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ABSTRACT

In modern reliability engineering, ensuring that product lifetimes meet specified percentile requirements is often more informative
than relying on mean lifetime criteria, particularly for skewed or heavy-tailed failure distributions. This paper develops a novel
multiple dependent state (MDS) sampling plan for truncated life tests, assuming that product lifetimes follow a half-normal
distribution (HND). The proposed plan uses the percentile of the lifetime distribution as the quality benchmark, thereby providing
enhanced protection against early failures. The operating characteristic (OC) function is derived, and an optimization framework is
established to determine the minimum sample size (n) together with the acceptance (c;) and rejection (c,) numbers such that the
producer’srisk (@ = 0.05) and consumer’s risk(8 = 0.25,0.10,0.05,0.01) are simultaneously satisfied. Extensive tables of optimal
plan parameters are presented for different truncation multipliers (6 = 0.5,1.0), percentile levels (g = 0.25,0.50), and quality ratios
(d = 2,4,6,8). The results show that the MDS plan substantially reduces the required sample size compared to conventional single
sampling plans. For example, at 8 = 0.25,d = 2,6 = 0.5, q = 0.5, the sample size decreases from 48 (single plan) to 28 (MDS), a
reduction of 41.67%. Two real-world case studies, software failure times and electronic device lifetimes, demonstrate the practical
applicability of the plan: a conforming software lot is accepted with minimal inspection, while a non-conforming device lot is swiftly
rejected. The proposed MDS plan offers an efficient, flexible, and statistically rigorous tool for reliability engineers who must
balance inspection cost with stringent quality assurance.

Keywords:Acceptance sampling; Multiple dependent state; Half normal distribution; Percentile based life test;
Consumer’s risk

1. Introduction
In modern manufacturing and supply chain operations, product quality verification constitutes a fundamental pillar of
industrial competitiveness. Organizations face increasing pressure to deliver high-reliability products while simultaneously
minimizing inspection costs and maintaining rigorous quality standards. This dual imperative has elevated the role of
acceptance sampling plans (ASPs) as indispensable statistical tools for quality assurance across diverse industrial sectors.
ASPs provide a systematic framework for making acceptance or rejection decisions on product lots based on examining a
representative sample, achieving a pragmatic balance between the impracticality of zero inspection and the prohibitive costs
of 100% inspection (Schilling & Neubauer, 2009) ; (Montgomery, 2020). The importance of such plans is further
underscored by the substantial economic “consequences of undetected quality failures, including product recalls, warranty
claims, and reputational damage, which have driven continuous refinement of lot disposition methodologies. Sampling
inspection has therefore evolved as a widely favored approach, as it provides clear decision rules enabling practitioners to
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sentence lots economically and efficiently while controlling inherent sampling risks (Wu, Shu, & Wang, 2025); (Zheng,
Yang, & Zhao, 2025).

The fundamental challenge underlying any acceptance sampling plan lies in balancing two opposing risks: the producer's
risk a(the probability of erroneously rejecting a good-quality lot) and the consumer's risk S(the probability of erroneously
accepting a poor-quality lot). While early sampling inspection plans were primarily attribute-based, evaluating quality by
counting defective items, recent manufacturing advancements have drastically improved process capabilities, reducing
defect levels to parts per million and making attribute-based plans less suitable for modern high-yield production
environments (Wang, Shu, Hsu, & Hsu, 2022). Consequently, variable sampling inspection, which bases decisions on
measured quality data, has gained increasing attention. Researchers have increasingly combined variable sampling
inspection with process capability indices to enhance decision-making reliability (Wu, Shu, & Wang, 2024); (Darmawan &
Wau, 2025).

The evolution of ASPs reflects a sustained effort to align statistical theory with industrial practicalities. Single sampling
plans (SSPs), while straightforward and easily implemented, often require large sample sizes to achieve desired risk
protection levels. This limitation motivated the development of double sampling plans, where an optional second inspection
stage enables a more favorable balance between cost and risk when initial results are inconclusive. More sophisticated
schemes subsequently emerged, each offering distinct advantages for specific operational contexts. Sequential sampling
plans allow for repeated assessments unit-by-unit until a definitive conclusion is reached, often substantially reducing the
average sample number (ASN). Group sampling plans analyze subsets of items collectively, making them particularly
suitable for high-throughput testing environments where units can be tested simultaneously. Resubmitted sampling plans
provide a mechanism for re-evaluating rejected lots, offering flexibility in supplier-buyer relationships.

Among advanced sampling schemes, the multiple dependent state (MDS) sampling plan has demonstrated exceptional
efficiency by incorporating information from preceding lots. Originally introduced by (Wortham & Baker, 1976) and later
refined by (Balamurali & Jun, 2007), the MDS plan decides the disposition of the current lot based not only on the current
sample but also on the quality status of a specified number of preceding lots. This historical information sharing enables
substantial reductions in sample size without compromising risk protection. Recent developments have extended MDS plans
to various lifetime distributions, including the exponentiated Weibull distribution (Gadde, Fulment, & Peter, 2021), the odd
log-logistic generalized exponentiated (OLLGE) distribution (Fulment, Rao, & Peter, 2024), and the exponentiated Fréchet
distribution (Gadde Srinivasa Rao, Jilani, & Peter, 2025).The MDS framework therefore represents a fertile ground for
methodological innovation, particularly when paired with lifetime models that have not yet been explored within this
scheme.

Traditional acceptance sampling under life testing has predominantly relied on the mean lifetime as the primary quality
parameter. Truncated life tests, where experimentation is terminated at a pre-assigned time t, to minimize time and cost,
have become standard practice. However, reliance on the mean lifetime presents several critical limitations. The mean does
not adequately capture distributional features, particularly for skewed or heavy-tailed lifetime distributions commonly
encountered in reliability engineering. Consider a scenario where the mean lifetime remains acceptable, yet variance
increases significantly; in such cases, lower percentiles (e.g., the 5th or 10th percentile) may drop sharply, allowing products
with high early failure propensity to pass inspection while the mean criterion remains satisfied.

This inadequacy has motivated a paradigm shift toward percentile-based acceptance criteria, which more accurately capture
distribution tails and ensure consumer safety. In structural engineering applications, the 5th percentile of material strength
often serves as the relevant benchmark, as failure below such thresholds can lead to catastrophic consequences. Similarly,
in warranty analysis and reliability guarantee contexts, specific percentile lifetimes provide more meaningful quality
assurance than average performance measures. The significance of percentile-based acceptance sampling was initially
highlighted by (Lio, Tsai, & Wu, 2009), who introduced percentile-based ASPs for the Birnbaum-Saunders distribution
under truncated life testing. This foundational work established the minimum sample sizes necessary to ensure specified
percentiles while managing consumer risk, validated with real-world datasets. Subsequent research has extended percentile-
based frameworks to numerous lifetime distributions, including the log-logistic distribution (G Srinivasa Rao & Kantam,
2010), the Marshall-Olkin extended exponential distribution (G Srinivasa Rao, 2013), the linear failure rate distribution (B.
S. Rao, Priya, & Kantam, 2014), the extended generalized exponential distribution (Amer Ibrahim Al-Omari & Alomani,
2024), and the exponentiated generalized inverse Rayleigh distribution (Jayalakshmi & Aleesha, 2024).

The Half-Normal Distribution (HND) holds particular relevance for reliability modeling and acceptance sampling
applications due to its analytical tractability and appropriate hazard properties. Formally defined as a truncated normal
distribution constrained to non-negative values with a mean of zero and scale parameter A, the HND possesses an increasing
failure rate (IFR) property, making it particularly suitable for modeling wear-out failure mechanisms commonly observed
in mechanical components, electronic devices, and aging systems where failure propensity increases over time. The HND
can be derived from the absolute value of a normally distributed random variable, providing a natural connection to well-
understood normal theory while accommodating non-negative lifetime data.
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The utility of the HND has been demonstrated across various disciplines, including quality control, fatigue analysis, and
strength-stress reliability. Foundational work by (Chou & Liu, 1998) established key properties of the HND, while (Castro,
Gomez, & Valenzuela, 2012) illustrated its effectiveness in modeling fatigue-related data. Recent research has further
validated the HND's practical relevance: a study comparing five two-parameter variants of folded-normal distributions
found that the folded normal distribution (FND) and half-normal distribution (HND) provide better fitting to bus-motor
failure data than existing models in terms of both model simplicity and goodness of fit (Jiang, Xue, & Cao, 2024). The
power half-normal (PHN) lifetime model, incorporating an additional shape parameter into the traditional half-normal
distribution, has been shown to provide superior fit compared to eight alternative models, including Weibull, gamma, and
generalized exponential distributions, when applied to electrical appliance failure data (Algasem & Elshahhat, 2025). The
alpha power transformed half-normal distribution has similarly demonstrated highly flexible hazard function forms,
enhancing its applicability to various lifetime and reliability datasets (Uke & Taye, 2025).The generalized half-normal
(GHN) distribution, originally introduced by (Cooray & Ananda, 2008), is a special case of the generalized gamma
distribution capable of monotonically increasing, decreasing, or bathtub-shaped hazard rates. This flexibility has been
leveraged in recent acceptance sampling methodologies (Qomi, Piadeh, Pérez-Gonzalez, & Fernandez, 2025), and its special
case, the standard half-normal (HND) distribution, inherits the ability to model wear-out failures effectively.
Within the acceptance sampling literature, the HND has been extensively studied. (B. S. Rao, Kumar, & Rosaiah, 2013)
developed single sampling plans for truncated life tests based on HND percentiles, establishing minimum sample sizes
necessary to ensure specified percentiles while managing consumer risk. Subsequent extensions have included double
acceptance sampling plans for time-truncated life tests based on the HND (Lu, Gui, & Yan, 2013),(Amer | Al-Omari, Al-
Nasser, & Gogah, 2016), group acceptance sampling plans for HND percentiles (Azam, Aslam, Balamurali, & Javaid,
2015), two-stage group acceptance sampling plans for HND (Geetha, Jayabharathi, & Uddin, 2024), and hybrid group
adoption sampling plans for HND lifetimes (B. S. Rao, Prasad, Rao, & Sudhakar, 2026). (Naveed et al., 2025) developed
repetitive sampling plans for life tests using percentiles of the half-normal distribution, with applications to software
reliability and device lifetime data. Their method improves sampling efficiency and provides practical decision rules for lot
acceptance in reliability engineering. Recent methodological advances have also addressed optimal acceptance sampling
plans for the generalized half-normal distribution under time-censoring with conventional and expected limited risks (Qomi
et al., 2025) and improved time-censored group sampling schemes for GHN distributions (Naghizadeh & Mahdizadeh,
2026). Fuzzy theory has also been integrated with GHN distributions for acceptance sampling inspection plans (Tripathi,
2025).
A systematic review of the existing literature reveals a significant research gap. While MDS plans have been developed for
various lifetime distributions, including the exponentiated Weibull distribution, odd log-logistic generalized exponentiated
distribution, new Lomax Rayleigh distribution, and exponentiated Fréchet distribution, and percentile-based acceptance
sampling plans have been extensively studied for the HND under single, double, and group sampling schemes, the specific
combination of an MDS plan for percentile-based life tests assuming HND lifetimes has not been previously addressed.
This gap is particularly notable given the demonstrated efficiency advantages of MDS plans (utilizing preceding lot
information) and the robustness benefits of percentile-based criteria (capturing tail behavior). No existing work has
developed a dedicated MDS plan for HND percentiles that leverages historical lot quality information to reduce inspection
effort. The present study addresses this gap by introducing a novel MDS plan for truncated life tests based on percentiles of
the Half-Normal Distribution. The proposed plan integrates three methodological innovations: (i) percentile-based life
testing that captures distributional tail behavior and provides more robust quality assurance than mean-based criteria; (ii)
the HND as the underlying lifetime model, which is analytically tractable and has an increasing failure rate suitable for
wear-out mechanisms; and (iii) a multiple dependent state sampling framework that incorporates information from
preceding lots to achieve substantial reductions in average sample number without compromising statistical risk protection.
The remainder of this paper is organized as follows. Section 2 presents the design of the proposed multiple dependent state
(MDS) sampling plan along with the remaining operational work, including the mathematical formulation of the HND, the
derivation of the failure probability for percentile-based truncated life tests, the operational procedure of the MDS plan, the
derivation of the operating characteristic (OC) function, and the optimization model for determining the optimal design
parameters. Section 3 then provides a comparative analysis that demonstrates the superior efficiency of the proposed MDS
plan relative to the single sampling plan. Section 4 illustrates the real-world practical utility of the methodology through
applications to software reliability data and device lifetime data. Finally, Section 5 concludes the paper with a summary of
key findings and suggestions for future research.

2. Design of the Proposed Multiple Dependent State Sampling Plan for Half-Normal Distribution

Percentiles

This section develops a multiple dependent state (MDS) sampling plan for life tests wherein the product lifetime follows a
half-normal distribution (HND). The plan employs a percentile-based quality criterion and truncates the life test at a
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predetermined time. The distributional assumptions, failure probability derivation, operating characteristic (OC) function,
and the optimization procedure for determining the plan parameters are presented sequentially.

2.1 The Half-Normal Distribution for Lifetime Modelling

The half-normal distribution is a flexible positively skewed distribution defined on non-negative support. It is particularly
suitable for modelling lifetimes that exhibit an increasing failure rate, characteristic of wear-out mechanisms in mechanical
and electronic components. Let T be a non-negative random variable representing product lifetime. The probability density
function (PDF) of the HND is

2
F(&) = exp( =) t20,2>0 L)
where 4 is a scale parameter. A larger 4 mdlcates greater dispersion of lifetimes, corresponding to a longer-lived product
on average. The cumulative distribution function (CDF), which gives the probability of failure by time ¢, is expressed via
the error function erf(-):

F(t) = erf (ﬁ) @)

The error function, erf(+), is a standard mathematical function defined as:

2
erf(2) = = J; exp(=x*) dx (3)
The mean u and variance o2 are
MWm
p==r (4)
T

=2 (5-1) ©)

The closed-form CDF of the HND and its increasing failure rate make it analytically tractable for designing truncated life
test sampling plans.

2.2 Percentile Lifetime and Failure Probability in a Truncated Life Test

Quality assurance often requires that a certain proportion of the population survives beyond a specified time, equivalently,
that a low percentile (e. g., the 5th or 10th) exceeds a standard. Let t, denote the 100 g — th percentile of the lifetime
distribution, i.e., F(t;) = q. From the HND-CDF,

erf (35) = q (6)
tg = Wmerf*(q) 0<qg<1 (7)
Thus, the scale parameter can be written as
- ta 8)
 Vmerf~(q)

For a given required percentile standard tq" (specified by the consumer or a regulatory standard), a lot is considered
acceptable if its true percentile ¢4is at least ¢,°

Define the quality ratiod = ;—qo 9)
so that d > 1 corresponds to conforming quality. In a truncated life test, the experiment is stopped at a predetermined time

to. To connect t, with the percentile requirement, we set t, = 5tq°, where § € (0,1] is a truncation multiplier (often chosen
as 0.5 or 1.0). The probability that a single unit fails before t; is

p=Fto) = erf (%) (10)
Substituting A from equation (8) and t, = Stqo yields

0
5t

p=erf|

|
)%

(\/_ merf~*(q)

51: 0 >
p=erf
erf 1(q)

5t°€rf 1(q)>

Simplifying this expression:

P=€Tf

Finally, we introduce the ratio d = :—qo
q
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/5erf"1(q)\
f_qo

T w )

p =erf (%1@) (11)

Equation (11) is fundamental: it expresses the failure probability in a truncated life test directly in terms of the quality ratio
d (true percentile divided by the standard), the truncation multiplier &, and the chosen percentile level q. For a given d, the
failure probability decreases as d increases (better quality) and increases as dincreases (longer test duration).
2.3 Multiple Dependent State Sampling Scheme
The proposed MDS plan uses both the current sample and the disposition of the most recent m lots. The operational
procedure is as follows:
Step 1: Draw a random sample of n units from the lot. Place them on a life test for a duration t, = Stqo. Count the number
of failures X by time ¢,.
Step 2: If X < ¢4, accept the lot (conclude t, > tq").where ¢, is acceptance number.
Step 3: If X > c,, reject the lot (conclude t, < tq"). where ¢, is rejection number such that ¢, > c;.
Step 4: If ¢; < X < c,, the decision depends on the preceding lots. If the previous m lots were all accepted (each under the
condition X < ¢ for that lot), accept the current lot; otherwise, reject the current lot.
The plan parameters are n, ¢;, ¢, and m. When m = 0 or ¢; = c,, the MDS plan reduces to a traditional single sampling
plan.
2.4 Operating Characteristic (OC) Function
Let p denote the probability that an individual unit fails before the test duration t,. This probability depends on the quality
ratio d through equation (11). The OC function L(p) gives the probability of accepting a lot under the MDS plan.
For the proposed MDS scheme, the acceptance probability is derived as follows. A lot is accepted if either (i) the number
of failures in the current sample is at most ¢, or (ii) the number of failures falls into the ambiguous interval ¢; < X < ¢, and
all of the preceding m lots were accepted. Therefore,

Lp) =PX <c¢1) +P(c; <X <c).[PX < )™ (12)
If X > c,, the lot is rejected directly, contributing no acceptance probability. Because the life test is attribute-based (each
unit is classified as fail or pass at time t, ), the probabilities involved are computed from the binomial distribution:

P(X <) =22, ()i —pn 13)

Plc;<X<c,)= Ziciclﬂ (rll) p'(1—p)* (14)
Substituting equations (13-14) into equation (12) yields the OC function as an explicit function of p:

n . . n . . n . _m

L) =22, (Dt -+ 22, L. (D era-pm 22, (7)) a - as)

1
Finally, using the relation p = erf (%@) from (11), the acceptance probability can be expressed directly in terms of the
quality ratio d for fixed design parameters n, ¢y, ¢, m, 8, q.
2.5 Optimization Model for Plan Parameters
The design of the proposed MDS sampling plan requires selecting the three parameters n, ¢; and c, such that the plan
simultaneously protects the interests of both the producer and the consumer. This is achieved by imposing probabilistic
constraints on the operating characteristic (OC) function at two quality levels: the acceptable quality level (AQL) and
the limiting quality level (LQL).
2.5.1 Quality L evels and Associated Risks

Let the quality of a lot be expressed through the quality ratio d = ;—qo from equation (9), where t, is the true 100q — th

percentile lifetime of the product and tqo is the required standard. A lot is considered conforming when d > 1.

e Acceptable Quality Level (AQL): A high-quality lot is defined by d = d,,, where d, € {2,4,6,8}. That is, the true
percentile is 2, 4, 6, or 8 times the minimum required standard. For such lots, the producer expects a high probability
of acceptance.

o Limiting Quality Level (LQL): The poorest quality that is still marginally acceptable is defined by d = 1, i.e., the
product exactly meets the percentile standard. Lots with d < 1 are considered unsatisfactory, but the consumer
wishes to limit the probability of accepting lots at the borderline d = 1.

The two types of risks are:
e Producer’s risk (a): The probability of rejecting a lot of AQL quality. Typically, @ = 0.05 (5%).
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e Consumer’s risk (f) : The probability of accepting a lot of LQL quality., Common values are =
0.25,0.10,0.05,0.01.

2.5.2 Failure Probabilities at AQL and LQL

From equation (11), the probability that a single unit fails before the truncated test duration t, = (Stqo is given by:

p = erf (—&Ff;l(q)) (11)
where § is the truncation multiplier (e.g., 0.5 or 1.0), q is the percentile of interest (e.g., 0.10 for the 10th percentile),
and d is the quality ratio.

Substituting the AQL quality ratio d = d, and the LQL quality ratio d = 1 directly into (11) yields the corresponding
failure probabilities:

Serf™1
b = (2 =

Pugr = erf () (17)
These values represent the probability that an individual item fails before the test termination time when the lot is of AQL
quality or LQL quality, respectively. Note that because d, = 1, we have p,q;, < pLo.; @ higher-quality lot yields a lower
individual failure probability.
2.5.3 Risk Constraints Using the OC Function
The OC function must satisfy two conditions:
e Producer’s condition: Lots of AQL quality should be accepted with probability at least 1 — a. Hence

L( pAQL) >1—a. (18)
e Consumer’s condition: Lots of LQL quality should be accepted with probability at most 5. Hence
L( pLQL) <pB. (19)

2.5.4 Optimization Problem Statement

The objective is to minimize the sample size n (economic goal) while satisfying the two risk constraints. The decision
variables are the integer parameters n, c;, and c, . The optimization problem is formally stated as follows. For a fixed
integer m = 0 (e.g., m = 1,2,3), the optimisation problem is:

minimize n (20)

subject to
L(pagr) 21 —a, (21)
L(pLoL) < B, (22)

2.6 Solution Algorithm

Because the decision variables are discrete and the OC function involves binomial sums, a closed-form solution is not
available. An exhaustive search over feasible combinations is therefore performed. The algorithm proceeds as follows:
Input:

Design constants a, 8, 8, q, m(typically m = 1,2,3) and the set of AQL ratios d, € {2,4,6,8}.(Here LQL corresponds to
d=1.)

Initialize:

Set feasible integer ranges for the design parameters (n, c1,c2) suchthat 0 < c1 < ¢2 < n.

(Note: m is fixed and not optimised over.)

Iterative Search:

a. For each combination of (n, c1, c2) , compute the acceptance probability using the MDS OC function (Equation (15)):

n\ — ny _i AW, _i™
L) =22, (Dpia-pm i+ 22, L, (7)) ra-pr 22, (7)) ra - pr]
b. Evaluate the OC function at both quality levels:

AtAQL (d = d0): pag; = erf(%:(q)).
ALLQL (d=1): pyqp = erf (222

c. Check the risk constraints:

L(pagr) 21 —a,and L(proL) <P

Retain only those parameter sets that satisfy both inequalities.

Optimization (Efficiency Criterion):

For the MDS plan without resampling, the sample size n is the primary measure of efficiency (smaller n implies lower
inspection cost). Therefore, select the combination (n, ¢y, c;) that yields the minimum sample size n among all feasible
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solutions. If multiple combinations have the same minimal n, choose the one with the smallest ¢; + ¢, (or smallest ¢, as a
tie-breaker).

Output:

Report the optimal plan parameters (n, c¢;, c;) for the given m, along with the associated OC values L(paq.) and L(pLqL)-
Results and Discussion of the Proposed MDS Plan (m = 2)

The optimal design parameters for the proposed multiple dependent state (MDS) sampling plan, obtained by solving the
optimization problem described in above Section, are presented in Tables 2 through 5. These tables provide the minimum
sample size n along with the corresponding acceptance number c¢; and rejection number ¢, that satisfy both the producer's
risk constraint L(p4o.) = 1 — @) and the consumer's risk constraint L(p,q.) < ) for a fixed number of preceding
lots m = 2. The results are generated under various combinations of the consumer's risk g € {0.25,0.10,0.05,0.01},the
AQL quality ratio d, € {2,4,6,8}, the truncation multiplier § € {0.5,1.0}, and the percentile level g € {0.25,0.50}. The
producer's risk is conventionally setat & = 0.05 (i.e., 1 —a = 0.95), so the reported L(p4q.) Values represent the actual
acceptance probabilities achieved at AQL, all of which exceed 0.95 as required.

Justification for choosing m = 2: While larger values of m (e. g., m = 3) can be considered, they result in substantially
larger sample sizes for the same risk protection. This phenomenon is consistent with the findings of (Balamurali & Jun,
2007), who observed that increasing the number of dependent states increases the required sample size, and consequently
they tabulated plans for m = 1,2,3 but noted that larger m yields diminishing returns in efficiency. To conserve testing time
and cost, and to avoid excessively large samples, we adopt m = 2 as a practical choice that captures the benefits of
dependency without undue inflation of n. For reference, the reader is directed to (Balamurali & Jun, 2007), where similar
trade-offs are discussed for variables MDS plans under normal distributions. A complete list of the notation used throughout
the paper is provided in Table 1.

Tables 2-5 present the optimal parameters (n,c;,c,) of the proposed MDS plan for m = 2 under four distinct
combinations of the truncation multiplier § and the percentile level q. Specifically:

e Table2: § = 0.5, g = 0.25 (test truncated at half the standard time; 25th percentile criterion).

e Table3: § = 0.5,q = 0.50 (half test duration; median criterion).

e Table4: § = 1.0,q = 0.25 (full test duration; 25th percentile).

e Table5: § = 1.0,q = 0.50 (full test duration; median).

Across all tables, the producer’s risk is fixed at @ = 0.05 (i.e.,1 —a = 0.95), and the consumer’s risk f takes
values 0.25,0.10,0.05,0.01. The AQL quality ratio d ranges over {2,4,6,8}. The following patterns are consistently
observed.

Effect of consumer’s risk 8

Stricter consumer protection (smaller 8) demands a larger sample size to reduce the probability of accepting poor-quality
lots.

e Example from Table2 (6 = 0.5,q = 0.25): For d = 2, as 8 decreases from 0.25 to 0.01, the required sample size

increases fromn = 68 ton = 245.
Example from Table 5 (§ = 1.0,q = 0.50): For d = 4, when = 0.25 we have n = 5, whereasat 8 = 0.01 the sample
size rises to n = 19. This dramatic increase illustrates the universal trade-off between consumer protection and sampling
effort. The effect of § on sample size is also presented in Figure 1.
Effect of AQL quality ratio d
Higher AQL quality (larger d) leads to smaller individual failure probabilities pAQL, making it easier to satisfy the
producer’s risk constraint with fewer samples.

e Example from Table 3 (6 = 0.5,q = 0.50): For § = 0.10, increasing d from 22 to 66 reduces n from 52 to 14.
Example from Table4 (6§ = 1.0,q = 0.25): For § = 0.05, raising d from 22 to 88 lowers the sample size from 74 to 18.
The effect of d on sample size is also presented in Figure 2.

Effect of truncation multiplier &
A longer test duration (6 = 1.0 versus § = 0.5) provides more failure information per unit, thereby reducing the required
sample size for the same risk levels.

e Comparison between Table2 (6 = 0.5,q = 0.25) and Table3 (6§ = 1.0,q = 0.25): At § = 0.10,d = 2, n drops

from 120 (Table 1) to 55 (Table 3).
Comparison between Table 3 (6§ = 0.5,q = 0.50) and Table5 (6 = 1.0,q = 0.50): For 8 = 0.05,d = 4, the sample size
decreases from 27 (Table 2) to 13 (Table 5). These reductions confirm that extending the test duration is an effective way
to economies on sample size, provided that practical testing constraints allow it. The effect of truncation multiplier § on
sample size is also presented in Figure 3.
Effect of percentile level q
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Using a higher percentile (e.g., g = 0.50 instead of q = 0.25) makes the quality criterion less stringent because the

median is larger than a lower percentile for the same scale parameter. Consequently, smaller samples are sufficient to

achieve the desired protection.

e Comparison between Table2 (q = 0.25) and Table3 (q = 0.50) for § =05:At £=0.10,d =2,n=
120 when g = 0.25 (Table 2), whereas n = 52 wheng = 0.50 (Table 3).

Comparison between Table4 (q = 0.25) and Table5 (q = 0.50) for § = 1.0: For f =0.01,d = 4, the sample size

is43 at g = 0.25 (Table4) but only 19 at ¢ = 0.50 (Table 5). These results highlight that choosing a higher percentile as

the quality benchmark can dramatically reduce inspection costs. The effect of percentile level g on sample size is also

presented in Figure 4.

Producer’s risk protection

In every scenario, the realized acceptance probability at AQL, L(paq.), exceeds the nominal 1 — a = 0.95, confirming that

the producer’s constraint is satisfied.

e From Table2: For d =8, = 0.25, L(paq.) = 0.9956, indicating that lots of exceptional quality are almost
always accepted.

e FromTable5: Ford = 6,8 = 0.10, L(paq.) = 0.9711, still well above 0.95 despite the much smaller sample size
(n=7). This demonstrates that the MDS plan effectively safeguards producer interests even under highly
economical sampling.
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Symbol Meaning

n Sample size (number of units drawn from a lot)
c Acceptance number
C, Rejection number (¢, > ¢;)
m Number of preceding lots considered in the MDS rule
d Quality ratio = :—qo
q
dy Quality ratio at the AQL d, € {2,4,6,8}
q Percentile level (e.g., 0.25 for the 25th percentile)
6 Truncation multiplier
e Proposed MDS plan when(m = 2,6 = 0.5, = 0.25)
B d o c, n L(paoL)
2 6 9 68 0.9560
4 1 13 22 0.9563
0.25 6 1 30 22 0.9881
8 1 13 22 0.9956
2 10 15 120 0.9600
4 2 6 41 0.9629
0.10 6 1 16 30 0.9672
8 1 38 30 0.9871
2 12 34 151 0.9505
4 3 6 59 0.9718
0.05 6 2 38 48 0.9872
8 1 32 36 0.9764
2 19 25 245 0.9525
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0.01 4 4 46 88 0.9591
6 2 32 64 0.9560
8 2 20 64 0.9871
Table 3: Design Parameters of the Proposed MDS plan when(m = 2,5 = 0.5,q = 0.5)
B d o c, n L(p AQL)
2 5 37 28 0.9513
4 1 34 10 0.9625
0.25 6 1 28 9 0.9902
8 0 2 5 0.9542
2 9 50 52 0.9581
4 2 40 19 0.9676
0.10 6 1 14 14 0.9693
8 1 43 13 0.9881
2 12 17 70 0.9617
4 3 6 27 0.9781
0.05 6 2 48 22 0.9896
8 1 39 17 0.9771
2 17 31 105 0.952
0.01 4 4 13 40 0.9691
6 2 31 29 0.9641
8 2 35 28 0.9898
Table 4: Design Parameters of the Proposed MDS plan when(m = 2,5 = 1,q = 0.25)
B d c c, n L(pagL)
2 6 11 34 0.9676
4 1 11 11 0.9575
0.25 6 1 2 11 0.9804
8 1 23 11 0.9958
2 9 18 55 0.9575
4 2 6 20 0.9681
0.10 6 1 21 15 0.9679
8 1 19 15 0.9875
2 12 17 74 0.9614
4 3 31 29 0.9775
0.05 6 2 3 23 0.9772
8 1 25 18 0.9769
2 17 33 111 0.9519
0.01 4 4 46 43 0.9659
6 2 24 31 0.9623
8 2 48 31 0.9893
Table 5: Design Parameters of the Proposed MDS plan when(m = 2,6 = 1,q = 0.5)
B d G C2 n L(pAQL)
2 5 18 14 0.9645
4 1 47 5 0.9655
0.25 6 1 48 5 0.9913
8 1 18 5 0.9969
2 8 46 24 0.9541
4 2 26 9 0.9778
0.10 6 1 49 7 0.9711
8 1 34 7 0.9891
2 10 13 30 0.9519
4 3 24 13 0.9862
0.05 6 1 18 8 0.9549
8 1 35 8 0.9823
2 15 42 47 0.9565
0.01 4 4 47 19 0.9811
6 2 8 14 0.9711
8 4 44 14 0.9922

3. Efficiency Comparison: Proposed MDS Plan vs. Single Sampling Plan
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A comparative analysis is conducted to evaluate the practical efficiency of the proposed multiple dependent state (MDS)
sampling plan against the established single sampling plan for life tests based on percentiles of the half-normal distribution,
as developed by (Rao et al., 2013). The comparison metric is the required sample size n per lot, which directly reflects the
inspection effort. The results, summarised in Table 6 for a fixed producer’s risk (@ = 0.05), truncation multiplier § = 0.5,
and the 50th percentile (¢ = 0.5), demonstrate a decisive advantage for the MDS framework. Across all considered
consumer’s risk levels (f = 0.25,0.10,0.05,0.01) and increasing values of the quality ratio (d), the proposed plan
consistently yields a smaller sample size than its single-sampling counterpart.

The results in Table 6 reveal a clear and consistent advantage of the proposed MDS plan over the single sampling plan. For
every combination of 8 and d, the MDS plan requires a substantially smaller sample size while satisfying the same producer
and consumer risk constraints.

e Atp =0.25:Ford=2, the MDS plan needs n = 28 compared to n = 48 for the single plan, reduction of
41.67%. At d = 8, the sample size drops from 10 (single) to 5 (MDS), a 50% reduction.

e Atf =0.10: For d = 2, the MDS plan requires n = 52 while the single plan requires n = 82 (a 36.6% saving).
Even at d = 8, the MDS plan achieves n = 13 versus n = 19 for the single plan.

e Atp = 0.05: For d = 2, the sample size is reduced from 101 (single) to 70 (MDS), saving of 31 units. For d = 6,
the MDS plan uses n = 22 while the single plan uses n = 27.

e At the most stringent consumer protection (8 = 0.01): For d = 2, the MDS plan requires n = 105 versus n =
151 for the single plan, a reduction of 46 units. For d = 8, the MDS plan achieves n = 28 while the single plan
requires n = 35.

The comparison between the proposed MDS plan and the single sampling plan is also presented in Figure 5, which visually
illustrates the sample size requirements for the two plans at a representative consumer’s risk level of § = 0.05. In this
figure, the sample size n is plotted against the quality ratio d for both the proposed MDS plan and the single sampling plan.
The curve for the MDS plan lies uniformly below that of the single sampling plan across the entire range of d, confirming
its superior efficiency. The gap between the two curves is widest at lower d values (e.g., atd = 2, the difference is 31
units) and narrows as d increases, but the MDS plan consistently maintains a lower sample size.

Table 6: Comparison of Proposed MDS with Single Sampling Plan using HND

6§ =0.5qg=05
Proposed sampling plan | Single sampling plan proposed by (Rao et al., 2013)
B d n n
2 28 48
0.25 4 10 19
6 9 14
8 5 10
2 52 82
0.10 4 19 29
6 14 24
8 13 19
2 70 101
0.05 4 27 37
6 22 27
8 17 22
2 105 151
0.01 4 40 56
6 29 40
8 28 35
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4. Real-World Implementation of the Proposed MDS Plan
The operational value of the proposed multiple dependent state (MDS) sampling scheme under the half-normal distribution
(HND) is demonstrated through two real-world reliability datasets drawn from distinct engineering domains. One dataset
records failure time of software systems, which characterize complex digital degradation processes. The other dataset
captures lifetimes of electronic components, reflecting conventional mechanical or material wear-out behavior. By selecting
these two heterogeneous examples, we show that the MDS plan retains its flexibility and decision-making power across
different failure mechanisms while rigorously maintaining the pre-specified producer and consumer risks.
4.1 Industrial Application: Software Failure Time Application
The practical implementation of the MDS plan is first demonstrated using a well-known software reliability dataset
comprising failure times (in hours): 519, 968, 1430, 1893, 2490, 3058, 3625, 4422, and 5218. Before applying the sampling
plan, the suitability of the HND for this data was rigorously validated. The HND assumption was tested using the
Kolmogorov—-Smirnov (KS) procedure. The computed KS statistic is D = 0.152 with a corresponding p — value = 0.095,
indicating that the HND cannot be rejected at the 5% significance level. Additionally, a Q — Q plot (Rao et al., 2013) gave
a correlation coefficient R = 0.9287, further confirming the adequacy of the HND.
Implementation scenario:
A quality engineer requires that the 50th percentile lifetime (ty5) of a software lot be at least 300 hours. Producer’s
risk ¢ = 0.05, consumer’s risk f# = 0.25. The life test is truncated at 150 hours, giving the termination time ratio § =
150/300 = 0.5. For g = 0.5, § = 0.5,and m = 2, the MDS plan parameters are selected from Table 3 (withm = 2,8 =
0.25, d = 2):
n=28,¢, =5, =37
Decision rule:
o Draw arandom sample of 28 items and test until the truncation time (i.e., until § X ty,s = 150 hours). Let D be the
number of failures.
e Acceptthelotif D < c¢; =5.
e Rejectthelotif D > ¢, = 37.
e If5< D < 37, accept the lot only if the two immediately preceding lots were both accepted; otherwise reject.
Application:
No failure occurs before the truncation time (first failure at 519 hours). Thus D = 0. Since 0 < 5, the lot is accepted on the
first sample. The plan satisfies the specified producer’s and consumer’s risk levels.
4.2 Device Lifetime Data Application
To demonstrate the broad applicability and practical implementation of the proposed methodology across different industrial
domains, we apply the MDS plan to the well-established Aarset dataset comprising 50 device lifetimes. The dataset consists
of failure times (in hours): 0.1,0.2,1,1,1, 1,1, 2, 3,6, 7,11, 12, 18, 18, 18, 18, 18, 21, 32, 36, 40, 45, 46, 47, 50, 55, 60,
63, 63, 67, 67, 67,67, 72, 75, 79, 82, 82, 83, 84, 84, 84, 85, 85, 85, 85, 85, 86, and 86. The fit of the half-normal distribution
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was rigorously tested. The Kolmogorov—Smirnov test yielded D = 0.089 with a p — value = 0.078, indicating a good
statistical fit and supporting the validity of the HND assumption (p > 0.05). Furthermore, the Q — Q plot analysis (Rao et
al., 2013) showed a high correlation coefficient (R = 0.9175), reinforcing the suitability of the HND.
Implementation of the MDS Plan
Consider a practical scenario in component manufacturing where quality specifications require that the 25th percentile
lifetime (t,,5) of submitted devices exceeds 10 hours. The producer and consumer agree on risk thresholds of a =
0.05 and B = 0.10, respectively. The life test is truncated at 5 hours, resulting in a termination time ratio § = 0.5. For these
parameters (q = 0.25,6 = 0.5, = 0.05, 8 = 0.10, d = 4), the optimal parameters for the proposed MDS plan are
obtained from Table2 (m = 2,8 = 0.5,q = 0.25) as:
n=41,c, =2,c, =6.

Decision rule:

e Sample 41 devices, test to the truncation time (5 hours), count failures D.

e Acceptif D < 2.

e Rejectif D > 6.

e If2 < D < 6, accept only if the previous two lots were both accepted.
Application:
Failures before the truncation time occur at times: 0.1,0.2,1,1,1,1,1,2,3 - D =09.
Since 9 > 6, the lot is rejected immediately on the first sample.
Summary
The two examples demonstrate the balanced performance of the proposed MDS plan: the conforming software lot is
accepted, and the non-conforming device lot is rejected, all while strictly maintaining the pre-specified producer’s and
consumer’s risk thresholds (@ = 0.05, f = 0.25 for software; @ = 0.05, f = 0.10 for devices). The plan’s dependency on
the quality history of preceding lots (via the parameters m, ¢y, c;) provides flexible risk control without increasing the
required sample size.

5. Conclusion

This paper introduced a multiple dependent state (MDS) sampling plan for truncated life tests under the half-normal
distribution (HND) using percentile-based quality criteria. Unlike mean-based plans, the proposed scheme is more sensitive
to distributional tails and early failure risks. It leverages the quality history of preceding lots (via parameter m) to reduce
sample size without compromising producer and consumer risks.
The main contributions are threefold. First, we derived a closed-form failure probability expression for a truncated HND
life test as a function of quality ratio d, truncation multiplier §, and percentile g. Second, we solved an optimization problem
to generate comprehensive tables of optimal parameters (n,cq,c;) for m = 2 covering practical risk levels (8 =
0.25,0.10,0.05,0.01), quality ratios (d = 2,4,6,8), test durations (§ = 0.5,1.0), and percentiles (g = 0.25,0.50). Third, we
validated the plan using two real-world datasets (software failure times and device lifetimes), achieving correct decisions
with substantially lower sample sizes than conventional single sampling plans.
Key insights: stricter consumer protection (smaller 8) and lower d increase sample size; longer test duration (§ = 1.0)
reduces sample size but must balance practical constraints; using a higher percentile (g = 0.50) reduces inspection effort.
Comparative analysis confirmed sample size reductions up to 50% over single sampling plans.
Limitations and future work include extending the framework to more flexible distributions (e.g., generalized HND),
exploring other sampling schemes such as multiple dependent state repetitive sampling plans to further enhance efficiency,
and integrating accelerated life testing for high-reliability products Moreover, the proposed MDS percentile-based
framework could be adapted to other lifetime distributions (e.g., generalized gamma, exponentiated Weibull) and to
alternative censoring schemes such as progressive Type-I censoring.
In summary, the proposed MDS plan for HND percentiles offers a practical, efficient, and statistically rigorous tool for
reliability engineering. The provided tables and case studies serve as a ready-to-use reference for industrial implementation.
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