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ABSTRACT 

In recent years, exploration of randomized response techniques has been a topic of interest among survey statisticians. 

Researchers use randomized response methods to obtain data related to sensitive characteristics e.g. exam cheating, 

consumption of drugs, illegal income, tax payment, and violation of laws, etc. The available randomized response 

methods use the conventional equal probability sampling methods where all units share equal probabilities of selection 

in the sample. In many real-life problems, the probability of selection may vary from unit to unit, making it impracticable 

to use equal probability sampling designs in such situations. In such cases, the PPS (probability proportional to size) 

sampling scheme becomes an appropriate technique for selection of samples. This study develops the mathematical 

framework for the analysis of optional randomized response technique (ORRT) models in PPS sampling. Additionally, 

an improved randomized response model using forced responses has also been presented under PPS sampling. The 

improvement in the suggested model over the competitor models has been observed under PPS sampling. 

Keywords:Efficiency; Estimator; PPS sampling; Privacy Protection; randomized response 

 

1. Introduction 
In many fields of life, researchers need to study the characteristics of sensitive variables. Survey statisticians use randomized 

response techniques for obtaining sensitive information from the respondents. Warner (1971) employed an additive 

randomized response approach to collect data on quantitative variables. Bar-Lev et al. (2004) suggested a randomized 

scrambling model, using a multiplicative-type variable to randomize the responses. The studies of Gjestvang and Singh 

(2009), Diana and Perri (2011), Narjis and Shabbir (2023), Saleem et al. (2023), Azeem (2023), Azeem and Ali (2023), 

Salemian et al. (2024), Gupta et al. (2024), and Pushadapu et al. (2025) explored different aspects of randomized response 

scrambling methods. 

If the probability of selection varies from unit to unit, PPS sampling is used to draw a random sample from the population. 

The PPS sampling procedure was first introduced by Hansen and Hurvitz (1943) in the case of sampling with replacement. 

Later on, Horvitz and Thompson (1952) extended PPS sampling to sample selection without replacement. Narain (1951) 

and Sen (1953) also studied estimation of parameters under PPS sampling. Ahmad and Shabbir (2018) used extreme values 

to estimate population mean in PPS sampling. Sinha and Khanna (2022) and Ahmad et al. (2023a, 2023b) have also 

suggested mean estimators under PPS sampling. Recently, Khan et al. (2024) and Alomani et al. (2025) analyzed estimation 

methods in PPS sampling. 

In many real-world surveys, the selection probability varies between units. For example, a statistician may be interested in 

selecting a random sample of students in such a manner that students with better academic grades have higher chances of 

selection. In such real-life situations, the appropriate method for sample selection is the PPS sampling design. If the 

researcher is interested in the analysis of sensitive quantitative variables such as corporate fraud, illegal earning, tax evasion, 

and cheating in examinations, randomized response methods are useful in gathering information from human respondents. 

In the available literature, a few studies have attempted qualitative versions of randomized response models under PPS 

sampling for estimation of proportion. However, to our knowledge, there is rarity of quantitative Optional Randomized 
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Response techniques (ORRT) in PPS sampling. The rarity of randomized response models leaves a big research gap for the 

exploration and development of ORRT models under PPS sampling. The current study attempts to develop a mathematical 

framework for the analysis of ORRT models in PPS sampling. We extend a few of the existing quantitative models to the 

case of PPS sampling. Further, a new forced quantitative ORRT model has been developed, and its properties have been 

analyzed under PPS sampling. 

Section 2 introduces some notations and also presents a review of the available models. Section 3 provides the description 

and properties of the proposed forced ORRT model. Section 4 presents the procedure for the assessment of privacy levels 

offered by ORRT models under PPS sampling. In Section 5, a real-world interview example using the suggested model has 

been provided. Section 6 presents a comparison of the proposed and competitor models. A detailed discussion of the findings 

has been presented in Section 7. Finally, Section 8 provides some recommendations for possible future work. 

2. A Review of the Competitor Models 
In this section, we present some of the available competitor models and the mean estimators under each model in PPS 

sampling. Before proceeding further, let us start with introducing some notations and assumptions used in this study. 

Let the population and sample sizes be denoted by N and n, respectively. Let us denote the main variable and scrambling 

variable by Y, and S, respectively. Let Y  and S  denote the population mean of variables Y and S, respectively. Further, 

let 
2

Y  and 
2

S  denote the population variance of variables Y and S, respectively. Moreover, we also assume that Y and S 

are uncorrelated with each other. 

Let 

 i
i

i

z
u
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 ,       (1) 

where Pi is the probability of the selection of ith population unit (∑ᵢPᵢ=1), and iz  is the reported response under a given 

model. Moreover, let us denote: 
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Further, let F be a forced / fixed response, such that: 
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The above notations and assumptions in the case of PPS sampling are consistent with the assumptions based on equal 

probability sampling. The independence between the main variable and the scrambling variables helps in privacy protection 

as the researcher cannot guess the true response from the values of the scrambling variable(s). 

2.1 Warner’s (1971) Additive Model 

Warner’s (1971) additive model is given as: 

 i iZ Y S  .       (2) 

The population mean may be estimated by the following unbiased estimator: 
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where iz  denotes the reported response using Eq. (2). 

The variance of ˆ
W  is: 
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 may be simplified as follows: 
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Substituting Eq. (6) and Eq. (7) in Eq. (5) leads to: 
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Substituting Eq. (8) in Eq. (4) gives the sampling variance as: 
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Under simple random sampling, the variance of ˆ
W  is: 
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From the above two equations, we see that the PPS version of the sampling variance can simply be obtained by substituting 
2 2

Y YD   and 
2 2

S SD  , which means that the notations and mathematical framework introduced in the start of Section 2 

align with the conventional equal probability designs. 

2.2 Gjestvang and Singh (2009) Technique 

The ORRT model is described as follows: 
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where   and   are predefined constants. 

The population mean may be estimated by the following unbiased estimator: 
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where iz  denotes the reported response using Eq. (10). Using the method of derivations presented in Section 2.1, the 

variance of ˆ
GS  is: 
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2.3 Narjis and Shabbir (2023) Technique 

The scrambled response function may be expressed as: 
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where  ,  , and   are predefined constants, such that , 0   , and 0 1  . 

The population mean may be estimated by the following unbiased estimator: 
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where iz  denotes the reported response using equation (13). 

The variance of ˆ
NS  is: 
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3. Proposed Model 
Motivated by Narjis and Shabbir (2023), the following model is proposed: 
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where F is a forced response. Under PPS sampling, an unbiased mean estimator is given as: 
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The properties of ˆ
P  are mathematically obtained in the following theorems. 

Theorem 1: In PPS sampling, the estimator ˆ
P  is an unbiased estimator of Y . 

Proof: Applying expectation on Eq. (12) gives the equation: 
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where SE  and RE  denote the expected values over samples and over the randomization device, respectively. 
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Using Eq. (19) in Eq. (18) gives: 
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Theorem 2: In PPS sampling, the variance of ˆ
P  is given as: 
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1 i ii

i
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i i

i
S

Y SZ Z
E EE E

PP P

 

  

    
    

   

 
 

   
 

2

21

S S

i

i i

i
F

E E
P

Y S

P

 

     






 

 
  

 


 
    
      
 
 

, 
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 

2 2

1 1S
i i i i

S

ii i i

Y S Y S

PP P P
E E

 
 

    




 

        
      

  
    

 
    

          
 

2

S

i

F
E

P



  

 
  

   
, 

   
2

2

2

2 21 1S
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i
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i

Y S Y S

P P
E

P P




 




       
        

    
 

    





 

2

2

2 22
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i
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Y S Y S
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E
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 

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      
     

      
        

          
   
      

, 
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


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



       
        

    
 

    




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2
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i
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Y S Y FS

P
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 


 

 


     

      
     

      
        

          
   
      

, 

    22 2 2 2 2 21 0y y SN D N D 



  

  
 




   

 
2

2 2 2222 2 201 y y S N FN D N D
 


     

 
 

 
   

 
 

     

, 

   
 

22
2 2 2 2

2

2 21 1
1i

i

y y S

Z
E N D

P
N D


  

  


     

   
       

 

  
 

      
, 

or 

      
2

2

22
2 2 2

2
1 1 y S

i

i

y

Z
E D

N
D

P
   












     
        

    

 
  

     

.   (23) 

Using Eq. (19) and Eq. (23) in Eq. (22) gives: 

     
2

2

2

2 2 21 1 y y

i

S
iZ

Var D
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P

   











     
        

    

 
  

     

 

 
 

2

2

2

Y

N
F  

  
   

 
 . 

Further simplification gives: 

 
         

2
22

2

2 2i
Y

i

y y S

NZ
A DV r Fa D

P
           

 
 



 
         

 
 
  

 .    (24) 

Using Eq. (24) in Eq. (20) gives the required result as: 

  
 

         
22 2 2

2
ˆ

1
y y SP YV A

n
a Fr DD             

 
        
 

   .  (25) 

4. Assessment of Respondents’ Privacy 

Every randomized response technique offers some degree of respondents’ privacy protection which generally varies from 

model to model. To assess the level of privacy in a given technique, Yan et al. (2008) proposed a metric which is described 

as follows: 

  
2

S RE E Z Y   .      (26) 
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Many research studies have used the Yan et al. (2008) metric for assessment of privacy protection under equal probability 

sampling designs. In the case of PPS sampling design, we can simplify Eq. (26) as follows: 

   
2

2 2
1 1PPS S i i i S i i i S iE Y S Y E Y Y S E F Y

   
  

         

  
                      

, 

or 

   
2

2 2

1 1 1

N N N

PPS i i i i i i i i

i i i

Y S P S Y P F Y P
   

  
           

 
       

      
   . 

In the case of equal probability sampling designs, one may easily express the privacy measure  in the form of means / 

variances of different variables. However, under PPS sampling, we see that the sums of squares in the above equations are 

complex and cannot be put in the form of variances / means of variables. Alternatively, in order to align with the notations 

presented in Section 2, we can modify the privacy measure as: 

 

2 2

2

1i i i i
PPS S R S R

i i

Z Y Z Y
E E E E

NP N P

    
     

   
.     (27) 

The measure given in equation (27) aligns with equal probability sampling. If we put Pi = 1/N, equation (27) reduces to the 

privacy measure based on equal probability sampling. 

Based on the metric given in Eq. (27) and using the notations given in Section 2, we can easily calculate the privacy 

protection level for any randomized response technique under PPS sampling. For instance, the privacy measure for the 

Warner’s (1971), Gjestvang and Singh (2009), and Narjis and Shabbir (2023) techniques are obtained as: 
2

W SD  ,       (28) 

 
2

GS SD  ,       (29) 

and 

 
  2

NS SD
  

  


 

 
.       (30) 

To obtain the level of privacy for the proposed forced ORRT model in PPS sampling, we can proceed as follows: 
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2 2 2 2
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2 2i i i i i i
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i i i i i i i i
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. 

Further simplification yields: 

    
2

2 2 2 2 2 2 2 2 2 2 2 2

2 2

1
P y y S S y yN D N D N D N D

N

  
   

      

  
       

     
 

  2 2 2 2 2 22y y yN F N D N F


 
  


    

  
, 

or 

   
2

2 2 2 2 2 2 2 2

2P y y S S y yD D D D
  

   
      

 
              

 

 2 2 2 2y y yF D F


 
  

    
  

, 

or 

   
2 2

2 2 2 2 21
2P y y S yD D F F

   
   

         

  
        

      
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or 

      2 2 21
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,   (31) 

where 

1B


 


 
   

 
. 

It may be noted that we can easily obtain the privacy mean under equal probability designs by simply replacing 
2

SD  and 

2

yD  by 
2

S  and 
2

y , respectively, in Eq. (31). Likewise, we can also obtain the variance of the mean in the case of equal 

probability sampling designs by simply replacing 
2

SD  and 
2

yD  by 
2

S  and 
2

y , respectively, in Eq. (25). This means the 

notations introduced in Section 2 and the privacy measure presented in Eq. (27) align with their equal probability methods 

counterparts. 

Gupta et al. (2018) suggested a unified metric for assessment of randomized response techniques. The unified measure may 

be expressed as: 

 
 ˆVar 

 


.       (32) 

We can use the values of the sampling variance and the privacy measure in Eq. (32) to calculate the value of the unified 

measure for a given model. 

 

5. Real-life Application 
For the application to a real-life survey problem, a PPS sample consisting of 50 undergraduate students was selected and 

the respondents were interviewed regarding their parents’ monthly income. Before data collection, the researcher explained 

the scrambling procedure to the respondents and ensured that the scrambling procedure was designed to protect their privacy. 

All of the respondents participated in our survey and reported their scrambled responses. The responses recorded are 

displayed in Table 1. 
Table 1: Reported Responses 

47,131 60,437 19,842 15,691 59,877 73,108 17,217 49,610 22,307 45,000 

38,525 64,985 28,795 61,873 15,286 29,498 24,091 49,871 60,036 37,124 

75,590 16,397 35,000 18,863 53,471 27,662 25,698 54,393 33,271 48,990 

58,837 36,106 41,969 18,901 40,437 57,362 66,779 27,504 20,955 51,103 

31,670 53,986 27,841 18,114 45,138 21,931 48,116 56,878 49,761 14,293 

6. Comparative Analysis 
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We have calculated the variances of the mean and the corresponding values of the unified measure for the forced ORRT 

model and the competitor models, using different values of parameters. The results of the comparative performance of 

different models have been presented in tables. To show improvement, we have used hypothetical values of parameters. A 

discussion about the results has been given in next section. 

Table 2: Values of variances and unified measure in PPS sampling using F = 100, 
2 200SD  , 

2 6yD  , 50y  , and 500n   

 

  

 

  

 
  

Variance of the Mean Unified Measure 

 ˆ
GSVar    ˆ

NSVar    ˆ
PVar   GS  NS  P  

1 2 0.01 0.81 0.81 0.76 0.0020 0.0020 0.0020 

0.05 0.81 0.80 0.58 0.0020 0.0020 0.0021 

0.10 0.81 0.79 0.34 0.0020 0.0020 0.0022 

0.15 0.81 0.77 0.11 0.0020 0.0020 0.0022 

3 0.01 1.21 1.21 1.18 0.0020 0.0020 0.0020 

0.05 1.21 1.20 1.04 0.0020 0.0020 0.0021 

0.10 1.21 1.18 0.87 0.0020 0.0020 0.0021 

0.15 1.21 1.17 0.71 0.0020 0.0020 0.0022 

2 2 0.01 1.61 1.61 1.58 0.0020 0.0020 0.0020 

0.05 1.61 1.59 1.45 0.0020 0.0020 0.0021 

0.10 1.61 1.57 1.32 0.0020 0.0020 0.0021 

0.15 1.61 1.55 1.20 0.0020 0.0020 0.0022 

3 0.01 2.41 2.41 2.39 0.0020 0.0020 0.0020 

0.05 2.41 2.39 2.29 0.0020 0.0020 0.0021 

0.10 2.41 2.36 2.19 0.0020 0.0020 0.0021 

0.15 2.41 2.34 2.09 0.0020 0.0020 0.0021 

3 2 0.01 2.41 2.41 2.39 0.0020 0.0020 0.0020 

0.05 2.41 2.39 2.30 0.0020 0.0020 0.0021 

0.10 2.41 2.36 2.23 0.0020 0.0020 0.0021 

0.15 2.41 2.34 2.19 0.0020 0.0020 0.0021 

3 0.01 3.61 3.61 3.59 0.0020 0.0020 0.0020 

0.05 3.61 3.58 3.53 0.0020 0.0020 0.0020 

0.10 3.61 3.55 3.47 0.0020 0.0020 0.0021 

0.15 3.61 3.52 3.43 0.0020 0.0020 0.0021 

 

Table 3: Values of variances and unified measure in PPS sampling using F = 150, 
2 500SD  , 

2 30yD  , 100y  , and 500n   

 

  

 

  

 
  

Variance of the Mean Unified Measure 

 ˆ
GSVar    ˆ

NSVar    ˆ
PVar   GS  NS  P  

1 2 0.01 2.06 2.05 1.93 0.0021 0.0021 0.0021 

0.05 2.06 2.03 1.44 0.0021 0.0021 0.0022 

0.10 2.06 2.00 0.85 0.0021 0.0021 0.0023 

0.15 2.06 1.96 0.29 0.0021 0.0021 0.0026 

3 0.01 3.06 3.05 2.97 0.0020 0.0020 0.0021 

0.05 3.06 3.02 2.61 0.0020 0.0020 0.0021 

0.10 3.06 2.99 2.18 0.0020 0.0020 0.0022 

0.15 3.06 2.95 1.77 0.0020 0.0020 0.0022 

2 2 0.01 4.06 4.05 3.97 0.0020 0.0020 0.0020 

0.05 4.06 4.01 3.65 0.0020 0.0020 0.0021 

0.10 4.06 3.96 3.34 0.0020 0.0020 0.0022 

0.15 4.06 3.92 3.12 0.0020 0.0020 0.0023 

3 0.01 6.06 6.05 5.99 0.0020 0.0020 0.0020 

0.05 6.06 6.00 5.75 0.0020 0.0020 0.0021 

0.10 6.06 5.94 5.50 0.0020 0.0020 0.0021 

0.15 6.06 5.89 5.31 0.0020 0.0020 0.0022 

3 2 0.01 6.06 6.05 5.99 0.0020 0.0020 0.0020 

0.05 6.06 6.00 5.79 0.0020 0.0020 0.0021 

0.10 6.06 5.94 5.67 0.0020 0.0020 0.0021 

0.15 6.06 5.89 5.70 0.0020 0.0020 0.0023 

3 0.01 9.06 9.05 9.01 0.0020 0.0020 0.0020 

0.05 9.06 8.99 8.85 0.0020 0.0020 0.0021 

0.10 9.06 8.91 8.74 0.0020 0.0020 0.0021 

0.15 9.06 8.84 8.72 0.0020 0.0020 0.0022 

7. Discussion and Conclusion 
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Survey researchers over the past several decades have been developing ORRT models using the conventional equal 

probability sampling schemes, where all units share equal probabilities of selection. In a majority of real-life sample surveys, 

the condition of equal selection probabilities may not be applicable, requiring the use of PPS sampling. Keeping in mind 

the rarity of ORRT models in PPS sampling in the available literature, we extended some of the existing equal probability 

sampling – based randomized response techniques to PPS sampling design. Additionally, a novel ORRT model using forced 

responses was also presented. We proved the unbiasedness of the mean estimator and obtained its variance under PPS 

sampling design. Moreover, the derivation of the privacy measure for randomized response techniques in the case of PPS 

sampling was discussed. 

Using the option of a fixed / forced response, a novel ORRT model was introduced in Section 3 under PPS sampling scheme. 

The results of the sampling variance and the unified metric have been provided in Table 2 and Table 3, using different 

parameter values. Our results reveal that the proposed forced ORRT model produces smaller variances than the competitor 

models under PPS sampling. The tables also reveal that the values of the unified measure are almost equal for all three 

competitor models. Although in some cases, the proposed forced model produces slightly larger values of  , the improved 

efficiency still makes the proposed model the best of all three competitor models. Therefore, the proposed model is 

recommended for use with real-world surveys where the selection probabilities differ between units. 

8. Future Research Recommendations 
For future researchers, the following recommendations are provided. 

1. Future researchers may explore the efficiency of variance estimators under the proposed ORRT model in PPS 

sampling. 

2. Researchers may also develop new ORRT models in the case of PPS sampling and analyze their properties using 

the expected values and notations used in our study. 

3. Researchers may also investigate the effects of response and non-response errors on estimation of parameters under 

the proposed model in PPS sampling. 
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