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ABSTRACT

We examine the mean remaining strength of a parallel system under the stress-strength framework, utilizing the Weibull
distribution. This distribution is selected due to its modeling flexibility, ability to represent symmetric data, and
widespread application in reliability analysis, engineering, and life testing. The likelihood ratio ordering of the system’s
remaining strength is analyzed for a two-component case. Both the maximum likelihood estimator and Bayesian
estimator for the mean remaining strength are derived. Additionally, we develop both asymptotic and bootstrap
confidence intervals for the mean remaining strength. A simulation study is conducted to evaluate and compare the
performance of these estimators. The methodology is further illustrated using a real dataset related to breast cancer.

Keywords: Mean remaining strength (MRS); Weibull distribution; Asymptotic Confidence Interval (A.C.1.); Bootstrap
interval; Bayes estimator; Monte-Carlo simulation

1. Introduction

The The stress-strength model characterizes system reliability by considering both stress and strength as random variables.
Specifically, reliability is expressed as R = P[Y < X] where Y represents stress and X a denotes strength. A system failure
occurs when the applied stress surpasses the component's strength. Numerous researchers have explored this model using
various probability distributions, beginning with early foundational studies (1) and for more past references see (2). Recently
investigated by (3), (4), (5), (6) and (7). The Weibull distribution is among the most applied models in reliability analysis.
Due to its versatility, it has attracted considerable attention from many researchers, including authors such as (8) when
investigated stress-strength model of Weibull distribution based on progressively censored samples. (9) investigated
different estimation methods of stress-strength model for Weibull distribution. Also, (10) investigated the stress-strength
model for Weibull distribution with different shape parameters. For more details of Weibull distribution see (11), (12).
(13)defined the MRS of a component is described as the expected residual strength given that the component has not failed
under stress, expressed as (i.e., Y = E[X —Y|Y < X] ). This measure helps estimate how much longer, on average, a
component can continue to function safely when exposed to stress. (13), the mean remaining strength (MRS) within basic
stress-strength frameworks, as well as in K-out-of-n:F parallel and series systems, assuming that stress and strength are
independent random variables. (14) studied MRS for exchangeable strength components under the common stress. (15)
investigated dependent strength components which are subject to a common stress. (16) investigated the MRS of parallel
system in strength model baes on exponential distribution. (17) investigated MRS estimation of multi-state system based on
nonparametric Bayesian method. In this paper, we investigate the MRS based on Weibull distribution because it is an
important distribution in reliability applications.

The main contribution of this study is the investigation of the mean remaining strength of a parallel system within a stress—
strength framework when the component strengths and stresses follow Weibull distributions. Although stress—strength
reliability has been extensively studied for individual components and several system configurations, the mean remaining
strength of a parallel system introduces an additional level of difficulty because the system strength is determined by the
maximum of the component strengths. Consequently, its distribution is not obtained by directly applying the corresponding
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result for a single component. In addition, the remaining-strength quantity involves conditional expectations and therefore
requires the joint treatment of the system-strength distribution and the stress distribution.
The Weibull model is particularly relevant because its shape and scale parameters provide considerable flexibility in
representing increasing, decreasing, and constant failure-rate behavior. Thus, results obtained for exponential or other
special distributions cannot, in general, be directly transferred to the Weibull setting. The proposed analysis derives the
corresponding reliability and mean-remaining-strength measures specifically for the Weibull parallel system and develops
classical and Bayesian inferential procedures for the associated parameters.
The novelty of the present work therefore lies not merely in adopting the Weibull distribution, but in the combined treatment
of a parallel-system stress—strength structure, mean remaining strength, stochastic ordering, and classical and Bayesian
inference within a unified Weibull framework. This provides a broader assessment of system performance than conventional
stress—strength reliability alone and extends existing methodology to a practically important class of reliability models.
A Weibull distribution with shape parameter « and scale parameter £ will be denoted by WE (a, 8) are given by as

fx)= aBpx*texp[-Bx*] x>0,aB>0, (1)
and

F(x) =1—exp[— B x%] x>0,ap>0. 2
Section 2 focuses on deriving the mean remaining strength (MRS) for a parallel system within the stress-strength framework,
if X ... Xp,and Yy ... Y,, are independent and identically distributed Weibull random variables representing strength
and stress, respectively. Both sets share a common shape parameter a but differ in scale parameters g;, S, for strength and
stress respectively. (i. e. X~WE(a, ;) and Y~WE(a, B,)). In the present study, the populations of strength and stress are
assumed to follow Weibull distributions with a common shape parameter o, while their scale parameters are allowed to
differ. This assumption has both practical and theoretical motivations. Practically, the Weibull shape parameter determines
the general form of failure-rate behavior and may reasonably be assumed to be common when the stress and strength
processes are governed by similar physical, environmental, or degradation mechanisms. The different scale parameters then
allow the two populations to operate at different characteristic levels, reflecting differences in the magnitude of the applied
stress and the resistance or capacity of the components. This section also includes a stochastic comparison of the MRS for
two-component parallel systems. Section 3 provides the estimation methods for MRS, along with the development of both
asymptotic and bootstrap confidence intervals. In Section 4, a simulation study is carried out to assess and compare the
performance of the proposed estimators. Section 5 presents a real-world case study to demonstrate the practical application
of the model. The conclusions are summarized in Section 6.
2. Model Description

In this section, first, derive the MRS of parallel system based on the Weibull distribution. Second, introduce the stochastic
ordering result of our system.
2.1 Derive MRS
Let X, ...... Xy, be independent strength variables, and Y; ...... Y,, be independent stress variables, follow the Weibull
distribution with common shape parameter « and different scale parameters pS,,B, respectively. (i. e.
X~WE(a, ;) and Y~WE(a, B,)). To get the stress- strength model of parallel system is given by,

Rym, =P [Ynz:n2<Xn1:n1]-

Let X1.p, <+ < Xy, .n, be ordered strength of components and Y;.,, < --- <Y, .,, be ordered stress of the components.
Then

Ry = I3 Py () Fit, my () 0%,
where, an1:n1 (x) = nyfa By x*exp[— By x%] ][1 — exp[— B; x%] M
and Frym, (x) =[1 — exp[—B, x¥]]"™=,

Rnyn, = Jo [1—exp[— B x*11™ ny[a By x**exp[— By x*]][1 — exp[— By x*]]™ dx,

Using binomial theory (1 — 2)" = X7, (7) (—1)/2/. Setting z = exp[— B x%]
and integration, we get

_ D™ (M7 (7)
_ ny—1 on, i J
Then’ Rnllnz - nl Bl Zi:o Zj:() (i+1) B1+j BZ '

Hence, the MRS of the parallel system when the stress Y, .., is appliedis ¥y .n, = E[Xn,:n, — Yn,m, |Yn2:n2 <Xn,m,] and
the cumulative of the conditional random variable Z = X;, ., — Y, |Yn2:n2 <Xn,:n, is defined as,
Fz(x) = P[an:nl - Ynz:nz = xlynz:nz <Xn1:n1]
— P[Xnim;SYnym, +x|Yn2:n2 <Xnimng |
P[|YTL2:TL2<XTL1:111]
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= P[Xy

Rnl nz

< Yo,m, + X|Yn,m, <Xnyn, 1-

1My = 2 N2

When Y., =,
P[Xnm. < Yo, + x| ¥, <X, ] = f Py < Xn.m <y +2] dFy(y)
0

= I3 [Fnym, & + 0 = Fx, . )] d Fr ().
Using binomial theory (1 — z)™ = ( )( 1)Jz/. Setting z = exp[— B x%]
and integration, we get
_1 (-1 )l+] (nl) (nZ 1) (e” iBq x% -1)
P[Xn1:n1 = Ynz:nz + x|YTl227'l2 <X7112711 ] =Ny .82 Z Z lﬂ1+(]+1)ﬂ2

_1 (- 1)l+] ("1) (nZ 1) (e—lﬁlx -1)
i B1+(+1)B2

Hence, Fz(x) = ;ziﬁ 0 L)z
ni,nz
And the pdf of the random Z is,

00 = 42 _ mapaepgn, st VD) i< et i

dx Rnyny i By +(+1) B,
Then, lpnl,nz = fooo xfz(x) dx
= mefecly Z Zn2—1 o (D) (nz 1) Lx%-exp[—i By x¥] dx
Rnyn, i B1+(+1)B, !
Using binomial theory (1 — 2)™ = ( )( 1)le Setting z = exp[— B x%]

and lntegratlon, we get
— - 1)l+]+1 (n1) (nz 1)

ﬁl" )
lpni,nz: ny b2 (/a Z Z] 2

(B1)a & Ry [i By +(+1) By) ia
Note that if « = 1, we get the results of exponential distribution which derived by (16).
2.2 Stochastic Ordering Results
(18), (19) and (20) are investigated the likelihood ratio ordering results with the residual life of a random variable X at time
6 which is defined as Xy = [X — 6]|X > 0]. Also, for stochastic order relations among parallel systems from Weibull
distribution see (21).
Definition:
Let X and Y be two lifetime random variables with probability density function, f(x) and g(y), respectively. X is said to
be, smaller than Y in the likelihood ratio order denoted by X <;,- Y, if g(jg is increasing in x, for all x.

3)

Since the random variable Z = X, .n, — Yy, um, |Yn2:n2 <Xn,:n, 1S a special case of the residual life of a random variable X,
then we will study the likelihood ratio ordering results with the MRS as follows: Let we consider two component parallel
system (n; = n, = 2) then,

_ 281 Brax®t (2expl-fy xItexpl-26; x| _ 2exp[-2B1 x| _ 2exp[- By x%
Where, fz(x) = Ros ( 5,15, R B1+2 B ) ’
where, Ry, =1——bL A 2L

BitB2  2P1tB2  B1t2Ba

Theorem:

Suppose variables X; , X; are the strength and Y; , Y;" are the stress variables with X; = WE(a, 81), X; ~WE(a, 1) ,
Y,~WE(a, B;), and Yl-*~WE(a,ﬁ§), i=12If B <p, and B, < B, then we have Z <, Z* where Z~[X,., —
VoolYar <Xap] and Z*~[X",., — Y* 20|V "5 <X"3.2].

fr(x) .
Proof: If we show ==—=
fz(x)

L(x) = 2% _ Bi(7B1+26)e?P1-FUX (g1 42 p;— 2287 +5)e F1x%)
fz(x) B1(7Bi+2B3)(B1+2B2—2(2B1+B2)eP1x%) '

>0,V x = 0. The derivative of L(x) is.

dL(X) _gion 2aB; (7B, + 2B,)eBri=BDx"

e _ _,

dx Br(7B; + 2B5)(By + 2B2 — 2(2B1 + Br)ePix™)?
(—Bi(@B; + B)ePi*(By + 28, = 2(2B1 + B)eP™) + Bu(2By + B (Bi + 285 — 2285 + B3)ei™)
+ (B = BBy + 285 — 221 + B)eP* ) (B] + 265 — 2026; + B3)eFix") ) x4,
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is mcreasmg in x the proof is complete see (21).

We have to show =2 dL(x)




dL(x)

To—= >0, then e2(P1=Fx% 5 B, > B¥, and after some calculations, we get,

d
L( ) > B1 (21 + B2) — B1(2B1 + B2),

But 8, > B4, then > (B3 — B2). Hence dL(x) > 0 & f5 > B, the proof if complete.

Also, graphical approach to prove this theorem, (See Figure (1) and Figure (2), the proof of the Theorem is completed).
fy*
fy

dL (x)

X
1 2 3 4

Figure 1: n; = n, = 2; («,B1) = (1,1.5), (o, B1) = (L,1), (,B) = (1,2),and (a, B3) = (1,2.5).
flp*
fv

100

X
1 2 3 4

Figure 2: n; = n, = 2; (a,B1) = (2,2.5), (o, B7) = (2,2) , (a,B) = (2,2),and (a, B3) = (2,3.5).
3. Estimation of MRS of Parallel System ¥, ,,
The point and interval estimation of v, ,,, are present. The maximum likelihood and Bayes estimators are presented. And
asymptotic confidence interval and bootstrap interval are constructed.
3.1 Maximum Likelihood Estimator for 1, »,
Let the random variable of strength and stress of the parallel system be V = X(,, ), and W = Y(,,) ,respectively. Let

Vi) oo o ,Veand Wy, .. ... , W, be two random samples of size n and m respectively with the pdfs are defined as,
f@) =njapv* e A [1—e P =l g, g >0, v>0.
And, fw) =n, ap; w1 o= B2 w® [1 —e B w“]nz—l a, B, >0, w>0.

Then, the likelihood function is.
n m
L(a,B1,B2) = nf(vl)l_[f(wj)
i=1 j=1
Now, the log-likelihood function is.

InL(a,By,f2) =c+ (n +m)Lnla] + n Ln[f1] + m Ln[B,] — By Xz, v{
_ﬂZZ] 1W + (@ — 1) Xi 1Ln[1]+(0(—1)2 Liln[wi]
+(ny — DI, Ln[l —e vl ] 4+ (n, — DY In[1—e B wj .
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The maximum likelihood estimators a,B;,and 3, denoted by &, $; and S, are the solution of the following nonlinear
1W Ln[W]] + Xicq Ln [vi] + 271:1 Ln [wi]+ (ng —

equations.
PRI o =B T of Ll -
—_ 3 —BZ Wa
B1vf Lnlv;] e Bavi By wé Ln[wj]e J
HYL : z +4+Mm, - DY -
)Zl—l [1—6_'81 v ] ( 2 )21_1 [1_6_'82 W]]
aLn L(a,B1.Bs) _ n v® o~ B1vf
=— -1 -
B Z 177 +(n1 )Z [—e_ﬁlv(ix]
- B2 WQ‘
W‘?‘ e

363
Yee P2y

6LnL‘(30;2ﬁ1ﬁ2) —0= ﬂ_zm 1W + (nz _ 1)2
Since we cannot obtain the closed form &, $; and §3,, then we used the numerical method to get them and using the

invariance property of maximum likelihood estimators, the maximum likelihood estimator of 1, ,, Which denoted by

TMLE
niny
e - M Pa Gammal/) gy gingr (DT BIE (@)
"2 By a @ Ry, =0 i B+ (+1B,] Vi
" s amitem, CDF( (™)
_ ny—1on, i j
and Rnim, =11 b1 2izo” 220 (i+DB1+) B2

3.2 Asymptotic Confidence Interval (AIC) for ¥, »,
To compute the (A.C.1), find the Fisher information matrix as
Ly Iz 113)

1(0) = - (121
I3; I3 _133

Where, © = (a, B1, B2) . The derivatives used under information matrix are shown in as follows
2
PO = Bk g+ kg + ks
ny—3 n,-3
S (%))

1)2 1255 =0

L =E|

9%2Ln L(®)
E[ an31 ]— %—Yh (nl
92Ln L(©) - a 2
s -E[ O] -2y (1) X TR ()
0°Ln L(©)
= ks + k.

Li; =1 =E[6a’—6ﬂ1

2
LI = ky + kg, and Ly = Iz, = 0

Liz =13 = E[ oa 0B,
6(=2+Y) y+m?+6 Log[(1+s1) B1](— 2+2Y+L0g[(1+51)ﬁ1])

6 a2 (1+s1)?

where,
k= =y T, 505 (<D (M)
_ ny—1 sy (n2-1Y) , 6(=2+Y) y+7?+6 Log[(1+s,) B21(— 2+2v+Log[(1+SZ)Bz])
ky, = —n, 125 =0 (1) ( % ) 6 a2 (1+5,)2
n Ni1— 3
o (M3 1 2(6+6(=3+Y)y+m?+6Log[s; f1](—3 + 2y + Log [s3 1))
ks =n;(ny — 1) ( 1) e B
a S5
i=1 S3=
6(—2 + Y)Y +m? + 6Log [s3 f1] (=2 + 2y + Log[ss B1])
s3
_|_6( 2+y) y+n?+6Log [(1+53) B1](~2+2y+Log[(1+53) f1])
2 )-
(1+S3)
m Ny— -3
n, —3\ 1
=m0 ) 0 (%) g
4 =np(n, ) (=1)% Sy 6 a2
J=1 54=0

2(6 + 6(=3+7Y)y +m? + 6 Log[s4f,1(—=3 + 2y + Log [s4 B2]))

3
Sa
6(—=2+y)y + m? + 6Log [s4 B2] (=2 + 2y + Log[s, Bz]) +
2
S4
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6(=2+y) y+m?+6Log [(1+54) B2](=2+2Y+Log[(1+54) B21])

(14s54)2 )
_yn ny—1 Sy (nl—l) —1+y+Log[(1+1) B1]
k5 =1 ZS7—0 ( 1) ( (1+0)2%a By )
_yn n,-3 Ss (n1—3) 3+i(5+i)—y(2+3i)+(—2+i)(1+i)?Log[iB1]-i3Log[(1+i) B1]
k6 1:1258—0( 1) ( i3(1+0)2ap; )
_ oy ny-1 So (nz—l) —1+y+Log[(1+)) B2]
k7 j=1255=0 (1) ( (+))2a B, ) 3
_vm vM2-3 ,_avsgo (n2—3) 3G+ -y(2+3)+(=2+))(1+))%Log[j B3]—j*Log [(1+))B2]
ke = X%, Zp Sy (- 1) ("2 ¢ T )
Now, since 757, is the asymptotic normal with the mean y,, ., and asymptotic variance oj =
a a _ 1. . . . i ]
daXig ¢"1."2 1/;2)1_"2 I;' . Where I is the inverse of Fisher information matrix ,% = ko +kyo + ki1 + kiz,
J
a 1/)11 n 0 Iljn ,n
ﬁ = ki3 + kig + kis, ﬁ = kig + kq7 + k1g,
1 i 2=t 1+i+j ;-1/a (M1) (N2-1
F[l] -2-35 1) ! ( i ) ( j )
ol M2 By Ba( i B1 + (1+)) B2 )
Where, ko = — = 10 > :
ni—-1 np L _
" ) () \
a? n? - -
\ (+) B+ B2 /
ni = PR / (n ) (n 1)
) 1 ( Ditit] -t/a (M zj-
il Logigl me BT B [ B+ (1)) B2
i=1
k10 = ny 2
i+7 ni— n
n z o™ ( i 1)(1'2)\
\ (+) B1+]B2 }
j=0
e / (n )(n 1)
) 1 ( pi+itj -1/a i1 zj—
r[z]polyGammalo’ | n, £ ¢ é é B+ ) Bz
kg =— 2
Ceo (i) (7))
\ (1+D) ﬁ1+ i B2
=0
) _2_5 ( P+t ~1/a (7111) (nzj—l) Logli]
2] ma 8, Pz o (0 Bi+ 1+ B2)
_ i=1 j=0
k12 - ni—1 ny n n 2
i+j 1-1 2
anz/ S )(;‘)]\
1\ a+) B1ti B2
i=0 j=0
n1 nz-1 1
gl -
2] n 8, @ B ot fe () ()
al "2 P1 2 (i B1+ (1+)) B2)?
_ j=0
kis = ni-1 nz o o 2
il o (1) (7))
1\ (+0) B1+] B2 /
i=0 j=0
—14+ny L
B (-)1+i+] i~1/a (7111) (nzj—1)
iB1+(1+)) B2
i=1 j=0
k14 - —1+n4 ny n n 3 *
i+j(M1—-1 2
anz/ oM7) (77)
1\ (1+) B1+j B2
i=0 j=0
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—1+n4 n
1 2 Pyq NN — n
1 P § -DHH+)(Mr1) (m2)
2T || n C ——2=|.
[a] b P z :,-—o ((+D) B1+) B)°
i:0n1 -1+4n o / ( )( 1)
1 _n1+i+j ;—1/a (M1) (N2-
1 1 -3-% (-1) i i .
(-2-2) T3] na 8y ® B2 E E PG B

K i=1 j=0
15 — —-1+nq nz n n 2
i+j (M1-1) ("2
3 nZ/ w\
1\ (+D) B1+] B2 }
i=0 j=0
nq nz-1 / n np—1
2+i+j —1/a p(™L) (™27
2] e 6 e ()
2l m2 By 2 (i B1+(1+)) B2)?
i=1 Jj=0
ki = ni-1 nz n N
i+j(M1-1) (N2
anz/ M\
1\ (+D) B1+] B2 }
i=0 j=0
ni-—1 np L.
) _2_% (—1)LHit] j(m 1) (nz)
-[2 F[E] n, B, Ba( ((1+0) B1+] B2)? )]
_ i=0 Jj=0
ki7 =

ni—-1 np n n 3
i+j 1-1 2
. n%/ o™ () ()
\ (+) f1+] B2 }
i=0 j=0
np—-1 i+j i— -1
. (D)1 1/a(ni1) (nzj )
i B1+(1+)) B '
" _2__ ( 1)LHit] i—l/a(”il) (nzj—l)
[2]n2 By iB1+(+)) Bz
ni—1 2 !
n1 1 nz
Ceomi (7))
\ (1+l)31+1 B2 /
j=o

Then 100(1 — @)% A.C.I of ¥, ,, is given by, ¢n1 - e (PalkE + Za Gy my)s
where Za is the upper a/z th guartile of the standard normal dlstrlbutlon and 01,, |s the value of the standard deviation

kig =

at the MLE of the parameter.

3.3 Bootstrap Confidence Interval of 3, »,

(22) suggested bootstrap method Boot-p. We use Boot-p to evaluate the confidence interval of i, », as follows:

1. For given values of ; B, and a simulate two independent random samples X, ..., X, and Y3, ..., Y, from
X~WE(a, B1) and Y~WE(a, B,). respectively. To compute Pp/-E .

2.  Generate independent bootstrap samples X*4,..., X", andY*,,...,Y",, using [?1, B, and &. To compute P* =

ny1.n2
wnl,nz(ﬁ\*l' B\*Z’ &\*) '
3. Repeat Step 2 B-times.
4.  Compute the approximate (1 — a)% Boot-p confidence interval of Ras (Yg,or—_p (%), l/)ABoot—p(l - %)) where a =

0.05and g0 —p is the cumulative distribution of  Y*

3.4 Bayes Estimator for 3, »,

A Bayesian analysis is considered to incorporate prior information and to provide a probabilistic framework for inference
on the unknown model parameters. In this section, the posterior distribution is generally not available in closed form because
of the complexity of the likelihood function associated with the Weibull stress—strength model and the mean remaining
strength of the parallel system. Therefore, two complementary computational approaches are employed. First, Lindley’s
approximation is used to obtain approximate Bayesian estimates of the model parameters and the reliability characteristics

by approximating the required posterior expectations around the maximum likelihood estimates. Second, Markov chain
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Monte Carlo (MCMC) methods are employed to numerically generate samples from the posterior distribution and obtain
Bayesian estimates. Suppose that all parameters «,f(;,and B, are unknown and have independent Gamma prior
distributions with parameters (a;, b;), i = 1, 2 3 respectlvely Hence,

fla) = a®1~le=abi ¢ >0,a,,b, >0,
f(B1) =

f(8,) = F(a S By e P By >0,a5,b5> 0.

We can write the likelihood function of v and w as, L « a™™ BT* BT*c;c, ,
where,

a2—1 e"Pib2 B >0,a,b, >0,

F(a )

c; = Exp[—B, X} 1v“ + (g —DIL e[l —e Ar¥i] + (@ — DI, Ln[v;]].
¢, = Exp[—B; ZTyawf + (ny — D) XML, Ln[1 —e™ P2 Wi] + (a — 1) X7, Ln[wj]].
Then, the joint posterior density of «, 5;, and , is,
(@, By, Bolv, w) o @tmraa=l pit@mlgtas=l o o exp[—(a by + By by + B, bs)].
Then, the Bayes estimator of ¢, ,, under squared error loss function (SELF) is,

Aflar%js =J. f f ll]nl,nz T[(al,Bll,lev;W)da dﬁldﬁz
0 0 0

Since we can’t get the closed form of JzBayes, then we use the Lindley approximation and MCMC. Gamma prior
distributions are assigned to the unknown positive parameters because of their natural support on the positive real line and
their flexibility in representing different levels of prior information. The hyperparameters are selected to provide weakly
informative priors centered at plausible parameter values while allowing the observed data to dominate the posterior
inference. Prior independence is assumed in the absence of reliable prior information regarding dependence among the
model parameters. Since the resulting posterior distribution is not available in closed form, Lindley’s approximation and
MCMC methods are employed to obtain Bayesian estimates. A sensitivity analysis using alternative hyperparameter values
is also considered to assess the robustness of the Bayesian conclusions to the prior specification.

° Lindley Approximation

In this subsection we use the Lindley approximation of Bayes estimator which is introduced by (23). Lindley’s method
approximates the log-likelihood around the MLE using a second-order Taylor expansion is given by,
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evaluated at MLE of the parameters. For more details see (24). The derivatives used under Lindley approximation are shown
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° Monte-Carlo Markov Chain (MCMC)

The marginal posterior density function of a, 8;, B, are given respectively,

n(Bila, Br, v, W) ﬁn+a2 ! ci, n(Bla, B, v,w) .Bm+a3 te

n(a|By, B, v, w) o a™* ™4l exp[—(a by + By by + B bs)]

Now to get the Bayesian estimator, we use hybrid Metropolis- Hasting and Gibbs sampling algorithm see (25) as follows:
1. Choose initial values a(®, 3®and p{*.
2. Generate a®, 3%and ¥ from marginal posterior.
3. Compute 22 8 at (), g"and pLF),
4

nq,ny
Repeat step 2 and 3 N-times and compulte,

fBayesMCMC _ 1 N-M fBayes (k) 6
l/)nl Ny N—M k=M+1 ¥nq,n, ! ( )

where M is the burn-in period.
Figure (3) explain MCMC algorithm as follows
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( STARTMCMC Algorithm
1. Initial Values: Choose o®), 80, %)
Setk=1

l

2. Generation: Generate a*) 5 ﬁgk), ﬂék) from Marginal Posterior Densities
m(Bile, B2, v, w) o< -+
m(Bala, B1,v,w) o - -

(o B1, B2, v, w) o -+

3. Computation: Compute (Zlnw?: ves (k) at current samples o®), ﬁ{k), ﬁgk)
4. Iteration Check: YES

Isk<N? ——— > Increment k=k+1

lNO

5. Final Output: Discard burn-in period M and Compute Final MCMC Estimator

N
o 1 -
MCMC _ Bayes (K
Y1y " N-M Z ¢n1.nzy »
k=M+1

e L E—
END/ Output ¢, i MC
Figure 3: Flowchart of MCMC Algorithm
. Hyperparameters Sensitivity Analysis for Weibull Distribution
Sensitivity analysis is very important to determine the effect of hyperparameters on the posterior. To determine the
sensitivity of hyperparameters for Weibull distribution, we consider three schemes:
Scheme I: (ay,b,) = (16,1), (ay, b,) = (2,1), (a3, bs3) = (3,1).
Scheme I1: (aq, by) = (1,1), (az, by) = (2,2), (as, bs) = (3,3).
Scheme I11: (ay, by) = (1,2), (ay, by) = (2,5), (as, b3) = (1,3).
Table 1 shows the results of sensitivity analysis; we see no big difference between the three schemes. The small differences
among the posterior summaries can be attributed to the fact that the likelihood function contains sufficient information from
the observed data to dominate the prior contribution. Consequently, although the prior schemes differ, their influence on the
resulting posterior distributions is limited. This indicates that the proposed Bayesian estimation procedure is not sensitive
to reasonable changes in the prior specification.
4. Simulation Study
We perform Monte-Carlo simulation study to compare the performance of two-point estimators of i, , . In this
comparison, we use bias and (MSE) and the relative efficiency (RE). when 8 is an estimator of a parameter 6, the empirical
bias of @ is given by,
3(9'9) = % ?]=1(9i —0),
The empirical mean square error of 8 is given by,
MSE(8,60) = -XIL,(8; - 6)%,
The empirical relative efficiency between 8;and 0, is given by,
MSE (84,6)

RE(8,0,,0) = —-1—

MSE (,,6)
The Monte-Carlo study compares between 99% (A.C.1.) and 99% (B.C.I.) using in this comparison average confidence
length (A.C.L.) and converge probabilities (CP). All computations in this simulation study are performed using Mathematica
11 and R- Program according to the following algorithm. All computations were executed using Mathematica 11 and R.

Each simulation run consisted of N = 10,000 Monte Carlo iterations, with 5,000 burn-in samples utilized for MCMC
draws:

i. Generate random samples for (n,m) = (10,10), (20,20), (30,30), (40,40)and (50,50)

ii. Use the initial value of parameters («, B, B2) = (16,2.0056,3.0614) because we use the prior of these
parameters (a, b;) = (16,1), (a,, b,) = (2,1), and (as, b3) = (3,1).

iii. Calculate the true value of 1, , at initial value of parameters and n; =n, =5 andn; = n, = 10.
iv. Calculate PYILE P27 and iy ne® MMC using equations (4), (5) and (6) respectively.

V. Calculate bias, MSE and RE.
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Vi. Calculate ACL and CP for 99% ACI and 99% BCI
The results of point estimators and interval estimators are shown in Table 2 and Table 3 respectively. From Table 2, since
bias, MSE for MLE is less than its corresponding for Bayes estimator and RE1 < 1, then we can conclude that the m,fz i

more efficient than ¢y . RE2 < 1, then we can conclude that the PYLE is more efficient than P cne® MM¢. RE3 < 1,
then we can conclude that the f, -»<* is more efficient than P, e° M. Table 3 shows that the ACL for BCI is shorter

NNy
than the corresponding length for ACI for all sample sizes, finally the converge probabilities for both ACI and BCI are close
to the nominal 99%.

5. Real Example: Breast Cancer Disease
To demonstrate the practical applicability of the proposed estimation techniques within a stress-strength paradigm, we
examine two empirical datasets detailing breast cancer intervention outcomes. Evaluating the comparative performance of
monotherapy versus combined therapeutic regimens is fundamental in clinical oncology to optimize efficacy while
mitigating adverse effects.
Here, the random variable X denotes the number of tumors managed via chemotherapy alone (representing system strength),
whereas Y corresponds to the tumor count treated through combined chemotherapy and radiotherapy (representing stress).
Under this operationalization, the stress-strength reliability metric R = P(Y < X) reflects the probability that single-agent
chemotherapy yields a superior clinical response compared to the dual-treatment protocol.
Data set I (X: Number of tumours treated in breast cancer disease with chemotherapy):
496; 532; 475; 294; 552; 254; 154; 1941; 2029; 129; 117; 74; 523; 472; 480; 461; 413; 20; 2329; 122; 313; 191; 1274; 449;
731; 768; 850.
Data set Il (Y: Number of tumours treated in breast cancer disease with combined with chemotherapy and
radiotherapy):
479; 420; 282; 99; 569; 191; 102; 1556; 1704, 87; 34, 24; 436; 365; 351; 426, 271; 10; 1839; 143, 439; 203;727; 337; 630;

617; 602.
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Figure 4: Q-Q Plot for data X and data Y
First: The Q-Q plot is based on the maximum likelihood estimates of «, 8, and S, to show that the Weibull distribution is
a good fit for the two data sets of humber of tumours treated in breast cancer disease see Figure (4). To complement the
visual evidence provided by quantile-quantile (Q-Q) plots, we evaluated distributional concordance through three formal
goodness-of-fit hypothesis tests: Kolmogorov—Smirnov (D) statistic, Anderson-Darling (42) statistic, Cramér—von Mises
(W ?) statistic. The high p-values associated with all three testing procedures (p > 0.05) indicate that the null hypothesis of
Weibull distributional conformity cannot be rejected for either dataset. For results see Table 4 and Table 5. Framing
treatment evaluation as a stress-strength problem provides clinicians with a quantitative tool to assess whether adding
radiotherapy provides sufficient marginal benefit to justify the additional physiological burden.
6. Conclusions

In this paper, we examined the mean remaining strength (MRS) of a component X subjected to stress Y, where both strength
and stress follow Weibull distributions. We derived the conditional distribution of the remaining strength in a parallel system
exposed to parallel stress. Additionally, we explored the likelihood ratio ordering for two-component systems. Both
maximum likelihood and Bayesian estimators of the MRS were obtained. Based on relative efficiency (RE) calculations,
the maximum likelihood estimator was found to outperform the Bayesian estimator in terms of efficiency. Regarding
interval estimation, our results indicate that the bootstrap confidence interval (BCI) provides better performance compared
to the asymptotic confidence interval (ACI). Finally, we demonstrated the practical use of the proposed estimators using a
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dataset related to breast cancer treatment. Despite these contributions, the proposed methodology has several limitations
that highlight natural avenues for future extension. The current formulation assumes equal Weibull shape parameters for
stress and strength variables. Future work will extend this framework to accommodate unequal shape parameters which
introduce additional parameter complexity but broadens practical applicability. independence assumption: X and Y were
modeled as independent random variables. In complex physical and biological systems, stress and strength often exhibit
mutual dependence. Future research could incorporate copula-based dependency structures to model dependent stress—
strength interactions.
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Annexures
Table 1: Prior Sensitivity Analysis for Weibull Distribution
Prior Parameters Mean Median Variance 95% CI
Scheme | a 1.0002 0.6925 1.0028 (0.0506,2.9963)
B 0.9977 0.6919 0.9953 (0.0506,2.9908)
B, 1.0039 0.6964 1.0048 (0.0520,3.0038)
Scheme 11 a 0.9992 0.6942 0.9992 (0.0518,2.9898)
B 1.0013 0.6904 1.0048 (0.0513,3.0107)
B, 0.9947 0.6882 0.9860 (0.0512,2.9845)
Scheme I a 0.9947 0.6874 0.9982 (0.0507,3.0034)
By 0.9999 0.6904 0.10059 (0.0513,3.0045)
By 1.0002 0.6936 0.0005 (0.0504,3.0006)
Table (2): Biases, MSE and RE of the 1p}(LZ and /7
(a,81,B2) = (16,2.0056,3.0614)
(myng| mm) [ ¥, ., J’ml}i lljrflsla}/l:s 1/;11133131/:5 McMC] MLE Bayes lﬁ:izjs ngs}s}eSMCMc RE1 RE2 RE3
ny,n,
Bias MSE | Bias | MSE | Bias | MSE
(5,5) | (10,10)| 0.955 | 0.959 | 1.084 | 1.2921 0.0004 | 1.93 | 0.012 | 0.001 | 0.033 | 0.011 | 0.0012 | 0.0016 0.015
4 8 3 *1076| 4 7 6 3 0
(20,20) 0.954 | 1.037 | 1.2883 - 3 0.004 | 0.003 | 0.016 | 0.005 | 0.0001 | 5*10-° 0.600
6 4 0.0004 | x10°8| 1 3 6 5 0
(30,30) 0.958 | 1.039 | 1.2860 0.0001 | 3.4 0.000 | 0.000 | 0.011 | 0.003 | 0.0014 | 2.4* 0.055
6 3 x1077| 3 2 0 6 1074 5
(40,40) 0.957 | 1.046 | 1.2902 0.0001 | 1.1 0.002 | 0.000 | 0.008 | 0.002 | 0.0005 | 0.22* 0.600
5 9 x1077] 2 3 3 8 1073 0
(50,50) 0.950 | 1.013 | 1.2802 - 5 0.001 | 0.000 | 0.006 | 0.002 | 0.0073 | 6.8* 0.050
4 7 0.0001 | x1077| 3 1 4 1 1075 0
(10,10)| (10,10)| 0.963 | 0.963 | 1.106 | 1.3382 0.0001 | 2.5 0.014 | 0.002 | 0.037 | 0.014 | 0.0000 | 0.1* 0.141
1 6 2 *1078| 3 0 5 1 1 10°5 8
(20,20) 0.960 | 1.054 | 1.3340 - 45 0.004 | 0.000 | 0.018 | 0.006 | 0.0011 | 0.67* 0.058
1 6 0.0002 | x1077| 7 4 5 8 1074 8
(30,30) 0.964 | 1.038 | 1.3315 - 2.7 0.002 | 0.000 | 0.012 | 0.004 | 0.0001 | 0.6* 0.044
0 3 0.0000 | x10°8| 4 2 2 5 1075 4
3
(40,40) 0.962 | 1.027 | 1.3367 0.0001 | 0.1 0.001 | 0.000 | 0.009 | 0.003 | 0.0000 | 0.3* 0.029
9 2 x1078| 6 1 3 4 1 107 4
(50,50) 0.946 | 1.026 | 1.3244 0.0000 | 4.5 0.001 | 0.8 0.007 | 0.002 | 0.0006 | 0.17* 0.030
4 3 *1078| 2 x107%| 2 6 1074 7
Table (3): ACL and for CP 99% ACI and BClI for ¥, ,,
(a,B1,82) =(16,2.0056,3.0614)
(ny,ny) (n,m) MLE BCI
ACL CP ACL CP
(5,5) (10,10) | 0.0097 0.997 0.0132 0.995
(20,20) | 0.0173 0.995 0.0014 0.996
(30,30) | 0.0152 0.996 0.0119 0.995
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(40,40) | 0.0157

0.996 0.0099 0.996

(50,50) | 0.0168

0.995 0.0103 0.996

(10,10)

(10,10) | 0.0208

0.994 0.0162 0.993

(20,20) | 0.0201

0.995 0.0078 0.997

(30,30) | 0.0149

0.996 0.0082 0.997

(40,40) | 0.0149

0.996 0.0077 0.997

(50,50) | 0.137

0.996 0.0088 0.997

Table 4: Results of Goodness-of-fit Tests

Data Set MLE K-S(p-value) AD(p-value)
Data set | (1.1248,672.35) 0.911(0.968) 0.231(0.981)
Data set |1 (1.1398,560.08) 0.096(0.949) 0.254(0.969)
* (k-S): Kolmogorov—Smirnov
* AD: Anderson—Darling
Table 5: Results of data sets of number of tumours treated in breast cancer disease.
(omo) | O, | gpe [grose ACI
(5,5) 0.8969 0.9954 1.328 (0.8964,0.8973)
(10,10) 0.0524 0.1045 0.1331 (0.0512,0.0645)
Abbreviations
MRS  Mean Remaining Strength RE Relative Efficiency

AC | Asymptotic Confidence Interval BC 1 Bootstrap Confidence Interval
MLE Maximum Likelihood Estimator ACL  Average Confidence Length
MSE  Mean Square Error CP Converge Probabilities

Cl Confidence Interval
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