classes and their applications are

provided in [13]-[22].The de�ning criteria plus terms and conditions for an e�ective generalized (G) class

of distributions was pioneered by Alzaatreh et al. [23] which most of the G-classes follow. This
generalized type was termed as transformed-transformer (T-X) approach that aims to de�ne the

probability density function (pdf) of a new G-class in terms of the pdf and cumulative distribution
function (cdf) of a baseline model. The T-X framework generates di�erent special 
exible models

ful�lling some conditions with support required in this regard. Suppose that r(t) is the pdf and R(t) is
the cdf of a random variable (rv) T 2 [a; b], where the condition �1 < a < b <1 holds, and W [G(x)]
is a generator function of the cdf G(x) or survival function (sf) �G(x) = 1�G(x) of any baseline rv.

Then, the generator must ful�ll the following requirements:

(i) W [G(x)] 2 [a; b],
(ii) W [G(x)] is di�erentiable and monotonically non-decreasing, and
(iii) lim

x!�1
W [G(x)] = a and lim

x!1
W [G(x)] = b.

The cdf of the T{X family has the form

FTX(x) =

Z W [G(x)]

a

r(t) dt = R
�
W
�
G(x)

��
; (1)

where W [G(x)] satis�es the conditions (i){(iii).

The pdf corresponding to Equation (1) is

fTX(x) = r
�
W
�
G(x)

�� d

dx
W
�
G(x)

�
: (2)

Let T 2 (�1;1) be a standard logistic rv with density

r(t) = e�t (1 + e�t)�2; t 2 R: (3)

A few G-classes de�ned from the logistic distribution have been reported in literature such as those
listed in Table 1.

The main aim of this article is to establish the foundation of a new extended logistic family having a


exible link function W [G(x)] = log
h
� log

n
1�

�
1� �G(x)�

��oi
with two additional shape parameters.
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Table 1: Logistic-G classes reported in literature.

SNo. Generator W [G(x)] used Authors Name of the class

1 log
�
G(x)= �G(x)

�
Torabi and Montazari [24] Logistic-G of type 1

2 log
�
� log �G(x)

�
Tahir et al. [25] Logistic-X of type 2

3 log [� log G(x)] Mansoor et al. [26] Logistic-G of type 3

For convenience, henceforth, let w =
�
1� �G(x)�

��
. For brevity, the proposed generator is then

represented by the notation W [G(x)] = log[� log(1� w)] throughout the manuscript.

The prime motivations to introduce new logistic class include: (a) the distinctive link function allows
the applicability of the proposed family in physical processes with series-parallel structures; (b)

Analytically speaking, the two additional parameters in the distinctive link function play a signi�cant
role in addressing the identi�ability issues of inverted models as compared to existing Logistic-G

families;(c) the added 
exibility due to W [G(x)] is visible in studying the special model (see section 3)
with the ability to accommodate a wide range of density and hazard rate shapes in comparison to
special models studied in the existing Logistic-G classes; (d) the suggested extension is capable of
generating skewed distributions with substantially larger tails, a scenario which usually occurs in

extreme value theory; (e) in the course of literature review, it was observed that the initiated family of
distributions serve as a parent model of several existing sub-families (see Table 12); (f) the uniqueness
of this study can be stated with the mere fact that the current literature lacks the bi-variate extension
of any of already proposed Logistic-G families (mentioned in Table-1 of the manuscript). Hopefully, this
article will �ll this void in contemporary literature in which a bivariate extension of the proposed family
is established analytically with the help of empirical �ndings of real data. We organize the article as
follows. In Section 2, we de�ne a new generalized logistic (GL) class, obtain a useful expansion for its
density, explicit expressions for the moments and quantile and generating functions, and estimate the
parameters. In Section 3, the Burr III (BIII) distribution is considered for baseline to propose a special
model called the generalized logistic-Burr-III (GLBIII) distribution, whose mathematical properties
along with empirical illustrations are investigated. Section 4 comprises of the bi-variate extension of
GLBIII model with examples and real life application. Some concluding remarks are addressed in

Section 5.

2 THE NEW GENERALIZED LOGISTIC CLASS

The cdf of the GL class follows from the T-X framework and the logistic cdf as

F (x;�; �; �) =

Z log[� log(1�w)]

�1

e� t
�
1 + e�t

��2
dt =

�
1 +

�
� log(1� w)

��1
��1

; x 2 R; (4)

where � > 0 and � > 0 are shape parameters and � is the vector of baseline parameters.

The pdf corresponding to (4) can be expressed as

f(x;�; �; �) =
�� wg(x; �) �G��1(x; �)

w1=�(1� w) [� log (1� w)]
2

n
1 + [� log(1� w)]

�1
o�2

; (5)

where G(x; �), g(x; �) and �G(x; �) are the baseline cdf, pdf and sf. Further, omitting dependence on the
vector � of parameters, we write G(x) = G(x; �) and g(x) = g(x; �).Henceforth, let X s GL(�; �; �) be a

rv having density (5). The hazard rate function (hrf) of X follows as

�(x;�; �; �) =
�� w g(x; �) �G��1(x; �)

w1=�(1� w) [� log (1� w)]
2

n
1 + [� log(1� w)]

�1
o�2

�

�
1�

n
1 + [� log(1� w)]

�1
o�1

��1

: (6)
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The quantile function (qf) of X is determined by inverting (4)

Q(u) = QG

"
1�

�
1�

h
1� e�(

u
1�u )

i1=��1=�

; �

#
; 0 < u < 1; (7)

where QG(�) = QG(�; �) = G�1(�; �) is the baseline qf.Equation (7) is very simple to obtain the skewness

and kurtosis of X based on quantiles. The unique W [G(x)] is superior to some of the existing G classes
de�ned in current literature. Some special sib-classes arising from the proposed GL class are listed in

Table 2.

Table 2: The GL class in relation to sub-classes in literature.

SNo. � � log Range Reduced distribution

1 � � X (�1;+1) GL family (proposed)

2 1 1 X (�1;+1) Logistic-X (Tahir et al. [25])

3 � � - (0;+1) Exponentited-generalized T-X (Nasiru et al. [27])

4 � 1 - (0;+1) Exponentiated T-X (Alzaghal et al. [28])

5 1 1 - (0;+1) T-X (Alzatreh et al. [23])

2.1 Analytic shapes of the density and hazard rate functions

The shapes of the density and hrf of X can be described analytically. The critical points of the density
of X are the roots of the equation:

g(x)g0(x)

(1� w1=�)1=�

�
(1� �)w1=� � �(� � 1)(1� w1=�)

w1=�

�
+

2�� g(x)g0(x)(1� w
1

� )
��1
�

� log(1� w)

"
1

(1� w)
�

(1� w)w
��1

�

� log(1� w)f1 + [� log(1� w)]�1g

#
= 0 : (8)

The critical points of the hrf of X are obtained from the equation

g0(x)

g(x)
+

g(x)g0(x)

(1� w1=�)1=�

�
(1� �)w1=� � �(� � 1)(1� w1=�)

w1=�

�
+
�� g(x)g0(x)(1� w

1

� )
��1
� w

��1

�

(1� w)

�
1 +

2

log(1� w)

�
+
�� g(x)g0(x)(1� w

1

� )
��1
� w

��1

� [� log(1� w)]�2

(1� w)
n
1 + [� log(1� w)]

�1
o

�

264
n
1 + [� log(1� w)]

�1
o

1�
n
1 + [� log(1� w)]

�1
o�1

375 = 0 : (9)

Equations (8) and (9) are complex and we recommend to use any numerical software to determine the
local maximum and minimum and the points of in
exion.

2.2 Useful expansion

We provide a useful linear combination for (5) in terms of exponentiated-G (exp-G) densities. Given a
baseline cdf G(x), a rv is said to have the exp-G distribution with power parameter l > 0, say Y

�exp-G(l), if its cdf and pdf are

Hl(x) = G(x)l and hl(x) = l Gl�1(x) g(x);
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respectively. For detailed discussion on exp-G distributions, we refer to Mudholkar and Srivastava [29],
Gupta and Kundu [30], Nadarajah and Kotz [31], to just name a few.Consider two expansions that shall

produce fruitful results throughout the manuscript. For any real parameter c and z 2 (0; 1), the power
series holds.

[� log(1� z)]c =

1X
m=0

Pm(c) z
(m+1)c ; (10)

where P0(c) = 1=2, P1(c) = c(3c+ 5)=24, P2(c) = c(c2 + 5c+ 6)=48, etc, are the Stirling's polynomials.

The reciprocal of a power series
P
1

n=0 fn z
n (given that f0 6= 0) exists as follows (Apostol [32])

1P
1

n=0 fn z
n
=

1

f0

1X
n=0

gn z
n ; (11)

where g0 = 1 and gn = (�1)
Pn
i=1 fi gn�i (for n � 1).

Expanding (4) by the power series (10), we obtain

F (x) =

"
1 +

1X
m=0

Pm(�1)
�
1� �G�

��(m+1)�

#�1

: (12)

By applying the binomial expansion in Equation (12)

F (x) =

"
1 +

1X
l=0

!lG(x)
l

#�1

;

where !l =
P
1

m;j=0(�1)
j Pm(�1)

�
�(m+1)�

j

� �
j �
l

�
(for l � 0).

Further, we can rewrite F (x) as

F (x) =

"
1X
l=0

vlG(x)
l

#�1

;

where v0 = 1 + !0 and vl = !l (for l � 1).

By using the result (11) in the last expression,

F (x) =
1

v0

1X
l=0

dlG
l(x) ; (13)

where d0 = 1, and dl = (�1)
Pl
i=1 vl dl�i (for l � 1).

By simple di�erentiating of F (x), we obtain

f(x) =
1

v0

1X
l=0

dl+1 hl+1(x; �) ; (14)

where hl+1(x; �) = (l + 1)Gl(x; �) g(x; �) is the exp-G density with power parameter l + 1.
Equation (14) reveals that the GL density function is a linear combination of exp-G densities.

2.3 Mathematical properties

The formulae derived throughout the paper can be easily handled in most symbolic computation
platforms (Maple, Mathematica and Matlab) which have currently the ability to deal with analytic
expressions of formidable size and complexity. Henceforth, let Yl+1 be a rv having the exp-G

distribution with power parameter l + 1. We can �nd some mathematical quantities of the GL family
from (14) and those ones of the exp-G distribution, which are known for at least �fty distributions; see
those distributions listed in Tables 1, 3 and 5 of Tahir and Nadarajah [13].Firstly, the nth ordinary

moment of X follows from (14) as

�0n =
1

v0

1X
l=0

dl+1 E(Y
n
l+1) =

1

v0

1X
l=0

(l + 1) dl+1 �n;l; (15)
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where E(Y nl+1) =
R
1

0
yn hl+1(y; �)dy and �n;l =

R 1
0
QG(u)

n uldu. Setting n = 1 in (15) provides
expressions for the means of several special distributions.Clearly, the central moments and cumulants of

X can be determined from (15) using well-known relationships.Secondly, the nth lower incomplete

moment of X, say mn(y) =
R y
�1

xn f(x)dx, is

mn(y) =
1

v0

1X
l=0

dl+1

Z y

�1

xn hl+1(x; �)dx =
1

v0

1X
l=0

dl+1

Z G(y;�))

0

QG(u; �)
n uldu: (16)

The last two integrals can be evaluated numerically for most G distributions.Thirdly, for a given

probability �, the Bonferroni and Lorenz curves (popular measures in economics, reliability,
demography, insurance and medicine) of X are given by B(�) = m1(q)=(� �

0
1) and L(�) = m1(q)=�

0
1,

respectively, where q = Q(�) can be found from (7).Fourthly, the total deviations from the mean and

median are �1 = 2�01 F (�
0
1)� 2m1(�

0
1) and �2 = �01 � 2m1(M), where M = Q(0:5) and F (�01) comes

from (4).Fifthly, the moment generating function (mgf) M(t) = E(et X) of X follows from (14) as

M(t) =
1

v0

1X
l=0

dl+1Ml+1(t) =
1

v0

1X
l=0

(l + 1) dl+1 �l(t; �); (17)

where Ml+1(t) is the mgf of Yl+1 and �l(t; �) =
R 1
0
exp[tQG(u; �)]u

ldu. Hence, we can obtain the mgfs
of many special GL distributions directly from (17) and exp-G generating functions.

2.4 Estimation

We consider the estimation of the unknown parameters of the new class by the maximum likelihood
method. Let x1; � � � ; xn be n observations from the GL density class (5) with parameter vector

� = (�; �; �>)>. The log-likelihood ` = `(�) for � has the form

` = n log(�) + n log(�) + (�� 1)

nX
i=1

log
�
1� w1=�

�1=�
+ (� � 1)

nX
i=1

log(w1=�)

�

nX
i=1

log(1� w)� 2

nX
i=1

log[� log(1� w)]� 2

nX
i=1

log
�
1 + f� log(1� w)g�1

�
: (18)

The MLE b� of � can be evaluated by maximizing (18). There are several routines for numerical
maximization of `(�) in the R program (optim function), SAS (PROC NLMIXED), Ox (sub-routine

MaxBFGS), among others.Alternatively, we can di�erentiate the log-likelihood and solving the resulting

nonlinear likelihood equations. Then, the score components with respect to �, � and � are

U� =
n

�
+ �

nX
i=1

log(1� w1=�)w0�(xi;�; �)�

nX
i=1

�
1� w1=�

�
� 2

nX
i=1

w0�(xi; �)

(1� w)[� log(1� w)]

+ (� � 1)

nX
i=1

w0�(xi; �)

w1=�
+

nX
i=1

w0�(xi; �)

1� w
+ 2

nX
i=1

(1� w)w0�(xi; �)

[� log(1� w)]
2
[1 + f� log(1� w)g�1]

;

U� =
n

�
+

�
�� 1

�

� nX
i=1

w1=� log(w)w0�(xi; �)�
1� w1=�

�1=� + �

nX
i=1

�
log(w)w0�(xi; �)

�
+

nX
i=1

w0�(xi; �)

(1� w)

�

nX
i=1

log(w1=�)� 2

nX
i=1

w0�(xi; �)

(1� w)[� log(1� w)]
;
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U�k =

�
1� �

��

� nX
i=1

"
w(1=�)�1 w0�(xi; �)

(1� w1=�)

#
+

�
1� �

�

� nX
i=1

w0�(xi; �)

w
+

nX
i=1

w0�(xi; �)

(1� w)

�2

nX
i=1

w0�(xi; �)

[� log(1� w)](1� w)
+ 2

nX
i=1

(1� w)�1w0�(xi; �)

[1 + f� log(1� w)g�1] [� log(1� w)]2
;

where w0�(xi; �) and w
0

�(xi; �) are, respectively, the derivatives with respect to � and �.

Setting the score components to zero and solving them simultaneously yields the MLEs of the
parameters. The resulting equations cannot be solved analytically, but some statistical softwares can be

used to solve them numerically through iterative Newton-Raphson type algorithms.

3 THE GL-BIII DISTRIBUTION

The BIII distribution has received much broader attention in distinct areas of modern science including
income, wage or wealth size (by the name of Dagum distribution), in actuarial science (by the name of
inverse Burr) and in meteorological science (by the name of Kappa distribution). According to Kleiber
and Kotz [33], it is a special case of the four-parameter generalized beta II distribution. By taking the
BIII model as baseline distribution with cdf G(x; c; k) = (1 + x�c)�k and inserting it in Equation (4),

the cdf of the GL-BIII distribution becomes

F (x) =

(
1 +

�
� log

�
1�

n
1�

h
1�

�
1 + x�c

��ki�o����1
)�1

: (19)

The pdf corresponding to Equation (19) is

f(x) = �� c k x�c�1
�
1 + x�c

��k�1
h
1�

�
1 + x�c

��ki��1 n
1�

h
1�

�
1 + x�c

��ki�o��1

�

�
1�

n
1�

h
1�

�
1 + x�c

��ki�o���1 �
� log

�
1�

n
1�

h
1�

�
1 + x�c

��ki�o����2

�

(
1 +

�
� log

�
1�

n
1�

h
1�

�
1 + x�c

��ki�o����1
)�2

; (20)

where � > 0, � > 0, c > 0 and k > 0 are shape parameters.Henceforth, X denotes a rv having density

(20). The hrf of X can be expressed as

h(x) = �� c k x�c�1
�
1 + x�c

��k�1
h
1�

�
1 + x�c

��ki��1 n
1�

h
1�

�
1 + x�c

��ki�o��1

�

�
1�

n
1�

h
1�

�
1 + x�c

��ki�o���1 �
� log

�
1�

n
1�

h
1�

�
1 + x�c

��ki�o����2

�

(
1 +

�
� log

�
1�

n
1�

h
1�

�
1 + x�c

��ki�o����1
)�2

�

241�(1 + �� log

�
1�

n
1�

h
1�

�
1 + x�c

��ki�o����1
)�1

35�1

:

Figures 1 and 2 display some plots of the pdf and hrf of X for selected parameter values. Figure 1
reveals that the GL-BIII distribution is right-skewed, J, U and reversed-J shaped. Also, Figure 2 shows

that the GL-BIII hrf can produce increasing, decreasing, bathtub, upside-down bathtub and
increasing-decreasing-increasing shapes.

3.1 Expansion of the GL-BIII density

Recalling Equation (13), the cdf of the GL-BIII distribution follows as

F (x) =
1

v0

1X
l=0

dlG(x; c; (l + 1)k): (21)
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By di�erentiating Equation (21), the GL-BIII density can be expressed as

f(x) =
1

v0

1X
l=0

dl+1 g(x; c; (l + 1)k); (22)

where g(x; c; (l + 1)k) denotes the BIII density with shape parameters c and (l + 1)k.Equation (22)
reveals that the GL-BIII density is a linear combination of BIII densities, and then several of its

mathematical properties can be obtained from those of the BIII distribution.

3.2 Properties of the GL-BIII distribution

Here, we present the ordinary and incomplete moments and mgf of X from Equation (22).

Proposition 3.1. The nth ordinary moment of X can be expressed as

�0n = E(Xn) =
nk

cv0

1X
l=0

(l + 1) dl+1

�
�
�n
c

�
�
�
(l + 1)k + n

c

�
�((l + 1)k + 1)

: (23)

Proof. We can write from (22)

E(Xn) =
1

v0

1X
l=0

dl+1

Z
1

0

xn g(x; c; (l + 1)k) dx =
1

v0

1X
l=0

dl+1 E
�
Y nl+1

�
;

where Yl+1 �BIII(c; (l + 1)k). Based on the nth moment of the BIII model, the above result holds from

E
�
Y nl+1

�
=
nk (l + 1)�

�
�n
c

�
�
�
(l + 1)k + n

c

�
c�((l + 1)k + 1)

:

Table 3 gives values for some basic quantities of the GL-BIII distribution: the �rst four ordinary
moments, variance, standard deviation, coe�cient of variation (CV) and the coe�cients of skewness

(CS) and kurtosis (CK). Table 4 reports well-known descriptive measures for this distribution based on
quantiles. The skewness and kurtosis plots of X based on quantiles are displayed in Figure 3. These

plots show that the parameters � and � play a signi�cant role in modeling the skewness and kurtosis of
X.

Proposition 3.2. The nth incomplete moment of X is

mn(y) =
�

v0

1X
l;j=0

(�1)j dl+1

(n=c� j � 1)

�
�n=c� (l + 1)k + 1

j

�
G(y; c; (l + 1)k)�n=c+j+1: (24)

Proof. We can write from (22)

mn(y) =

Z y

0

xn f(x)dx =
1

v0

1X
l=0

dl+1mn;l(y);

where mn;l =
R y
0
xn g(x; c; (l+1)k) dx. Using the qf of the BIII model and by changing z = 1�u1=(l+1)k,

we can write

mn;l(y) =

Z G(y;c;(l+1)k)

0

h
u�(l+1)k � 1

i�n=c
du = �

Z G(y;c;(l+1)k)

0

z�n=c (1� z)�n=c�(l+1)k+1dz ;

and then by expanding the binomial we arrive at (24).

The Bonferroni and Lorenz curves of X (for a given probability �) are B(�) = m1(q)=(�mu
0
1) and

L(�) = � B(�), respectively, where q = Q(�) is the qf of X given by (27).
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Figure 1: Plots of the GL-BIII density for some parameters.
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Figure 2: Plots of the GL-BIII hazard function for some parameters.
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Table 3: Some quantities of the GL-BIII (�; �; c; k) distribution for selected parameters.

Parameters E(X) E(X2) E(X3) E(X4) V(X) �(X) CV CS CK

(1.5,0.1,1.5,2.5) 0.724 2.837 17.002 120.839 2.312 1.521 2.099 2.818 12.001

(1.5,0.2,1.5,2.5) 0.964 3.648 21.432 150.901 2.719 1.649 1.711 3.099 12.943

(1.5,0.5,1.5,2.5) 1.398 5.301 30.384 210.798 3.346 1.829 1.309 2.721 10.128

(1.5,1.9,1.5,2.5) 2.222 9.626 55.462 379.203 4.688 2.165 0.974 2.387 7.436

(2.5,0.3,1.5,2.5) 1.080 3.775 21.212 146.157 2.608 1.615 1.495 2.994 12.536

(2.5,2.3,1.5,2.5) 2.002 7.440 39.636 261.807 3.434 1.853 0.926 2.540 9.003

Table 4: Quantiles, Bowley skewness (B) and Moors kurtosis (M) of X for selected pa-
rameters.

Parameters Q1 Q2 Q3 B M

(1.5,0.1,1.5,2.5) 0.027 0.273 1.888 0.735 7.314

(1.5,0.2,1.5,2.5) 0.162 0.618 2.808 0.655 7.005

(1.5,0.5,1.5,2.5) 0.563 1.294 4.524 0.631 7.011

(1.5,1.9,1.5,2.5) 1.658 2.982 8.854 0.632 7.133

(2.5,0.3,1.5,2.5) 0.280 0.736 2.255 0.539 3.735

(2.5,2.3,1.5,2.5) 1.259 2.002 4.359 0.521 3.844

(5.0,2.0,1.5,2.5) 0.824 1.313 2.639 0.461 2.847
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Figure 3: Plots of the skewness and kurtosis (based on quantiles) of X.

Proposition 3.3. The mgf of X can be expressed as

MX(t) =
c k

v0

1X
l=0

(l + 1) dl+1

1X
p=0

�
�(l + 1)k � 1

p

�
�[�(p+ 1)c] (�t)(p+1)c;

where �(a) =
R
1

0
ta�1 e�tdt is the gamma function.
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Proof. It follows from (22)

MX(t) = E
�
etX
�

=
1

v0

1X
l=0

dl+1

Z
1

0

etx g(x; c; (l + 1)k) dx :

=
c k

v0

1X
l=0

(l + 1) dl+1

Z
1

0

etxx�c�1
�
1 + x�c

��(l+1)k�1
dx: (25)

Using the generalized binomial expansion,

�
1 + x�c

��(l+1)k�1
=

1X
p=0

�
�(l+1)k�1

p

�
x�pc: (26)

Combining Equations (25) and (26), and solving the last integral, we obtain

MX(t) =
c k

v0

1X
l=0

(l + 1) dl+1

1X
p=0

�
�(l + 1)k � 1

p

�
�[�(p+ 1) c] (�t)(p+1) c:

3.3 Quantile function and a simulation study

The qf of X is determined by inverting Equation (19)

Q(u) =

"(�
1�

n
1�

�
1� e�

u

1�u

�1=�o1=���1=k
)
� 1

#�1=c

: (27)

We investigate the accuracy of the MLEs of the GL-BIII parameters using Monte Carlo simulations
considering sample sizes n = 100; 200; 300 under three scenarios: I: � = 1:5, � = 0:8, c = 0:4, and
k = 1:5, II: � = 0:5, � = 1:8, c = 1:2, and k = 1:5 and III: � = 2:5, � = 1:75, c = 0:8, and k = 0:75.
One thousand simulations are repeated for each sample size, and we calculate the average estimates

(AEs), average biases and mean squared errors (MSEs) of the MLEs, namely

Bias(�̂) =

NX
i=1

�̂i
N
� � and MSE(�̂) =

NX
i=1

(�̂i � �)2

N
:

The simulation results in Tables 5-7 clearly reveal that the biases and MSEs decrease when n increases.
Then, the accuracy of the MLEs in estimating the parameters of the new distribution is evidently

superior for large sample sizes as expected.

Table 5: Simulation results under scenario I.

n = 50 n = 100

� � c k � � c k

AE 1.522 0.755 0.419 1.616 1.605 0.862 0.379 1.771

Bias 0.522 -0.045 0.019 0.116 0.465 0.062 -0.019 0.171

MSE 0.172 0.050 0.012 0.060 0.102 0.097 0.006 0.009

n = 200 n = 500

� � c k � � c k

AE 1.512 0.823 0.384 1.584 1.503 0.794 0.408 1.498

Bias 0.112 0.023 -0.016 0.084 0.030 0.006 0.008 0.002

MSE 0.058 0.006 0.003 0.061 0.003 0.001 0.001 0.010
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Table 6: Simulation results under scenario II.

n = 50 n = 100

� � c k � � c k

AE 0.997 2.135 0.974 2.038 0.746 1.941 0.976 1.871

Bias 0.957 0.335 -0.226 0.538 0.546 0.340 -0.224 0.371

MSE 2.878 0.346 0.197 0.871 0.763 0.347 0.347 0.398

n = 200 n = 500

� � c k � � c k

AE 0.672 1.887 1.008 1.693 0.535 1.823 1.181 1.538

Bias 0.472 0.287 -0.192 0.293 0.235 0.123 -0.069 0.138

MSE 0.703 0.246 0.123 0.274 0.329 0.080 0.048 0.107

Table 7: Simulation results under scenario III.

n = 50 n = 100

� � c k � � c k

AE 3.007 1.839 0.911 1.056 2.826 1.776 0.838 0.902

Bias 0.507 -0.411 0.111 0.306 0.326 -0.026 0.038 0.092

MSE 0.762 0.586 0.091 0.300 0.516 0.097 0.035 0.057

n = 200 n = 500

� � c k � � c k

AE 2.723 1.748 0.802 0.840 2.540 1.755 0.809 0.759

Bias 0.223 -0.107 0.002 0.090 0.040 -0.105 0.019 0.063

MSE 0.245 0.086 0.006 0.051 0.007 0.073 0.002 0.025

3.4 Estimation

Let x1; � � � ; xn be n observations from the GL-BIII distribution (20) with parameter vector
� = (�; �; c; k)>. The log-likelihood ` = `(�) for � is

` = n log(�� c k) + (�� 1)

nX
i=1

log
�
1� w1=�

�1=�
+ (� � 1)

nX
i=1

log(w1=�)�

nX
i=1

log(1� w)

� 2

nX
i=1

log [� log(1� w)]� 2

nX
i=1

log
�
1 + [� log(1� w)]�1

	
: (28)

The function ` can be easily maximized using the AdequacyModel package. The components of the score
vector U(�) are provided in Appendix A. The MLE b� of � can also be obtained by solving the

nonlinear equations U� = 0, U� = 0, Uc = 0 and Uk = 0.

3.5 Analysis on 
ood and earthquake data sets: Univariate
case

In this section, we compare the GL-BIII distribution with some well-known extended BIII distributions.
We use two data sets representing di�erent real life phenomenons to prove empirically that the new
distribution provides better �ts than its competitors. We compare it with the Beta-Dagum (BBIII)
(Domma and Condino [34]), Kumaraswamy-Burr III (KwBIII) (Cordeiro et al. [35]), Gamma-Dagum
(ZBGaBIII) (Oluyede et al. [36]), Marshall-Olkin extended Burr III (MOBIII) (Al-Saiari et al. [37])

and BIII distributions.We compute the log-likelihood function evaluated at the MLEs (�^̀) using the
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method of a limited-memory quasi-Newton code for bound-constrained optimization (L-BFGS-B). For
model comparison, a number of criterion go into assessing the scienti�c validity of the unknown model.

The well-known goodness-of-�t (GoF) measures such as the Akaike information criterion (AIC),
Corrected Akaike information criterion (CAIC), Bayesian Information Criterion (BIC), Hannan-Quinn

Information Criterion (HQIC), Anderson-Darling (A�), Cram�er{von Mises (W �) and
Kolmogrov-Smirnov (K-S) are adopted for model comparisons. Lower values of these statistics and

higher p-values of the K-S statistic indicate better �ts. The required computations are carried out using
the R script AdequacyModel which is easily available from

http://cran.r-project.org/web/packages/AdequacyModel/AdequacyModel.pdf.The �rst data set taken

from [38] considers the maximum annual 
ood discharges (in units of 1,000 cubic feet per second) of the
North Saskachevan River at Edmonton over a period of 48 years. The second data set represents the
time intervals (in days) of successive earthquakes in Anatolya which were originally reported by [39].
The data set is taken from University of Bosphoros, Kandilli Observatory and Earthquake Research

Institute-National Earthquake Monitoring Center (KOERI-NEMC, web address:
http://www.koeri.boun.edu.tr).The numerical values of some statistics for the �tted models to these

data sets are reported in Tables 8 and 9. Further, the MLEs and their standard errors (SEs in
parentheses) for some �tted models are given in Tables 10 and 11. The �gures in Tables 8 and 9

Table 8: The GoF statistics for some models �tted to data set 1.

K-S

Distribution �

^̀ AIC CAIC BIC HQIC A� W � K-S p-value

GL-BIII 216.9624 441.9249 442.8551 449.4097 444.7534 0.2703 0.0358 0.0732 0.9590

BBIII 236.4482 450.8963 451.8265 456.3811 453.7248 0.5634 0.0833 0.0999 0.7247

KwBIII 231.5529 443.1059 443.6513 458.7195 455.2273 0.8001 0.1207 0.1121 0.5821

ZBGaBIII 221.3247 448.6495 449.1949 454.2631 450.7709 0.3599 0.0522 0.1258 0.4332

MOBIII 230.2612 466.5224 467.0679 472.1360 468.6438 0.4802 0.0709 0.2190 0.0202

BIII 233.5747 471.1493 471.4160 474.8917 472.5636 0.5527 0.3064 0.2157 0.0238

Table 9: The GoF statistics for some models �tted to data set 2.

K-S

Distribution �

^̀ AIC CAIC BIC HQIC A� W � K-S p-value

GL-BIII 198.3868 404.7735 406.8788 409.4857 406.0237 0.3255 0.0375 0.0757 0.9654

BBIII 206.0734 438.1469 436.5537 444.5763 440.6756 0.4959 0.0869 0.1170 0.8574

KwBIII 200.6718 406.6119 408.8921 410.0072 410.8775 0.3992 0.0389 0.0783 0.9328

ZBGaBIII 260.2588 428.5775 428.9243 424.9464 421.0643 0.4174 0.1065 0.0837 0.7783

MOBIII 236.8419 429.6839 430.0906 436.1133 432.2126 0.3926 0.1135 0.1123 0.6866

BIII 268.5868 471.1737 465.3737 445.4549 442.8595 0.5307 0.1439 0.1553 0.6170

indicate that the GL-BIII model provides the best �t as compared to the other models. The plots in
Figures 4-6 also support our claim.

4 BI-VARIATE EXTENSION OF GL-BIII

DISTRIBUTION

Recently, there has been an increasing interest in developing bivariate models see the work in references
[40]{[47]. Considering the two positive dependent random variables X;Y , the bivariate GL-BIII random
vector (X;Y ) with parameters c; k; �; � > 0 and �1 <  1 +  3 < 1;�1 <  2 +  3 < 1, will be denoted
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Figure 4: Estimated (a) density (b) PP-plot (c) cdf, and (d) sf plots for data set 1.
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Figure 5: Estimated (a) density (b) PP-plot (c) cdf, and (d) sf plots for data set 2.
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Table 10: Results from some �tted distributions to data set 1.

Distribution � � c k � �

GL-BIII 89.652 1.124 0.783 83.261 - -

(0.346) (0.261) (0.022) (0.348) - -
BBIII 111.778 261.251 0.146 2.657 - -

(75.215) (126.7369) (0.032) (1.131) - -
KwBIII - - 0.488 1.457 27.711 38.712

- - (0.093) (0.702) (6.142) (25.267)
ZBGaBIII - - 6.83 7.1940 - 24.240

- - (0.007) (0.095) - (0.704)
MOBIII - - 1.738 25.026 - 24.076

- - (0.164) (11.481) - (13.479)
BIII - - 1.135 52.038 - -

- - (0.086) (14.676) - -

Table 11: Results from some �tted distributions to data set 2.

Distribution � � c k � �

GL-BIII 163.7293 0.2750 0.3724 76.5558 - -

(11.3982) (0.0825) (0.0509) (0.1967) - -
BBIII 179.1883 1 3.035 0.692 - -

(125.353) - (6.682) (0.314) - -
KwBIII - - 101.7721 19.2130 12.1118 1.6572

- - (59.4673) (7.293) (4.1990) (9.3824)
ZBGaBIII - - 22.089 12.891 - 21.169

- - (0.003) (0.113) - (0.573)
MOBIII - - 7.866 51.681 - 9.985

- - (1.168) (37.751) - (12.181)
BIII - - 5.378 22.046 - -

- - (0.514) (11.697) - -

by (X;Y ) �BIGL-BIII(c; k; �; �;  1;  2;  3). The cdf F (x; y), has the form

F (x; y) =

(
1 +

�
� log

�
1�

n
1�

�
1� (1 + x�c)�k

��o����1
)�1

�

(
1 +

�
� log

�
1�

n
1�

�
1� (1 + y�c)�k

��o����1
)�1

�

0@�(1 + �� log

�
1�

n
1�

�
1� (1 + x�c)�k

��o����1
)�1

1A
�( 1 +  3) + 1 +  1 +  2 + 2 3 � ( 2 +  3)

�

(
1 +

�
� log

�
1�

n
1�

�
1� (1 + y�c)�k

��o����1
)�1

1A : (29)
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The pdf for the cdf 29 is

f(x; y) = (��ck)2(xy)�c�1(1 + x�c)(1 + y�c)
�
1� (1 + x�c)�k

���1 �
1� (1 + y�c)�k

���1

�
n
1�

�
1� (1 + x�c)�k

��o��1 n
1�

�
1� (1 + y�c)�k

��o��1

�

�
1�

n
1�

�
1� (1 + x�c)�k

��o���1�
1�

n
1�

�
1� (1 + y�c)�k

��o���1

�

�
� log

�
1�

n
1�

�
1� (1 + x�c)�k

��o����2 �
� log

�
1�

n
1�

�
1� (1 + y�c)�k

��o����2

�

(
1 +

�
� log

�
1�

n
1�

�
1� (1 + x�c)�k

��o����1
)�2

�

(
1 +

�
� log

�
1�

n
1�

�
1� (1 + y�c)�k

��o����1
)�2

�

0@�2( 1 +  3)

(
1 +

�
� log

�
1�

n
1�

�
1� (1 + x�c)�k

��o����1
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+2 3 � 2( 2 +  3)

(
1 +

�
� log

�
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n
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�
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��o����1
)�1

: (30)

The marginals for Eqs. 29 and 30 are, respectively, as

FX(x) = (1 +  1 +  3)

(
1 +

�
� log

�
1�

n
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and
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4.1 Core properties

Here, we establish the core mathematical expressions for the bi-variate reliability function, hazard rate
function, moments, incomplete moments and copula function of the BIGL - BIII distribution from

Eq. (30) are as follows

Proposition 1. Let (X;Y ) � BIGL�BIII(c; k; �; �;  1;  2;  3): Then the bivariate reliability function
is given by
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Proposition 2. Let (X;Y ) � BIGL�BIII(c; k; �; �;  1;  2;  3): Then, the bivariate hazard rate func-
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tion, as in [48], is
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Proposition 3. Let (X;Y ) � BIGL�BIII(c; k; �; �;  1;  2;  3): Then, the rth moment corresponding
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to density in (33) and (33), respectively, be as
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where

�l1;l2(�; �) =
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and G(:); g(:) are given by 21 and 22, respectively.

Proposition 4. Let (X;Y ) � BIGL�BIII(c; k; �; �;  1;  2;  3): Then the incomplete moments corre-
sponding to BIGL-BIII model are

�r;s = E(XrY s) = (1 +  1 +  2 + 2 3)
rsk2

c2v20
]

�

1X
l1=0

1X
l2=0

(l1 + 1)(l2 + 1)dl1dl2
�(� r

c )�((l1 + 1)k + r
c )

�((l1 + 1) + 1)

�(� s
c )�((l2 + 1)k + s

c )

�((l2 + 1) + 1)

�2

 
( 1 +  3)

1X
l2=0

(l2 + 1)dl2�l1;l2(x; r)
�(� s

c )�((l2 + 1)k + s
c )

�((l2 + 1) + 1)

!

+

 
( 2 +  3)

1X
l1=0

(l1 + 1)dl1�l1;l2(y; s)
�(� r

c )�((l1 + 1)k + r
c )

�((l1 + 1) + 1)

!
;

where �l1;l2(�; �) is given by 33.

Proposition 5. Let (X;Y ) � BIGL�BIII(c; k; �; �;  1;  2;  3): Then its copula function due to [49],
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is given by
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4.2 Related estimation results

The maximum log-likelihood function L(:) for a random sample from
(X;Y ) s BIGL-BIII(c; k; �; �;  1;  2;  3) is
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The maximum likelihood estimators of parameters can be obtained by numerically solving the system of
non- linear equations, presented in Appendix B.

4.3 Numerical illustrations of BIGL-BIII

Here we investigate three di�erent examples of the BIGL�BIII(c; k; �; �;  1;  2;  3); to show the

exibility of the new model and its applicability to di�erent types of bivariate data including

ill-conditioned data.

4.3.1 Example 1

Consider that (X;Y ) s BIGL-BIII(1:9; 2:2; :4; 1:1;�0:7;�0:5; 0:2) parameter combination which are
totally random, then the characteristics of its distribution can be observed in Fig. 7. We note that the
model can be applicable to data with unimodel and high left skewness, see Fig 7(a). The cdf (Fig. 7(b))
approaches one for high value of x and y that means that it is suitable to model big data with no need
to transform. The bivariate hazard function is given in Fig. 7(c). The independence structure is clear in
Figs. 7(d) & 7(e). The high skewness of the marginals can easily be observed in Figs. 7(f) & 7(h). The
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availability of the model to �t large numbered data is clear in Figs. 7(g) and 7(i). This example shows
that, the model can �t data with high values and high right skewness.

Figure 7: Surface plots of the characteristics of BIGL-BIII model at
(1:9; 2:2; :4; 1:1;�0:7;�0:5; 0:2) parameter values.

4.3.2 Example 2

Let us here consider that (X;Y ) s BIGL-BIII(1:3; 0:9; 2:5; 0:9; 0:2;�0:9; 0:6). In contrast to example 1,
this part illustrates that the model is suitable to �t the rational data, in (0; 1) Figs 8(a) and 8(b) with
completely di�erent properties of hazard function Fig. 8(c) and dependence structures, Figs. 8(d) and

8(e). The unimodality of marginals appears near zero, Figs. 8(f) and 8(h), that suggests the
applicability of the model to ill-conditioned data. When (x; y)! (1; 1) the cdfs approach 1, Figs 8(g)

and 8(i), that ensure the fully description of rational data.

4.3.3 Example 3

Let (X;Y ) s BIGL-BIII(2:6; 1:8; 3:4; 1:7; 0:6;�0:5;�0:3). This example presents a distribution with
di�erent set of properties in comparison with example one and two, Fig. 7, Fig. 8 and Fig. 9. The

unimodality can be observed in Fig. 9(a) with moderate skewness. The model �ts data with moderate
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Figure 8: Plots of the characteristics of BIGL-BIII model at
(1:3; 0:9; 2:5; 0:9; 0:2;�0:9; 0:6) parameter values.
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values 1 < x; y < 10; Fig. 9(b) with di�erent hazard function and independence structure Figs. 9(d)
and 9(e): The moderate skewness of marginals can be observed in Figs. 9(f) and 9(h). The model also

�ts well-conditioned data, Figs 9(g) and 9(i).

Figure 9: Plots of the characteristics of BIGL-BIII model at
(2:6; 1:8; 3:4; 1:7; 0:6;�0:5;�0:3) parameter values.

4.4 Real life application: Bivariate case

In this section, this model is applied to life time data simulated by [50] and investigated by [51]. The
data represents the operational lifespan of the components, viz. a viz. the processor lifetime and the

memory lifetime of central processing unit (CPU) of a computer. The authors in [50] studied this data
in the context of two-component system reliability con�guration. They simulated the data in terms of
latent variable using Marshall-Olkin bivariate Exponential distribution. Let X and Y represent the

processor lifetime and the memory lifetime, respectively. The parameters of the model
(X;Y ) s BIGL-BIII(c; k; �; �;  1;  2;  3) are estimated in Table. 12 and its distribution functions are

given in Fig. 10.
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Figure 10: Plots of the �tted characteristics of BIGL-BIII model on lifetime data.
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Table 12: The estimates of the unknown parameters generated from the BIGL-BIII class.

Estimates (c,k,�,�, 1, 2, 3) AIC BIC

1.416, 4.310, 3.203, 0.259, -0.927, -0.788, 0.693 376.710 390.094

5 Concluding remarks

A new family of distributions so called generalized logistic-G (GL-G) has been established using a
distinct generator function, having two additional parameters. The theoretical foundation of GL-G has

been established using structural properties. The inference related to model parameters has been
achieved adopting the framework of maximum likelihood estimation. For bounded parameter interval,
inverse-Burr (BIII) distribution has been chosen to study one of the special model arising due to GL-G
class called the generalized logistic-Burr-III (GL-BIII) distribution. The convergence of parameter
estimates has been checked using Monte-carlo simulation technique. For univariate case, two real life

data sets related to extreme event occurrences has been used to illustrate the potentiality of this special
model in comparison to �ve well-established families. Further, a bi-variate extension of the GLBIII
termed as Bivariate generalized logistic-Burr-III (BIGL-BIII) is established with a theoretical and

applied perspective. Given the 
exibility of the proposed class of distribution, an extended regression
model based on the logarithm of the random variable can be establish in future. The inference related
to parameter estimation of the GL-BIII model parameter can be carried out based on di�erent method
of estimations. We hope that the proposed model can attract the attention of applied practitioners from

various �elds.
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Probability density function pdf
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Random variable rv
Survival function sf
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Burr III BIII
Generalized logistic-Burr-III GLBIII
Hazard rate function hrf
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Average estimates AEs
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Mean squared errors MSEs
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Akaike information criterion AIC
Corrected Akaike information criterion CAIC
Bayesian Information Criterion BIC
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Anderson-Darling A�
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Appendix B
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Appendix C

Univariate case: Flood data 1

19.885, 20.940, 21.820, 23.700, 24.888, 25.460, 25.760, 26.720, 27.500, 28.100, 28.600, 30.200, 30.380,
31.500, 32.600, 32.680, 34.400, 35.347, 35.700, 38.100, 39.020, 39.200, 40.000, 40.400, 40.400, 42.250,
44.020, 44.730, 44.900, 46.300, 50.330, 51.442, 57.220, 58.700, 58.800, 61.200, 61.740, 65.440, 65.597,

66.000, 74.100, 75.800, 84.100, 106.600, 109.700, 121.970, 121.970, 185.560.

Univariate case: Earthquake data 2

1163, 3258, 323, 159, 756, 409, 501, 616, 398, 67, 896, 8592, 2039, 217, 9, 633, 461, 1821, 4863, 143, 182,
2117, 3709, 979

B-ivariate case: operational components of CPU

The bi-variate data set is as follows

Table 13: Operational lifetime of operational components of CPU

Sys Processor

lifetime

Memory

lifetime

Sys Processor

lifetime

Memory

lifetime

Sys Processor

lifetime

Memory

lifetime

1 1.9292 3.9291 21 1.1739 3.3857 41 0.627 1.7289

2 3.6621 0.0026 22 1.3482 1.9705 42 0.7947 0.7947

3 3.9608 0.8323 23 3.0935 3.0935 43 0.5079 5.3535

4 2.3504 3.3364 24 2.1396 2.1548 44 2.5913 2.5913

5 1.0833 3.3059 25 1.3288 0.9689 45 2.5372 2.4923

6 2.8414 1.8438 26 0.1115 0.1115 46 1.1917 0.0801

7 0.3309 0.3309 27 0.8503 2.8578 47 1.5254 4.4088

8 2.9884 1.5961 28 0.1955 0.1955 48 1.0986 1.0986

9 0.5784 1.8795 29 0.4614 0.8584 49 1.0051 1.0051

10 0.552 0.552 30 3.3887 1.9796 50 1.364 1.364

11 1.9386 4.0043 31 0.1181 0.0884

12 2.1 2.0513 32 5.0533 2.3238

13 0.9867 0.9867 33 1.6465 2.0197

14 0.1837 0.1837 34 0.9096 0.6214

15 1.3989 4.1268 35 1.7494 2.3643

16 2.3757 2.7953 36 0.1058 0.1058

17 3.5202 1.4095 37 0.4593 0.4593

18 2.3364 0.1624 38 0.9938 1.7689

19 0.8584 1.9556 39 5.7561 0.3212

20 4.3435 1.0001 40 6.295 1.0495
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